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A Lagrangian is degenerate when the Hessian matrix whose elements consist of all the second-order
derivatives of the Lagrangian with respect to the generalized velocities has (for simplicity) a constant
singular rank everywhere in the space of the arguments of the Lagrangian. This singularity entails a
definite number of first-order Lagrange equations, which act as subsidiary conditions on the
coordinates and velocities. Consistency of these subsidiary conditions with the Langrange system
requires them to be an invariant system with respect to the second-order Lagrange equations. An
invariant system is analogous to a system of first integrals except that absolute constants appear
where arbitrary constants characterize first integrals. The usual definitions of momenta and of
Hamiltonian make the Hamiltonian a function of the functionally dependent canonical variables
only. Introduction of the momentum variables into the subsidiary conditions on the coordinates and
velocities yields under certain circumstances additional subsidiary conditions on the canonical
variables only. All the subsidiary conditions on the canonical variables are determined before setting
up the multiplier rule for the canonical equations of motion. The multiplier rule is exploited to
deduce the invariant system among the subsidiary conditions, the explicit modifications of the
canonical equations by the other susidiary conditions, and Dirac’s formula for the corresponding
modified Poisson brackets. The modifications are caused by the reduction in the number of
independent canonically conjugate pairs. A canonical transformation adapted to the subsidiary
conditions, which is found with the help of Lie’s theory of function groups, transforms the canonical
system from the multiplier rule into a canonical system in terms of physical variables. The invariant
system is then used to reduce the order of the resulting canonical system by following Levi-Civita.
This reduced canonical system is suitable for integration or quantization.

1. INTRODUCTION

A Lagrangian is called degenerate if the Hessian matrix
whose elements consist of all the second-order partial
derivatives of the Lagrangian with respect to the gene-
ralized velocities has (for simplicity) a constant singu-
lar rank everywhere in the space of the arguments of
the Lagrangian. For such a Lagrangian the generalized
momenta satisfy a number of functional-dependence
relations; this number depends on the rank of the Hes~
sian matrix. Dynamical systems with degenerate
Lagrangians are of practical importance in physics.

The first problem in the general study of systems with
degenerate Lagrangians is to reduce the Lagrange equa-
tions of motion to canonical form and then to write the
canonical equations in terms of Poisson brackets. The
theory created by Dirac,! Anderson and Bergmann,2
Haag,3 and many others is widely accepted as the solu-
tion of the problem. Kundt4 surveys this theory in his
own development. It must be emphasized, however, that
this theory falls short of its goals. First, the current
theory does not correctly handle the subsidiary condi-
tions on the canonical variables that arise from the first-
order Lagrange equations of motion. Since all the sub-
sidiary conditions must be known before setting up the
multiplier rule, the multiplier rule cannot be used to
get these conditions. Second, the theory does not ex-
plicitly deduce the effect of the subsidiary conditions

on the canonical equations of motion and on the Poisson
brackets. Explicit deduction would facilitate the inter-
pretation of the modifications caused by the subsidiary’
conditions. Third, the simplification of the integration
problem by making use of the nature of those subsidiary
conditions which remain after exploiting the multiplier
rule has not been done in the general case, only for spe-
cial forms of the conditions. The present paper seeks
the necessary improvements to the current theory by
amending an earlier attempt,5

Subsidiary conditions occur in two distinct types. The
familiar type of subsidiary condition can be satisfied
only by modifying the equations of motion. This modi-
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fication amounts to applying the implicit-function
theorem to the subsidiary conditions, that is, solving for
some of the variables in terms of the independent vari-
ables. The other type of subsidiary condition is com-
patible with the equations of motion without the subsi-
diary condition, so that the equations of motion are not
changed by the subsidiary condition. The variables can
be treated as independent in spite of the subsidiary con-
dition. But one must adjoin these subsidiary conditions
to the unmodified equations of motion. Only those solu-
tions of the unmodified equations which satisfy these
subsidiary conditions are admissible. Such subsidiary
conditions form what is called an invariant system®
with respect to the differential equations of motion. The
notions of invariant relation and of invariant system go
back to C.J.G.Jacobi, P. Painlevé (who called them par-
ticularized first integrals), and Levi-Civita,? who de-
veloped some aspects of the theory of invariant sys-
tems. These important notions are treated in detail in
the next section.

Subsidiary conditions appear at two stages in the canoni-
cal formulation of the equations of motion from a de-
generate Lagrangian. The degeneracy of the Lagrangian
gives rise to first-order Lagrange equations of motion,
which act as subsidiary conditions on the coordinates
and velocities. For consistency of the Lagrange equa-
tions these subsidiary conditions must form an invari-
ant system with respect to the second-order Lagrange
equations. Because of the assumption about the rank

of the Hessian matrix, these subsidiary conditions can-
not lower the rank of the singular Hessian matrix. So
there are no other subsidiary conditions on the coordin-
ates and velocities. On introducing the momentum vari-
ables the singular rank of the Hessian matrix yields a
definite number of subsidiary conditions on the coordin-
ates and momenta. If the momentum variables are in-
troduced into the subsidiary conditions on the coordin-
ates and velocities, the resulting equations in general
contain some of the velocity variables. But under the
right conditions they can yield subsidiary conditions on
the canonical variables only. So one must see whether
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any additional subsidiary conditions on the canonical
variables arise in this way. The complete set of sub-
sidiary conditions on the canonical variables can be
deduced in these two ways.

The multiplier rule is designed to take account of given
subsidiary conditions without having to solve them ex-
plicitly for the independent variables. The actual deter-
mination of the multiplier functions in the multiplier
rule gives the required information on the type of each
subsidiary condition, the modifications of the canonical
equations caused by the subsidiary conditions, and the
consequent modification of the Poisson brackets, Thus
the modification in the Poisson brackets arises from
the reduction in the number of independent canonical
variables. Djokié-Ristanovi¢ and Mu8icki® have pointed
out an error in the earlier deduction® of the formula
for the modified Poisson bracket. The correct deduc-
tion gives the same formula as that postulated by
Dirac.! Bergmann and Goldberg,® Mukunda and Sudar-
shan,1? and Hermannl! have studied this generalized
Poisson bracket from other points of view.

The multiplier rule yields a canonical differential sys-
tem with an invariant system adjoined to it. Finding the
admissible solutions of these equations is not easy.
Levi~Civita,? however, has indicated how, by passing to
new canonical variables, the invariant system can be
used to reduce the order of the canonical system and
thereby simplify the integration problem. The method
can be adapted to the problem in hand. The required
canonical transformation, which is also necessary for
the treatment of the modified Poisson bracket, is ob-
tained with the help of Lie's theoryi2,13 of function
groups. Dirac,! Andersonl4, and B.S.DeWitt (in un-
published work) did this type of reduction only when
the invariant system had a specially simple form. In
fact, Levi-Civita's method reduces any general invari-
ant system to this simple form by the above-mentioned
canonical transformation. The new canonical variables
in the reduced canonical system directly describe the
allowed motions of the dynamical system and are there-
fore physical variables of the dynamical system. The
space of these variables obviously has symplectic
structure (see Kundt4 and Kunzlel5).

2. DEFINITION OF INVARIANT SYSTEM

The summation convention is used in this paper: sum
over all values of a suffix whenever it occurs twice in
a term. Denote a collection of variables like

xi,
by x. A function is said to be of class C(" in a domain
if all its partial derivatives of order m exist and are
continuous at each point of the domain.

Consider the normal system of differential equations
for the x;:

dx; )
d_t.zfi(t’x)’ = 1,...,71, (1)

where t is the independent variable and the functions f;
are continuous and have continuous partial derivatives
with respect to x on an open set in the space of the
variables t,x, so that the theorem of existence and
uniqueness of the solution of the differential system
holds. A function u(f,x) of class C(D in the domain
under consideration and not identically equal to a con-
stant is called an integral of the differential system (1)
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if it becomes a constant with respect to t on substituting
for the x; any solution of the system whose integral
curve lies wholly in the domain. The value of this con-
stant depends on the choice of the solution of the system,
being in general different for different solutions;it is a
function of the initial conditions. The equality

u(t,x) =C, (2)

where « is an integral of the system and C is an arbit-
rary constant, is called a first integral of the system.
All solutions of the system satisfy the first integral.

A necessary and sufficient condition for (2) to be a first
integral of the system (1) is the identical vanishing of
the total differential of #, or equivalently the total deri-
vative of # with respect to ¢, by virtue of the system (1).
That is,

ou dx; ou

du(t,x) ou N ou (tx) =0 (3)
= —_—=— 4+ —f, = 0.
a ot Tam @t Tt e

Now consider a relation of the form
v(t,x) =0, (4)

where the function v (not identically zero) is of class

C @, The relation (4) is assumed to determine a hyper-
surface in the (n + 1)-dimensional (¢, x)-space. Suppose
that those solutions of the system (1) whose initial
values, i.e., the values for a particular value of ¢, satisfy
the relation (4) satisfy it for all values of {. That is, the
function v(f,x) takes the constant value zero along those
integral curves of the system (1) which lie on the hyper-
surface defined by (4). Such a relation is called an in-
variant relation with respect to the differential system
(1). If the C in (2) is given a fixed value C,, then

u(t,x) = C,
is not a first integral. But in the form
u(t,x) —Co =0

it is just an invariant relation of the form (4). This is
the origin of the name particularized first integral for
an invariant relation. A general invariant relation does
not necessarily arise from a first integral in this man~
ner. On the other hand, a first integral can be con-
sidered as a set of ! invariant relations corresponding
to the ©1 values of the constant C.

An invariant relation differs from a first integral by
containing an absolute constant instead of an arbitrary
constant. It defines a property belonging only to a part
of the solutions of the system. The ©7-1 solutions satis-
fying the invariant relation generate a hypersurface in
the (¢, x)-domain, while all the ®©” solutions satisfying a
first integral fill the whole (¢, x)-domain. So a neces-
sary and sufficient condition for (4) to be an invariant
relation is obtained by demanding that the total differen-
tial of v, or equivalently the total derivative of v with
respect to ¢, vanish identically only on the hypersurface
determined by the invariant relation, i.e., the total deri-
vative of v with respect to ¢ vanishes by virtue of (1)
and by virtue of (4). Thus,

dv(t,x) _ v

+ % £ (t,x) = At X0 (t, %),
dt daf 9x;

1

where A(¢, x) is some function of class C(0) at least. If
the invariant relation is obtained from a first integral
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by assigning a particular value to the arbitrary constant,
then the total derivative of v with respect to ¢ is identi-
cally zero, i.e., the function A is identically zero.

Let

v (t,x) =0, r=1,...,m, (5)
where the functions u,(t,x) are of class C® in the do-
main considered, be a system of m independent rela-
tions. These relations define a variety in the (z + 1)-
dimensional (¢, x)-space. Assume for simplicity that
this variety is an (# + 1 — m)-dimensional manifold.
Suppose that

v, (t,x(1) =0, r=1,...,m,
for every ¢ along those solutions of the system (1) whose
initial values satisfy the relations (5), and therefore
those solutions that lie in the manifold defined by (5).
Then the system of relations (5) is called an invariant
system of (1). A necessary and sufficient condition for
(5) to be an invariant system of (1) is that the total deri-
vative of the system v, with respect to { vanishes every-
where on the manifold defined by the relations (5), i.e.,
vanishes in virtue of the relations (5) and not identically
in (¢,x). But any function vanishing on the manifold de-
fined by (5) can be written in the form

A%, (8, x),

where the A, are suitable functions. Thus the neces-
sary and sufficient condition is that

du,(t,x) v

v avr

dt a @ﬁ(t,x) = Ayt x)os(t, %),

i=1,...,n and 7,s=1,,.

ee M.

Here (¢, x) are suitable functions of class C(® at
least.

The definition of an invariant system extends directly
to a canonical differential system, since this system is
also a normal system. For a system of second-order
differential equations, the invariant system would be a
system of first-order differential equations with no
arbitrary constants in them.

From the definition of an invariant system it is clear
that an invariant system is compatible with the differen-
tial system. The imposition of relations on x equivalent
to an invariant system does not affect the differential
equations for x, which remain the same as if the x are
free variables. But the invariant system restricts the
allowed solutions to those lying on the manifold defined
by the invariant system.

3. DEDUCTION OF THE INVARIANT SYSTEM
AMONG THE LAGRANGE EQUATIONS

Let the Lagrangian of the dynamical system be L(¢,q,4§).
Here f is the time; dots denote differentiation with res-
pect to the time #; ¢ represents the generalized coordin-
ates

qi(t),

and § represents the corresponding generalized veloci-
ties

i=1,...,n;

4(8),

For the considerations of this paper it suffices to as-
sume that the Lagrangian L is at least of class C(®,

i:l,...,n.
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According to definition the degeneracy of the Lagrangian
L means that the Hessian matrix

02L L
[ . e ]’ 1] = 1,...,%, (6)
04, 0¢;

everywhere has a constant rank » — 7;, where the inte-
ger v; > 0.

At the outset no conditions are imposed on the variables
q,q. So the Lagrange equations of motion are

iaL —E)L:O, i=1,...,7’l, (7)
dt \eg,) g
or equivalently
92L , _9L _92L _ 92 ,
0404, ~ 04, 049t 04,0q

L,j=1,...,m. (8)

The g; can be numbered so that the first z — 7, rows of
the matrix (6) are its independent rows. Then, by form-
ing linear combinations of the rows with suitable func-
tions of ¢,q, ¢ as coefficients, the last »; rows of (6) can
be converted into rows of zeros. In this way the left-
hand sides of the last#; equations of (8) can be made
into zeros while the right-hand sides give functions of
t,q,§4. Thus the last », Lagrange equations become
first-order differential equations, say

B.(t,q,4) =0, a=1,...,7;. (9)
Assume for simplicity that all these equations involve
at least some of the velocity variables.

The Lagrange equations (7) or (8) were obtained on the
assumption that the ¢(¢),§(¢) were free. But 7; of these
equations reduce to the first-order equations (9), which
form subsidiary conditions on the ¢,§. For the Lag-
range equations to be consistent with the conditions (9),
the subsidiary conditions must be of the type that does
not modify the equations of motion. So the conditions
(9) must form an invariant system with respect to the
Lagrange equations. Hence

Ba(t’q’é), a=1,-")71
must vanish in virtue of the » — »; second-order differ-
ential equations in (8) and of the first-order equations
(9), therefore by virtue of all Eqs. (8). Otherwise the
Lagrange system (7) would be inconsistent. Assume
that this consistency condition is satisfied. Normally
the functions B, must be at least of class C(D; but the
consistency condition makes them functions of class
C @) at least,

The invariant system (9) restricts the dynamically
allowed solutions to those satisfying this system. Since
the invariant system is compatible with the Lagrangian,
the partial derivatives of L with respect to its argu-
ments can be computed as if the variables are free,

but the domain of the derivatives is now restricted by
the invariant system. According to assumption, even on
this restricted domain the rank of the Hessian matrix
(6) has the constant value » — #;. So no other first-
order Lagrange equations exist. Hence the complete
system of subsidiary conditions on the coordinates and
velocities consists of the invariant system (9). To satis-
fy the consistency condition, there must be at least as
many second-order Lagrange equations as there are
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first-order equations. Thus the rank of the Hessian
matrix must be at least i#.

4. THE MULTIPLIER RULE FOR THE CANONICAL
EQUATIONS

The canonical formalism makes the transition from the
variables ¢, ¢q, 4, and the Lagrangian dependent on them
to the canonical variables ¢, ¢, p, and the Hamiltonian
dependent on them. Here p represents the collection

of the generalized momentum components p; defined by

b oL
. = 3
1 aql

i=1,...,n. (10)

If the Lagrangian is nondegenerate, all the right-hand
sides are functionally independent in the ¢, and so the
implicit-function theorem!é gives all the ¢ uniquely in
terms of {,q,and p. Then any function of the f, 4, and 4
can be expressed as a function of {,q9,and p.

If the Lagrangian is degenerate, then the momentum
components are functionally dependent,16;17 and the
implicit-function theorem applies only to some of Egs.
(10). Since the Hessian matrix (6) has the rank n — 7y,
the first » — 7, Eqgs. (10) can be uniquely solved (at
least locally) for the n — »; components ¢, in terms of
t, the first n — »; components p;, and the last »; compo-
nents ¢;. Substitute these expressions for the firstz —
7, components §; into the last 7; equations of (10). Then,
because of the rank of the Hessian matrix (6), the result-
ing equations yield »; relations completely independent
of the 4. Thus the functional dependence of the variables
p can be stated by expressing the last »; components of
the p as functions of the remaining canonical variables.
But the functional-dependence relations can be given in
the more symmetrical form

o,(t,q,0) =0, b=1,...,7y, (11)
where the functions ¢, are of class C (3, since the right-
hand sides of (10) are of class C 3,

Now introduce the expressions obtained above for the
firstn — »; components ¢; into Egs. (9). Then one gets
7, equations involving the ¢,¢,p, and the last 7; compo-
nents g;. Denote these equations by

Ba(t;iI»P,fI)=0, a=1y---771' (12)
If these 7; equations are functionally independent in the
¥, components §;, then they cannot yield any conditions
on the canonical variables only. Suppose, on the other
hand, that the functional matrix of the B, with respect to
the »; components ¢; has the constant rank »; — #,, where
0 <7, = 7, everywhere in the space of the arguments
of the B, in (12). Then the functional dependence of the
B, and Eqgs. (12) together yield 7, subsidiary conditions
on the canonical variables only. Denote these conditions
by

¢b’(t: q’P) = O’

where one writes

b=+ 1,...,7, (13)

¥y =7y + 7y

Thus extra subsidiary conditions on the canonical vari-
ables, caused by the equations of motion, can arise only
from the first-order Lagrange equations, and that too
only under the right circumstances.

In certain examples known in physics, the degenerate
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Lagrangian does not contain some of the components of
¢. Then the corresponding components of p vanish, and
the consequent first-order Lagrange equations do not
contain the same components of §. So these first-order
Lagrange equations immediately yield subsidiary condi-
tions on the canonical variables only.

The transition to canonical momenta from the velocities
introduces two types of subsidiary conditions: those
like (11) arise from the singularity of the Hessian mat-
rix; and those like (13) arise only under the right cir-
cumstances from the first-order Lagrange equations,
which themselves follow from the singularity of the
Hessian matrix. How the conditions originate is of no
importance in the deduction of the canonical equations
of motion. But it is important to have the complete set
of conditions (11) and (13) before deducing the canonical
equations. The complete set can be written together as
¢b(t;Q7P)=O, b =1,...,1'3, (14)
where the functions ¢, are of class C (2. Assume for
simplicity that the conditions (14) determine a sub-
manifold in the (¢, q,p)-space. This assumption is neces-
sary for the validity of the multiplier rule used below.

Define the Hamiltonian H as usual by

H=pg —L(tq,q), i=1,...,n. (15)
Then
an = — 2L at ——aidq,- + g dp; + (b —i_fi)dqi. (16)
ot i 9g;

Now use the definition (10) of p in (16). Then (16) be-
comes

%dt—gﬂdqi + g dp,. ()

i

dH = —

Hence it follows that H can be expressed as a function
of only f,q,and p as a result of introducing the momenta
through (10). This result is true even when L is de-
generate, because the degeneracy property of L does not
enter into the deduction of (17).

Introduce the expressions for the first» — »; compo-
nents ¢; into the right-hand side of (15). The last »
components g yet remain in H, but according to (16
these particular §; occur with the coefficients p, — 3L/
9¢;. These coefficients are the left-hand sides of the
functional-dependence relations solved with respect to
the p;,. Thus the ¢ variables completely drop out of the
expression for H when the functional-dependence rela-
tions are taken into account. Denote the expression ob-
tained for the Hamiltonian by Hy(¢,¢,p). The arguments
t,q,p in H, satisfy the functional-dependence relations,
which are now taken in the symmetrical form (11). The
multiplier rule enables one to treat all the arguments
on the same footing.

Put H = Hy in (17). Now

oH,  oH, 2H,
dHo =——dt + ——dq, + —_dpil
21 24 20,

because dH can be written in this form even if the
variables t,q,p are dependent. So Eq.(17) gives

9H, 0oL 8H, oL g 0H,
-+ —}dt —{— + — dqi+<qi— dp, =
ot ot 0q; 0q; op;
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Here the t,q,p satisfy the subsidiary conditions (11).
Hence the differentials df,dq,dp satisfy the equations

a9, 90, 3¢,
d¢,=——dt + —dg, + —dp, =0 19
¢b at aql qz apt p; ) ( )
b=1,...,n and i=1,...,n,

at points satisfying the conditions (11). Any linear form
in dt,dq,dp which vanishes at these points must have
the form A ,d¢, with suitable functions A ,(¢,4,p). Thus
the left-hand side of (18) has this form. So there exist
suitable multiplier functions A (¢, q,p) at least of class
C ) such that

oH, oL aH, oL 2H,
P < PP
at ot 3, o op;

k3

GLo ¢, a¢
=X, (——dt + —dg, + — dp,
z,(at 2q "% T op Pz> (20)
b=1,...,7 and i=1,...,n.

The uniqueness or nonuniqueness of the multiplier func-
tion A (¢, q,p) associated with each ¢, depends on how
d¢, = 0, or equivalently ¢, = 0, is satisfied. From (20)
one gets

oH, ad,

go= —C 4 A (21)

P ap, *op,

3L  oH, EF)
-0 b———b, (22)

dq; dg; ag;

oL  8H, 30,
S o0, 23
at ot ® o’ (23)
b=1,..., and i=1,...,n.

These equations, expressing the left-hand sides in
terms of ¢,q, and p, follow from the definitions (10) and
(15) and from the rank of the Hessian matrix (6).

In deducing (21)—-(23) the arguments of L were not sub-
ject to any subsidiary conditions. But in the dynamical
problem under consideration some of the Lagrange
equations impose such subsidiary conditions (9). If
these conditions yield additional subsidiary conditions
on the canonical variables, then the ¢, q,p satisfy the
complete set (14) of subsidiary conditions. In this case,
the dt,dq,dp satisfy the equations

0, 0o, ag,
dp, = —2 + g +
¢b q1, apl

ot dg;
b=1,...,7v3 and i=1,...,n

dp, = 0, (24)

Then instead of (21)—(23) one gets

oH, 20,
1 + _— 25
qz api b api ’ ( )
oL 9H A
— = A, —, (26)
aq; dg, aq;
3L  oH, 3,
i A Y. 4. 27
at ot b ot (27)

b=1,...,734 and i=1,...,n,

for the dynamical problem.
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The Lagrange equations (7) can be written as
: oL

Pi =T
ag;

Combining this with the expressions (25) and (26) ob-
tained for ¢, and oL /aqi in the dynamical problem gives
the canonical equations of motion in the multiplier-rule
form

oH, d
Gy =0 4 5, 2P, (28)
6pi ap,.
. oH, 3¢
i T - b : ’ (29)
og; dg;
b=1,...,73 and i=1,...,n,

to which the relations (14) must be added. The explicit
canonical equations follow only when the multiplier
functions A, are actually determined from these equa-
tions, as is done in the next section.

The general canonical equation of motion can be written
in terms of Poisson brackets. The Poisson bracket

(&, 1] of two functions £(2,q,p) and n(¢,q,p) of class

C 2 is defined by

dt 9 ot 0 .
[&,7] =_£_71___§_ ——1, i=1,...,n.
oq; op;  Ap; og;
Even when ¢, g,p are not independent, the first differen-
tial of a function g(¢, ¢, p) of class C (@ has the form

og og og
dg = Eat + & gq + & gp,
at 3g; APPSR

I3

and so

. 0 9 og
g=_g+_g_qi+.£_pi,
3t dg, ap,

T

i=1,...,n.
T

Hence the canonical equations (28), (29) yield the general
canonical equation of motion for g(¢, ¢,p) in the form

N 0 0,

g = ~a§ + [g,Hy] + Mg, 03] = f + [g,H], (30)
def’

H = HO + >‘b¢b!

dp(t,q,0) =0, b=1,...,74. (14)
Thus the multiplier rule for the subsidiary conditions
replaces the Hamiltonian H;, by H in the canonical equa-
tions.

5. EXPLICIT DETERMINATION OF THE
MULTIPLIERS

The conditions (14) in the canonical equations require
that the canonical equations of motion satisfy the equa-
tions

¢b = Os
on the submanifold determined by (14). From:(30) these
conditions give

0,

(i3b = 7 + [¢b’H0] + )‘c[(pb’ ¢C] =0,

b=1,...,73,

b,e=1,...,75.
(31)
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Thus the multiplier functions A, satisfy the nonhomo-
geneous linear system of equations

0
[®s5 ¢c])‘c = (a—:' + [¢baH0]>’ (32)

¢b=oy

The coefficient matrix of the linear system (32) is the
matrix [[¢,, ¢.]]. The augmented matrix of the system
(32) is obtained by adjoining the column consisting of
the right-hand sides of (32) to the coefficient matrix.
The system (32) has a solution if and only if the ranks
of the coefficient matrix and the augmented matrix are
the same. This consistency condition must be satisfied
for the multiplier rule to yield consistent canonical
equations, and therefore for the consistency of the ori-
ginal Lagrange equations. Assume that this consistency
condition is satisfied. Instead of immediately solving
the system (32) for the A, however, it i simpler to re-
place the subsidiary conditions (14) by an equivalent
system whose multiplier functions are easier to deter-
mine. The system (32) suggests the appropriate change,

Let the rank of the skew-symmetric matrix [[¢,, ¢.]] by
virtue of Egs. (14) be 7,, where 7, must always be even
and where 7, = r3. If 75 is odd, then the coefficient
matrix is necessarily singular. Number the ¢ so that
the first v, rows of the coefficient matrix and of the
augmented matrix are the independent rows of these
matrices. Then, by forming linear combinations of all
the rows of these matrices with functions of ¢,¢,p as
coefficients, all the elements of the last r; — 7, rows
of these matrices can be converted into zeros. Hence
there exist distinct functions p, (¢,q, ) at least of
class C and independent of the ¢ such that

p’ab[ s ¢c] = ['Jubd’b; ¢c] =0, (33)

b,C zl,uo.,r3.

¢,
Hop 27+ ol P50 Hol =
a=v,+1,...,7, bec=1,...,7,,

by virtue of (14). Equations (33) and (34) suggest the
suitable equivalent system to replace the subsidiary
conditions (14). Keep the first 7, equations of (14) un-
changed,

def’

e
¢B =XB=0’ B=1,...,74 (35)

but replace the last  — 7, equations of (14) by
def

x(! = “(Xb¢b = 0, (36)

a=r,+1,...,73, b=1,...,75

The complete equivalent system (35) and (36) is written
as

xe =0, b=1,...,7g (37)
where the functions y, are independent and of class C (@,

For the equivalent system (37) the general canonical
equation (30) for g(¢,q,p) becomes

. ag

g=_"% [&sHol + v.[8) Xc)» (38)

where the y_are new multiplier functions. The condi-
tions (31) are now
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. OXs
ko =27+ [XosHol + ¥.[xss X1 = 0, (39)

According to Egs. (33)—(37) the x, have two characteris-
tic properties:

[Xa X8] = 0, (40)
9Xa _
FYal [XorHo) = 0, (41)

a=rs+1,...,73, b=1,...,7g
in virtue of the relations (37). Because of these proper-
ties the first 7, equations of (39) become

. Xs
Xs = _éT + [Xa’Ho} + Vy[Xp’ X'y] =0, (42)

ﬁ,’y = 1,...,7'4,

and the last r; — 7, equations of (39) for the x, are
automatically satisfied for arbitrary v,.

The system (42) is equivalent to

v %y 1031 = = [ 22 + [0 ol (a9

in matrix notation. The unique solution for the vy
follows at once by multiplying both sides of (43) on the
left by the inverse of the nonsingular skew-symmetric
matrix [[x,, x,]]. Let the nonzero determinant of this
matrix be A and let C; A denote the cofactor of the
element [x,, x,] in A. Here C;, is antisymmetric in
B,v. Then the inverse of the matrix [[x4, x,]] is the
transpose of the matrix [Cg, ], 1.e., the matrix [— Cﬂy].
Therefore the solution of the system (43), or equiva-
lently (42), is given by

ax

s =Cﬂy =L+ [XyrHO] y By=1,...,74. (44)

Since the multipliers v, are arbitrary functions of ¢, g, and
b, they can be taken to be zeros. With these values for
v, and the expressions (44) for y, the explicit general
canonical equation of motion for any function g(¢, g, p)
in the presence of the subsidiary conditions (37) is

F) ax, H
agt‘ f 2, x ]c‘”a—tﬂ + [g,Hy) + [g, XB]CBy[X'y’ obs
& (45)

B,y=1,...,74.

The above deduction shows that the two properties (40),
(41) are essential for conditions (36) to form an invari-
ant system with respect to the canonical equation (45), or
equivalently to the canonical system (28), (29). It is not
surprising that the conditions (36) do not modify the
canonical equations. The dynamical system admits only
those solutions of (45) which satisfy the invariant sys-
tem (36) as possible motions.

In the terminology of Lie, a set of functions is said to be
in involution if the Poisson brackets of any two func-
tions of the set vanish identically. Analogously,a system
of equations is said to be in involution if the Poisson
brackets of any two left-hand sides of the equations
vanish by virtue of the system of equations. Properties
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(40) and (41) then assert that the invariant system (36)
must be in involution with all the subsidiary conditions
(37).

6. DEDUCTION AND INTERPRETATION OF THE
MODIFIED POISSON BRACKETS

In deducing the canonical equation (45) the subsidiary
conditions (35) can be satisfied only by choosing the
multipliers y; so as to make x, = 0. This implies that
the subsidiary conditions (35) can be satisfied only by
converting Egs. (35) into the identities x, = 0. The only
way these equations become identities is by implicitly
solving for 7, of the variables in terms of the others.
Thus the modification in the canonical equations caused
by the subsidiary conditions amounts to a reduction in
the number of independent canonical variables., The
original Poisson brackets were defined as if all the
canonical variables were independent. So the modified
canonical equations require modified Poisson brackets
defined with respect to the reduced number of indepen-
dent canonical variables. The formula for this modified
Poisson bracket follows from the canonical equation
(45).

It is shown in this section that the implicit solution of
the conditions (35) can take place only with respect to
37, canonically conjugate pairs. This is done by means
of a canonical transformation adapted to the subsidiary
conditions. This canonical transformation, which is
again needed in the next section, is found with the help
of Lie's theory12,13 of function groups.

v independent functions of ¢ and p, such that the Poisson
bracket of any pair of these functions is a function of
the » independent functions only or is a constant, consti-
tute an -dimensional function group. If the functions
contain ¢ explicitly, as in the present work, it is treated
as a parameter. All functions of the ¥ independent func-
tions belong to the function group. Thus a function
group is a set of functions with the property that the
Poisson bracket of any two functions of the set belongs
to the set. Any set of » independent functions of the
group completely specifies the group and forms a basis
of the function group. Every function group can be trans-
formed to a basis in which the Poisson brackets of the
basis functions take only the values 0 and 1. Then the
function group is said to be in canonical form, which is
the simplest form of a function group. Those functions
of the function group which are in involution with all
functions of the group are called singular functions of
the function group. The singular functions are in involu-
tion with one another and form a function subgroup
called the null group of the given group. This null group
can be at most #~dimensional. Every function group can
be embedded in a 2n-dimensional function group. In
particular, any canonical function group can be embed-
ded in a 2n-dimensional canonical function group. It is
this embedding process that is used here to find the re-
quired canonical transformation. But first it is neces-
sary to replace the subsidiary conditions by an equiva-
lent system whose left-hand-side functions form a
canonical function group.

The skew-symmetric matrix

[[XB’Xy]]’ 3’721,""7’4 (46)

formed with the x of (35) is nonsingular. Therefore, by

a known property of skew-symmetric matrices, there
exists a nonsingular matrix

A°S (8,06 0,9)]
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such that multiplication of the matrix (46) on the left
by A and on the right by the transpose A of A gives the
skew-symmetric matrix

0 E
L, o)
~E 0

where 0 is the zero 37, X 37, matrix and E is the unit
37, X 37, matrix. That is, there exists A such that

[A6 ) [[xy» x5 11 [As] = [p )y

This suggests replacing the conditions (35) by the equi-
valent system

(47)

B,y,8,e=1,...,7,. (48)

def
6 = Apyxy =0, Biy=1,...,7,. (49)
Then {48) becomes
[[98’97]] = [Jﬂy]’ Byy=1,...,74 (50)

in virtue of Eqgs. (36) and (49). Equations (36) are in
involution among themselves and with the conditions
(49). The conditions (36) and (49) equivalent to (14) are
such that the left-hand sides of this equivalent system
satisfy the conditions for a canonical function group but
only by virtue of Eqgs. (36) and (49).

It is known?>13 that a system of equations in involution
can be replaced by an equivalent system of equations
such that the Poisson brackets of the left-hand sides
vanish identically and not in virtue of the equations
themselves., For the present work, however, one needs
an analogous result applicable to a general system of
equations like (36) and (49). Schouten and v.d. Kulk (Ref.
13, Theorem VII. 24) provide such a general theorem.
This theorem asserts that one can always replace any
given system of equations in ¢,q,p by an equivalent sys-
tem of equations such that the functions on the left-hand
sides of these equations form a canonical function group
identically and not by virtue of the equations.

The considerations of the preceding two paragraphs
show that, when only a part of the subsidiary conditions
in t, ¢, and p, say only Egs. (11), is known, it is in general
not possible to get the other equations of the whole sys-
tem, namely Egs. (13), by forming the Poisson brackets
of the left-hand sides of the known equations. This cer-
tainly holds when the system of equations contains equa-
tions like (49) or (35). Even if the whole system is in
involution, the known part may belong to a subgroup and
the Poisson-bracket operation may yield the subgroup
but not the whole group. If the known part is part of a
canonical subgroup (identically), then the Poisson-brac-
ket operation yields no new equations.

Introduce a new notation for the functions on the left-
hand sides of the system which is equivalent to (36) and
(49) and which is such that these functions form a cano-
nical function group (identically). Henceforth write

N =N —1¥g + 57,
Let

P, e=n +1,...,n,

—p—1
Ny, =n — 37,.

denote the singular functions of this canonical function
group. Let @y denote the functions corresponding to the
first half of the ¢; in (49) and let P, denote the functions
corresponding to the last half of the 6y in (49), where
f=mny+1,...,n. Then the new equivalent system has
the form
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P,=0, @=0, P;=0, (51)
=m +1,...,n, f=n,+1,...,n.
The Poisson brackets
(P, P.]=0, [P,Q]=0, [F,P]=0,
(€:Qr]=10, [@,Pr] =080,

[P, Pp] =0, ‘ (52)

e,e' =m +1,...,n,, f,f=nyg+1,...,n,
where O, is the usual Kronecker symbol, hold identi-
cally and not by virtue of Eqgs. (51).

The p,, q;, p; for the same values of e,f as in (51) form
a canonical function subgroup of the 2nz~dimensional
canonical group formed by the ¢,p. The P,, @y, Py form
a canonical function subgroup of the 2n~-dimensional
canonical function group formed by the @, P into which
this subgroup can be embedded. The transformation
from ¢,q,p to f,Q, P provides the required canonical
transformation, since it satisfies the necessary and suf-
ficient conditions®;13 for such a transformation. (The
definition of canonical transformations and a necessary
and sufficient condition for a transformation to be cano-
nical are given in the next section.)

Now, by performing an elementary canonical transfor-
mation if necessary, i.e., by renumbering the canonical
pairs or by exchanging the coordinate and momentum
in a canonical pair, the P, must be invertible functions
of the p,, and the @, P, must be invertible functions of
the g;,p;. Hence the equations

Qj=0, szo, f=n2+1:°--7n, (53)
must be soluble for the g, p;. Thus the functional
matrix

54 39
aq , aP ’
d T, fif =ng+1,..0,m, (54)
B, 3P
aq,, apf,

must be nonsingular. But Egs.(53) are equivalent to
Egs. (35). Therefore, Eqgs.(35) are soluble for the g, p;.
So the matrix

IXs  9Xs
N T

has the same rank 7, as (54) everywhere. Thus every
nonsingular 7, X7, submatrix of the functional matrix

b 0 ]
[ﬁ xs ﬁ], B=1,..m i=1,...,n (56)
ot g, P,

has the particular form (55) in which the partial deriva-

tives are with respect to %74 canonically conjugate pairs.

Since the matrix (55) is nonsingular everywhere, the
implicit-function theorem guarantees that Egs.(35) or
(49) can be solved for the last ér,; canonically conjugate
pairs in the form )

95 =gf(t; qiy e ;qnzypp R ’p"z)’
pf = hf(tyqp e ,qnzyp]_; e ,p-nz)y (57)
f=ny+1,...,n.
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The multiplier rule for conditions (35) follows from the
relation

oL  3H . oH, oH,
(Bt (Vg (i P
at ot ag, ap;

? 2
B(ﬁ + X8
at  ag

9Xp
dqi + -a—pi— dpi)’

B=1,...,7y, i=1,...,n,

analogous to (20). This relation implies that the rows
of the (r, + 1) X (2% + 1) matrix

oL aH, . 8H, oH
() e
at ot 3g, ap,

) (58)
2] xs %
ot aq; ap;
B=1, m i=1, s 1,

are not independent. Since the rank of the matrix (56)
is known to be 7, the matrix (58) also has the rank 7,.
Therefore the multiplier rule also says that only 7,
columns of the matrix (58), namely the columns contain-
ing the 7, columns of a nonsingular submatrix of (56),
are independent and that the other columns are linear
combinations of the independent columns. But, if one
considers the submatrix (56) of (57), the relations be-
tween the columns are just the relations dx; = 0, which
are equivalent to x; = 0. So the multiplier rule amounts
to solving 7, of the differentials di,dq,dp in the equa-
tions dxy = 0 in terms of the other differentials. This
in turn amounts to implicitly solving Egs. (35) for the
7, dependent variables among the {,4,p in terms of the
independent variables among the {,q,p. This is equiva-
lent to applying the implicit-function theorem to the
equations (35). As seen already, this implicit solution
can take place only with respect to %1'4 canonically con-
jugate pairs in the form (57). From the first row of the
matrix it also follows that only n, canonically conjugate
pairs of the canonical equations (28), (29) are indepen-
dent.

The multiplier rule with the multipliers given by (44)
ensures that only the n, canonically conjugate pairs

on the right-hand sides of (56) are the independent
canonical variables of the dynamical system. Any func-
tion of the original {,q,p then becomes a composite
function of ¢ and of the #, independent canonical pairs.
So the Poisson bracket of any two functions of ¢,q,p is
now equal to the Poisson bracket of the corresponding
two composite functions of ¢ and of the n, independent
canonical pairs. Long ago J.Bertrand considered this
type of generalized Poisson bracket. This modified
Poisson bracket evidently satisfies all the properties of
ordinary Poisson brackets, including the Jacobi—Donkin
identity. The modified Poisson bracket refers to the n,
degrees of freedom of the dynamical system. Since
Eqgs. (35) or (49) become identically zero in determining
the independent canonical pairs, the new Poisson brac-
ket of the left-hand side of (36) or (49) with any other
function must vanish identically.

The expression for the modified Poisson bracket can be
deduced from (45). The multiplier rule implicitly con-

verts a function f(¢,q,p) into a2 composite function f of

¢t and of the n, independent canonically conjugate pairs.
The general canonical equation for f would be
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o _F g1 * 59
dt—at+[f’H0] at+[f’H°]' (59)

Here [f,Hy)* denotes the modified Poisson bracket

[ f HO] of the composite function f and of the composite
functlon Ho corresponding to H,. Note that { occurs in

f through the original explicit f in the f and the explicit
t in the canonical pairs (57). Comparing (59) with (45)

gives

of o ax,
a‘;—a*‘[g:xls]csy EYIM (60)
[f’HO]* = [f’ﬁol = [f’HO] + [f’ XB]CB'y[Xy7HO]'

Thus the modified Poisson bracket of any two functions

£(t,q,0),n(¢,q,p), with the £,q,p such that Xﬁ(t’ q,P) =0,
is

(& n]* = [&n] + [£, x41Csy[x,>1); (61)

a result given by Dirac.! This modified Poisson brac-
ket is considered again in the next section.

7. SIMPLIFICATION OF THE INTEGRATION PROBLEM
BY PASSING TO THE PHYSICAL VARIABLES

The multiplier rule has given a canonical system to-
gether with an invariant system. But finding the solu-
tions of this canonical system that satisfy the invariant
system is in general difficult. For progress in integra-
tion or quantization it is essential to seek a simplifica-
tion of the canonical system itself by making use of the
invariant system.

In the theory of differential equations it is known that
the order of a normal system of differential equations
can be reduced if some first integrals of the system
are known. The reduction in the order is equal to the
number of first integrals known. One way of carrying
out this reduction is to pass to a new system of vari-
ables in which the left-hand sides of the known inte-
grals replace an equal number of the old variables
while the other variables remain the same as before.
Levi-Civita7? has extended this result to the case where
an invariant system replaces the system of first inte-
grals. Levi-Civita? has also indicated how to carry
out the reduction when one has a canonical differential
system (instead of just a normal system) together with
an invariant system. In this case the change of vari-
ables must be effected through a suitable canonical
transformation, so that the reduced system is also
canonical. This method can be adapted to the problem
under consideration.

The properties of canonical transformations® needed
for the present work are as follows. Canonical trans-
formations are those invertible transformations of
the canonical variables to new variables which take
every canonical differential system into another such
system. Consider the invertible transformations

q; = qi(t, Q,P), b =P¢(t, Q,P), (62)
szQi(t;qyp)y Pi:Pi(t,q!p), i=1,...,n,
and the nonsingular functional matrix
Q9
o/ 0
wo|® ®|
oP  oP
dq  ap
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whose transpose is M. The functions on the right-hand
sides of (62) are taken to be of class C@, The trans-
formation (62) is canonical if and only if the 2 x 1
matrix

) {

ap
:  OH
b+ aq

for an arbitrary Hamiltonian H(¢,q,p) of class C(? is
transformed into a 2n X 1 matrix of the same form,
namely

s 9K

Q- oP
’

p+ K

2Q

with a suitable new Hamiltonian K(¢, @, P). A neces-
sary and sufficient condition for the transformation (62)
to be canonical is that the matrix relation

MIM = uJ
hold as an identity for some nonzero constant scalar pu.

The matrix J here is the same as the matrix (47). This
condition just states that

Q@] [QiF]

[P Q) [P B

=pd, dj=1,...,n, (63)

identically. When this condition is satisfied, the Hamil-
tonian H(t, q,p) goes into the new Hamiltonian K(¢, @, P)
given by

K:,J.H'f'R, (64)

where H is expressed as a function of £, @, P. The func-
tion R satisfies the identities

3Q,(t,q,p) 93R(;,Q,P)
3¢ ap, ’
’ (65)
3P(t,q,p) _ ¥R(,Q,P)
at g

where the left-hand sides should be expressed in terms
of {,Q,P. Hence the function R is determined by a quad-
rature in @, P for fixed ¢, so that an arbitrary additive
function of ¢ only remains in R, and therefore in K. But,
since this arbitrary function drops out of the partial
derivatives dK/9Q and 8K/9P, two Hamiltonians that
differ by a function of ¢ only are equivalent. p and R
depend only on the canonical transformation and not on
H. Two functions &(t,q,p), n(¢,q,p) can also be ex-
pressed as functions of {,Q,P. The Poisson bracket of
these two functions can be evaluated with respect to the
q,p or the @, P. Then the two Poisson brackets satisfy
the identity

[g’ n]q,p = ""‘[‘E) n]Q,p, (66)

where the suffixes indicate the variables with respect to
which the Poisson bracket is evaluated. Conversely, if
for any two functions &, n this identity holds for one and
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the same constant p, then the passage from the 2# vari-
ables g, p to the 2z variables @, P is a canonical trans-
formation characterized by the constant y. In the pre-
sent work the constant y is taken to be 1.

The canonical transformation appropriate for the re-
duction has already been mentioned in the preceding
section. The original subsidiary conditions must be re-
placed by the equivalent system (51) such that the fune-
tions on the left-hand sides of these equations form an
¥;-dimensional canonical function group. This is neces-
sary because one has to satisfy the criterion (63) for a
canonical transformation. This canonical function group
is then embedded in a 2x#-dimensional canonical func-
tion group.12,13 To do this, one first determines the
¥3~7, functions @, canonically conjugate to the singular
functions F,. Thus one obtains a (2v,-7,)-dimensional
canonical function group without singular functions.
Next one determines the 27, -dimensional canonical
polar group of the (2r;-7,)-dimensional function group
just obtained. This standard procedure may take some
effort, but it provides the 2zn~dimensional canonical
function group @, P. This 2n-dimensional group also
has no singular functions. The transformation from
t,q,p to t,Q, P is the desired canonical transformation.
Here the constant scalar p is equal to 1.

Take the canonical equations for the dynamical system
to be those derived from the multiplier-rule Hamil-
tonian H when the subsidiary conditions have the form
(51). Perform the canonical transformation

(t)q)p) = (t’ Q,‘P)

considered above. Then the canonical equations for the
@, P are derived from the new Hamiltonian
K(t,Q,P)=H +R, (67)
where H is now expressed in terms of {,@,and P, and
R(t,Q, P) is determined from (65) by a quadrature. The

Poisson bracket of two functions &, n is invariant under
this canonical transformation,i.e.,

[&,n],,, = [&:7]q,p- (68)
Now consider the subsidiary conditions (53). As seen in
the preceding section, these conditions canbe satisfied only
by making them into identities. Thus the variables
@y, P, drop out of consideration, and the canonical sys-
tem now refers only to the remaining canonical pairs
Q]”Rf’ ] :1,...,712. (69)
The new Hamiltonian K, is obtained from K(¢,Q, P) by
using (53) in it. _The functions £(¢, Q, P), 1(t,Q,P) be-
come functions £, 7 depending only on ¢ and the canoni-
cal pairs (69). Thus the Poisson bracket of the reduced
canonical system, defined with respect to the canonical
pairs (69), has the truncated form [£, 7]y  p oObtained
from the original Poisson bracket [£, n]é' P ]by omitting
the contributions from the canonical pairs @, P;. This
expression for the modified Poisson bracket [§; 77] Q.2

coincides exactly with that given by formula (61) for

the subsidiary conditions (53). Evidently the modified
Poisson brackets of the reduced canonical system satis-
fy all the usual properties of ordinary Poisson brac-
kets.

The final step is to examine the effect of the invariant
system
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P,=0, e=mn +1,...,n, (70)
on the reduced canonical system
oK, , 0K,

= ), = — J=1,...,n,. (71)

.= —— Po=—-:
7 aPJ’ J aQJ’

obtained above. If the P, occur in K, then they can all
be included in the contribution (with arbitrary multi-
pliers) from the P, to K;. Since this contribution from
an invariant system is taken to be zero, one is justified
in assuming that the P, do not occur in K;. Then 3K;/
9@, also does not contain the P,. Now the conditions for
the equations to be an invariant system of the canonical
equations (71) are that

(72)

by virtue of Egs.(70). But the second members of (72)
do not contain the P,. So Egs.(72) hold identically.
Hence K, does not contain the @, canonically conjugate
to the P,. This means that the canonical system has
been transformed into a system in which the @, are
ignorable coordinates and the corresponding conjugate
momenta P, are equal to absolute constants instead of
arbitrary constants as in the usual case of ignorable
coordinates.” Thus the canonical system (71) gets re-
duced to a new canonical system for the independent
canonical pairs

Qk’Pk’ k=1"°"n1; (73)
with the new Hamiltonian K, depending on ¢ and the
canonical pairs (73). The invariant system (70) must
be adjoined to this canonical system.

The dynamical system is now described by the canonical
function group consisting of the P, of (70) and the cano-
nical pairs (73). The P, are the singular functions of
this function group. The invariant system (70) implies
that each P, admits only the single constant value zero.
The dynamical system admits all solutions @, , P, of the
reduced canonical system, and so the canonical pairs
(73) are physical variables. Since the @, are ignorable
coordinates in the canonical system, the modified Pois-
son bracket obtained earlier turns out to be a Poisson
bracket defined only with respect to the canonical pairs
(73). The symplectic structure of the space of { and of
the canonical pairs (73) is evident.4;15 The reduced
canonical system in the physical variables is quite suit-
able for integration or for passing to the quantum
theory.
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Ordinary quantal conservation laws are associated with null operators for time rate of change and
are valid for causal evolution of the system through either pure or mixed states. There is, however,
a larger class of quantal constants of the motion, some of which are conserved only for pure state
evolution. After an analysis of the theoretical origins of these exotic conserved quantities, several
illustrations are presented with empirical interpretations based on the quorum theory methods used

in Paper 1.

1. ORDINARY CONSERVATION PRINCIPLES

The usual procedures for the identification of conserved
quantities in quantum physics are based strongly on
analogies to elegant classical schemes for obtaining
constants of the motion. Thus, the formal parallelism
between algebraic properties of Poisson brackets and
quantal commutators is often exploited in the search for
conserved quantal observables; similarly, Noether's
theorem is routinely extended to quantum field theory
as a means of finding expressions for conservation laws.
However, because these methods rely so fundamentally
upon the classical framework, they fail to generate all
classes of quantally conserved measurable quantities.

To see why this is the case, it is necessary to recall the
rather different relationships between data and theore-
tical observables that distinguish classical and quantal
physics. Consider mechanics. In the classical case,
observables are represented as functions of state
(phase) and the numerical values of these functions are
identified in principle with numerical data. A constant
of the motion is then simply a phase function whose total
time derivative vanishes, the consequent fixed value of
the function being equal to the constant measured value
of the observable represented by the function.

In quantum mechanics, on the other hand, observables
are represented by Hermitian operators whose relation
to data is more indirect. The testable assertions of
quantum theory do not refer to “values” of observables,
but, rather, to mean values of statistical collectives of
data gathered from ensembles of identical experiments.
Thus, to say in quantum mechanics that an observable A
is “conserved” can mean, in terms of data, nothing more
than that (A)l, the mean value computed from A-data
referring to time ¢, is equal to {A),, computed from A-
data associated with ¢,, where ¢, and ¢, are arbitrary.

To emphasize the difference between this quantal state-
ment of conservation and that usually implied in classical
theory, we shall call the classical version point-by-point
conservation and the quantum idea conservation-in-the-
mean. Crudely stated, a point-by-point conservation law
asserts that “at every measurement the conserved obser-
vable has a definite (unique) value which is independent
of time,” whereas conservation-in-the-mean requires
only that “the mean value of measurement-results on the
observable is independent of the time lapse between pre-
paration and measurement”.

Since point-by-point conservation is in fact an unphysical
concept, at best an abstract idealization from the facts of
life in the physical laboratory, it could be argued cogently
that conservation-in-the-mean with its realistic statis-
tical statements should be acceptable whether one is using
classical or quantum theory. Nevertheless, ordinary
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quantal conservation theory attempts to mimic its classi-
cal counterpart in the following well-known manner.

With every Hermitian operator A there is associated
another such operator called the “time rate of change of
A” (symbol dA/dt) and defined by

dA _ 1 A
e + L2

at ik 4.7 ot W
where H is the Hamiltonian of the system, and 94 /3¢
denotes the time derivative of the operator A4, should A
be defined with intrinsic time dependence. The physical
significance of dA/dt rests on a theorem which estab-
lishes that the time derivative of the mean value of A

(a number empirically obtainable by computation from
A-data) is numerically equal to the quantally calculated
mean value of the opevator dA/dt,

Because the form of (1) is reminiscent of the analogous
classical Poisson bracket relation from which the neces-
sary and sufficient condition for the point-by-point con-
servation of a physical quantity is immediately evident
(vanishing of bracket plus intrinsic derivative), conven-
tional quantum mechanics normally declares a conserved
observable A to be one for which the operator dA/dt is
null. Usually 9A/d¢ is zero and the criterion for ordi-
nary conservation becomes simply the vanishing of the
commutator [A,H].

Since point-by-point conservation is meaningless in
quantum physics, the latter standard formulation of quan-
tal conservation theory is overly restrictive. In fact,

the vanishing of dA/dt is a sufficient but not a necessary
condition for A to be conserved-in-the-mean. We shall
refer to the mean of an observable which satisfies this
sufficient condition as an ordirary conserved quantity.

Consequently, as we shall demonstrate below, there exist
operators A, for which dA/dt is not the null operator,
but which nevertheless are conserved-in-the-mean.
Moreover, we shall find that there exist time-indepen-
dent nonlinear combinations of several quantal mean
values, none of which is individually conserved in any
sense. We call such extraordinary quantal constants of
the motion exotic conserved quantities.

For later reference, one characteristic feature of ordi-
nary conserved quantities should be especially noted:

If dA/dt vanishes, then (A) is time-independent regard-
less of whether the evolving quantum state is pure or
mixed. By contrast,there are exotic conserved quan-
tities which are constant only for pure state evolution.

2. EXOTIC CONSERVED QUANTITIES

In Paper I we reviewed the concept of quorum?! and indi-
cated how elements of the statistical matrix could be
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expressed as functions of quorum means. Hence, if
some algebraic combination of the matrix elements were
invariant under temporal evolution, that combination
could be physically interpreted using quorum theory and
a conserved quantity would thereby be identified as a
function of the quorum means.

A. Conservation of the statistical determinant

The causal evolution of a statistical operator p is effect-
ed by a unitary evolution operator U determined by the
system Hamiltonian; thus

p(tz) = U(tzytl)p(tl)UT(tzytl)- (2)

From (2) and the theory of determinants it follows
immediately that

detp(t,) = detp(t,), ®3)

i.e., the statistical determinant is a constant of the
motion,

Naturally, this theorem will produce an interesting con-
served quantity only for finite-dimensional Hilbert
spaces.

B. Pure state conservation of statistical minors

In our study of definiteness inequalities in Paper I, we
observed that the principal minor determinants of the
statistical matrix can be of special significance. It was
noted in particular, that for pure quantum states all such
minor determinants of dimension exceeding unity vanish,
Now from (2) it is readily shown that p(¢,) will be pure

if p(tl) was pure;i.e., pure states evolve into pure states,
a well-known quantal theorem. Hence for puve state
evolution, the quorum means occurring in any principal
minor must vary in time in such a manner that the minor
determinant remains fixed at zero. We have, therefore,
a prolific source of measurable guantities conserved
during pure state evolution,

The question now arises as to whether the minor deter-
minants are also conserved in the time evolution of
mixed states. Investigation shows that while it is pos-
sible in specific instances for minor determinants to
be conserved for both pure and mixed states, in general
only the pure state conservation law holds.

For example, consider a three-dimensional Hilbert
space. Let the initial statistical matrix be

w a b
(pt)) ={a® x ¢ (4)
b* ¢* y

and let the evolution matrix for the time interval of
interest be

1 0 0
w={o o0 1 (5)
0 0

After substituting (4) and (5) into (2) we obtain

w b a
(pt) = 0% » ¢*]. (6)
a* ¢ «x
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The upper left minor determinant is conserved only if
wx — lal2 =wy — b2, (7)

Certainly (7) is not generally true; it essentially de-
mands the equality of two of the principal minor deter-
minants of p(¢,), a necessary condition only if p(¢,) is
pure,

We conclude that the principal minors of the statistical
matrix, when interpreted in terms of quorum means, will
provide a family of rather anomalous constants of the
motion, always conserved in pure state evolution but not
necessarily conserved otherwise. Thus, the pure state
definiteness equalities exhibited in Paper I are examples
of exotic conservation laws,

C. Conservation of functions of p

The mean value of any function of p, F(p), is a conserved
quantity, regardless of whether or not dF(p)/dt is null,
For example, consider F(p) = p2:

@E=_1_[ Z,H] +Zﬁ
dt in ot (8)
1., op
==[p2,H] +2p L,
iﬁ[p ] pat

According to the quantal Liouville theorem,

ap 1
- =—[H,pl. 9
Py iﬁ[ »P] (9)
Hence,
2
in %:sz —Hp2 + 2pHp — 2p2H

= —p2H + 2pHp —Hp2 =[[p,H],p] = 0. (10)
Thus, p2 is not conserved in the ordinary (classically
inspired) sense because its associated time rate of
change operator fails to vanish, Nevertheless, {p2) is a
constant of the motion due to a property of the trace

in %(;ﬂ} =m<‘15t3>

= il Tr{p{(—p2H + 2pHp — Hp2)}. (11)
Since Tr(AB) = Tr(BA), the right side of (11) is zero,
even if dp2/dt = 0.

Similarly, it can be shown that the mean value of any
function of p is conserved. A famous case in point is
Inp, whose mean value is proportional to the entropy in
statistical mechanics.

It is possible to relate the conservation of the statistical
determinant discussed above to this idea that functions
of p generate exotic constants of motion. If there exists
an operator D(p) such that
(D(p)) = Tr[pD(p)] = detp, (12)
then the conservation of detp could be regarded as a

consequence of the fact that detp is the mean value of a
function of p.

In general, many operators D(p) can be found which
satisfy (12). Let the eigenvalues of p be {w,} and of D(p)
be {d,}. Since detp is the product of the eigenvalues of
p,and p and D(p) are both diagonal in the same matrix
representation, (12) may be written as
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N
WWo "Wy =2, Wyd,, (13)
k=1
where N is the dimensionality of the Hilbert space.
One solution of (13) is given by
Wy w k=1
@={2 o }. (14)
0 , k=1

Many other solutions could be obtained similarly by
inspection of (13).

3. ILLUSTRATIONS

Examples of exotic conserved quantities are presented
below in the same format used for definiteness inequali-
ties in Paper I.

A. Spin-%2 system

Quorum: o, 0,,0,.

Statistical matrix:

1+ (0,>—i(0y>>
(“‘2<w9+¢w9 1—(o) /) 1s)
Conserved statistical determinant:
detp = 3(1 — (0,2 —(0,)% —(0,)?). (16)

From the time independence of (16) it follows that the
quantity

£ =(0,)2 + (0 )2 +(0,)? a7

is conserved. It is also possible to establish the con-
stancy of (17) by standard manipulations, starting from
the observation that

dlo, +o, +0_)2

u =0. (18)
dt

B. Harmonic oscillator with 2-level energy cutoff

(For a short explanation of the concept of cutoff obser-
vable,2 consult Paper 1.)

Quorum: x,p,H = (p2/2m) + (mw?2/2)x2.

Statistical matrix: Let p_ denote the 2 X 2 nonzero sub-

!

3[2(x) —{(2)
— (2 P) —(Q))]
i[6(K) — (K2) — 5]

—3{8(K) — (K?) —15]

p, = | FHAX)—-(2)
+i(2(P) — ()]
/N2 (Y) —<(K)) 1/2v2)K2) —<(X)
+i(A)] +i(Q) — (P))]
where

X= Qmuw/h)l2x, Y= @mw/i)x2,
Z=5@2mw/B)3/243,

P = (2/mhiw2p, A= (1/EV2)(xp +px),
Q = 3(2/mhw)3/2p3,

K= (2/hw)H, K2 =[4/(iw)2]H2,

(24)
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matrix of p. The cutoff is assumed to occur after the
two lowest energy levels:

3 —(K)
((X> +i(P)

2 2mw\1/2 2 1/2
—H,X= | —— P=| — .
=i, ( p ) %, <mﬁw> P (20)

Conserved minor determinant: The submatrix is known
to be correct only for times when the cutoff exists.
However, since the cutoff is in the energy and the energy
probability distribution for the oscillator is time-inde-
pendent, we conclude that (19) is valid at all times.

19)

(M

(X) —i(P))
P, = ,

—1 + (K)

where

K

According to the theory of Sec.2B, detpc is conserved
for all pure state evolutions. Since detp,_ contains the
mean value of H, which is conserved in the ordinary
sense, it follows that the terms in detp not containing
(H) must be separately conserved.

Thus, our theory predicts that the quantity
1
2mhw
= (fw) 16 (x), <P,

(X2 +(P)2) = ’—;’% (x)2 + (p)2

(21)
with

8o, (o) = P2 me? (12

o (22)
will be conserved in pure state evolution of the cutoff
harmonic oscillator. The final result is not new. It is
well known that the harmonic oscillator meets the re-
quirements of Ehrenfest's theorem,3 hence the classical
energy function (22) with quantal means as arguments

is conserved for all types of time evolution, including
the pure state, cutoff case of the present example. Note
that & is not the same thing as (H); there is no single
Hermitian operator associated with § yet it is a mean-
ingful physical quantity.

C. Harmonic oscillator with 3-level energy cutoff

Quorum: x,x2,x3,p,p3,xp + px,H,H2,

Statistical matrix: Let p_ denote the 3 X 3 nonzero sub-
matrix of p. The cutoff is assumed to occur after the
three lowest energy levels.

Ha/V2) (Y) —(K)
~i(4)]
1/2v2)[(2) —{X) )
—i(Q) —(P))]
3[(K2) — LK) + 3]

(23)

f

Conserved minor determinant: Consider the upper left
2 X 2 minor of p,. The diagonal elements, being func-
tions of H, are conserved separately. Hence we may
assert that, at least for pure state evolution, the follow-
ing quantity is a constant of the motion:

Ay = (26X —AD))2 + [2(P) — (2. (25)
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Similarly, from the lower right 2 X 2 minor another
conserved quantity may be derived:

Ay = (X)) — (D)2 + [(P) —(@)]2. (26)
Subtracting A, from A; and simplifying, we get
Ay =3(X)2 +(P)?) — 2({X)(2) + (P)(Q)), (27)

which is of course likewise conserved for pure state
evolution, But,

(X)2 +(P)2 = 4(Hw) 18 (x), (P)), (28)

where § is defined as in (22).

Recalling again that § ({x), {p)) is a constant of the mo-
tion because of Ehrenfest's theorem, we conclude that
the following combination of quorum means is an exotic
conserved quantity at least for pure state evolution

_ 4
A= s (X(2) +(PY(Q)

= (mw)2{x){x3) + mw)2{p){(p3). (29)
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Note that A is a nonlinear function of four quorum means
and that A has not been obtained by finding an operator
L such that

dL
or = 0. (30)

(L> = A’
Additional exotic conserved quantities for this system
could similarly be generated from the remaining two-
dimensional minor and from the three dimensional
minor determinant (detp ).

D. Spin-1 system

Several exotic conservation laws may be obtained by
calculating the determinant and minor determinants of
the statistical matrix given by (20) in Paper I.
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The problem of accidental degeneracy in quantum mechanical systems has fascinated physicists for
many decades. The usual approach to it is through the determination of the generators of the Lie
algebra responsible for the degeneracy. In these papers we want to focus from the beginning on the
symmetry Lie group of canonical transformations in the classical picture. We shall then derive its
representation in quantum mechanics. In the present paper we limit our discussion to the anisotropic
oscillator in two dimensions, though we indicate possible extensions of the reasoning to other

problems in which we have accidental degeneracy.

1. INTRODUCTION

The subject of accidental degeneracy in quantum mech-~
anical systems, i.e., degeneracies not associated with
obvious groups of symmetries, has fascinated physicists
for many decades. The two classical problems in this
field have been the isotropic harmonic oscillators and
the particle in a Coulomb potential. The nature of the
Lie algebra responsible for the accidental degeneracy
in these problems has been known for a long time.1 2
However, the Lie groups of canonical transformations
generated by these Lie algebras, apart from their geo-
metrical invariance subgroups, have been discussed only
recently.34

Besides the problems mentioned, there are others that
present features of accidental degeneracy in the quantum
picture. The question is then raised about general pro-
cedures for obtaining the Lie groups of canonical trans-
formations responsible for these features.

To be able to focus on these procedures we decided to
analyze systematically three simple problems in two
dimensional configuration space that have accidental
degeneracy: (1) the anisotropic oscillator when the ratio
of the frequencies is rational, 1.5:6 (2) the isotropic os-
cillator constrained to a sector of the plane of angle /¢
with ¢ integer, (3) the Calogero problem? of particles
moving in one dimension and interacting through poten-
tials that depend both in the square and the inverse
square of the distance between the particles. When we
are dealing with three particles and eliminate the center
of mass this problem can be reformulated in a two di-
mensional configuration space.

In this and the following paper we analyze cases (1) and (2),
reserving the Calogero? problem for a later publication.
While we shall be discussing very special systems, we
will continuously try to keep in mind the general ideas
behind these problems to see what is the information
they supply on the abstract question of Lie groups of
canonical transformations and accidental degeneracy.

2. ACCIDENTAL DEGENERACY IN AN ANISOTROPIC
OSCILLATOR WHOSE FREQUENCIES HAVE A
RATIONAL RATIO

The anisotropic oscillator whose frequencies have a ra-
tional ratio has been extensively discussed in the litera-
ture.1:5:6 In the pioneering work of Jauch and Hill! the
generators of the Lie algebra for both the isotropic and
anisotropic oscillator (in the latter case for the two di-
mensional problem where the ratio of the frequencies
was 1: 2) were obtained in the classical picture. Dem-
kov5 then discussed the different subsets of the set of

692 J. Math. Phys., Vol. 14, No. 6, June 1973

states of the anisotropic oscillator that have the fami-
liar degeneracy associated with SU(2), and obtained the
generators of this group in the quantum picture. Cis-
neros and MclIntosh® greatly extend and complement
the analysis in their search for a universal symmetry
group in two dimensions.

From these and other papers it would appear that further
discussion of the problem is unnecessary. The present
approach differs though in that it goes directly into the
determination of the canonical transformation that in the
classical picture maps the anisotropic oscillator on the
isotropic one. As the latter has a symmetry group of
linear canonical transformations3 that are a representa-
tion of SU(2), we can combine them with those that give
the mapping, to obtain the symmetry group of the aniso-
tropic oscillator. Once the classical picture is clear we
can pass to the creation and annihilation operators in the
quantum picture which have different forms for the dif-
ferent subsets of states mentioned in the previous para-
graph.® From them we can construct the generators of
the SU(2) group responsible for the accidental degeneracy
of the two dimensional anisotropic oscillator whose fre-
quencies have a rational ratio.

Besides its intrinsic interest, the present approach pro-
vides part of the ground work required in the next paper
where we analyze the accidental degeneracy of the oscil-
lator in a sector of angle 7/q. It may also be useful in
other problems” that have an energy spectrum similar to
that of the anisotropic oscillators.?

Let us consider now a particle of mass unity movingin a
plane under the influence of a quadratic potential whose
frequencies in the X, i = 1, 2, directions are w,;. The
Hamiltonian is then

H=3%(P?+ wiX?) + 3 (P} + w}Xd). (2.1)
We shall assume, furthermore, that
wi/wy =ky/ky, Orkjw,;=kowy, = w, (2.2)

where &, k, are relatively prime integers. Without loss
of generality we may take w = 1 or, equivalently,

w,=ki1, i=12 (2.3)

We now introduce creation and annihilation variables
under the definitions

n; = (1/V2), (B]Y/2 X, — ik}/2P),

£, = (1/V2), (kj1/2x, + ik}/2P), i=1,2. (2.4)
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In the quantum mechanical picture where [X;,P;] = 45,;
(we takei=1), the variables 7, , {; become operators and
the Hamiltonian (2. 1) takes then the form

H=kitn&, + kingdy + (2k,)71 + (2k5)71. (2.5)
The eigenstates of H are given by
lvyva) = (vy! Vzl)-l/zni’n;blo), (2. 6)

where v,, v, are nonnegative integers and |0) is the
ground state n71/2 exp[—3 (X2 + X3)].

We now proceed to divide the set of states (2. 6) into sub-
sets characterized by a pair of indices (7\1,)\2) given by

v,=x,modk;,, X, =0,12"k—1 i=12.(2.7)
From the range of values of the A, we conclude that
there are k,k, different subsets of states, which can be
characterized by the kets

Iniky + Ap,n0ky + 2y (2.8)
for given A, A, restricted as in (2. 7) and for arbitrary
nonnegative n,,n,. Immediately we see that the states
(2. 8) are eigenstates of H with eigenvalues

E=(ny +ny) + k1A + 3) + k3l(xy + 3), (2.9)
and, hence, those members of the subset (2. 7) for which
ny + n, is the same have equal energy and give rise to
accidental degeneracy. It is important to stress that the
accidental degeneracy is present only for states within
the subset labelled by (A;,2,) and not for those belong-
ing to different subsets even if their », + n, happen to
be the same. We note also that each subset of states can
be put into one-to-one correspondence with the full set
of states of the isotropic oscillator. Thus, we can speak
of k. k, copies of the fundamental degeneracy pattern.

The question of what is the Lie algebra and the Lie group
responsible for this accidental degeneracy then arises.
We shall endeavor to answer it both in the classical and
quantum picture in the next sections.

3. THE SYMMETRY LIE ALGEBRA AND GROUP FOR
THE CLASSICAL ANISOTROPIC OSCILLATOR

We proceed first to analyze the classical system. The
Hamiltonian then has the form (2. 5) where we suppress
the last two constant terms and in which 7, §; are the

combinations (2. 4) of classical coordinates and momenta.

We shall introduce a canonical transformation which maps
this Hamiltonian to another one corresponding to an iso-
tropic harmonic oscillator where the Lie algebra of the
symmetry group is well known.3

Before proceeding with our analysis, we note that from
(2. 4) the classical Poisson bracket of two observables
F, G can be written as

{F, G} = E(Eﬁ_ﬁij’ﬁ) _ l-z;(a_Fa_G_a_Fg9>
i 9§, an,
(3.1)
which implies that {n,, £,} = i6,,. Thus, if we have 7}, &,
as functions 7, £, such that {n}, Ek'} = 10;,, we can be sure
that X |, P; defined as

X;=(/N2),(n; + &), Pj=GN2Z),(n,—&), j=1,2

(3.2)
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are canonically conjugate. If £, is also the complex con-
jugate of 7, the canonical transformation is real.

We now consider the following canonical transformation
in the classical picture

- k)2 K ' -1/2 1-£,)/2
n;= kil/z (n; € o B k=i ! (n;£) */2,
(3.3)
From (3.1) we see that {n, £, } = i5,, and, besides, as
£, = n} we obtain {; = n,*. Furthermore,
H=kilny &y + k3l nyks =181+ 138, (3.4)
Thus (3. 3) is a real canonical transformation that re-

duces the Hamiltonian (2. 5) to that of an isotropic har-
monic oscillator.

The symmetry group3 for the two dimensional isotropic
harmonic oscillator is the unitary group U(2) whose
generators are

nE, 4,i=1,2 (3.5)
and for which the Lie algebra is determined by the Pois-
son brackets

nig,mpk=—

The Lie symmetry group of the anisotropic oscillator
relates the creation and annihilation classical variables
n;, &, ton,, £, through the following steps: First, invert-
ing the relations (3. 3) and writing all variables with a
bar above we get

= 1/2 =" (k+1)/28, ' (R;-1)/ 2k,
ni:ki ni it i ; i y 1,
(3.7a)
- 1/2 7' (R+1)/ 2k, = " (k, 1)/ 2k,
£i= ki Ei it zni i i,

Then we note that n;, £/ are related to n;, £, by a unitary
transformation generaged by (3. 5) and, thus, we can
write3
T=Tuyn, E=Tuhe @7
J 7
where [T, is a 2 X 2 unitary matrix and U}l is its

complex conjugate. Finally,n;, §; are related to 7, §

through (3. 3), which we can also write as !

CS1/2 D)2, (R)2
n;* £,

' -1/2 . (k+1)/2  (1-k)/2
n; =k E, =k, TE; i "i( [

(3.7¢)

It is clear that the full transformation (3. 7) leaves the
Hamiltonian (3. 4) invariant and, thus, is a realization of
U(2) which is the symmetry Lie group of the anisotropic
oscillator. We can then make use of the transformations
(2. 4) and their inverse to express the elements of this
group as real canonical transformations.

Having analyzed the classical Lie algebra and symmetry
group, we turn now our attention to the quantum picture.

4. THE GENERATORS AND THE UNITARY
REPRESENTATION OF THE SYMMETRY GROUP
IN THE QUANTUM PICTURE

In the quantum picture the creation and annihilation vari-
ables 7, {, become operators. Therefore, n;, £, of (3. 3)
must also be expressed as operators that act on the
states (2. 7). As 7, £, do not commute, there are am-
biguities in the translation of the classical relations



694 Louck, Moshinsky, and Wolf: Canonical transformations and accidental degeneracy. | 694

(3. 3) into operator form. How can we get rid of these
ambiguities? We shall use the isotropic oscillator as a
guide. In there &, = k, = 1, implying A, = A, = 0, so that
we have a single set of states of the form (2.7),1i.e.,
|n;n,). At the same time, when by = ky = 1, 5/ =1,,
¢,=m,;, £, =¢,. Thus, in the isotropic case we have

nilnny) = (g + D/2|n, + 1,m,),

nalnmy) = (ny + 1)V2|n 0, + 1y,

, (4. 1)
£1|n1n2> = n}/zlnl -1, nz),

Eolngny) =n}/2|n,ny — 1),

For the anisotropic case we require the operators ni’, ¢!
to have the same effect on each subset of states |n &, +
X ,nyk, + A, characterized by fixed A,,A,. This would
automatically3 guarantee that the generators 7§/ of U(2)
connect the states (of the subset of given A, 2, ) for
which n, + n, is fixed, i.e., of the same energy, showing
that this symmetry group is responsible for the acciden-
tal degeneracy in the anisotropic oscillator whose fre-
quencies have a rational ratio.

For fixed A1, A, we shall now define the creation and an-
nihilation operators n;, £/ as

ny =2k — 2 ) g ), — -

(m&;— &, + 1)]—1/2 T)fi, (4. 2a)

£, = EM[(,E )k — 1)+

(€, — by + D] V2m,6,— 2 ) 2EY2. (4.20)
We claim that (4. 2) are the right quantum analogies of
(3. 3) when applied to the eigenstates (2. 7) of the number
operators n,§,, i =1, 2. First, they are well defined in
this basis. Second, the classical limit #— 0 of (4. 2) is
(3. 3) as can be seen by keeping % and w in the notation.

We now apply n, to the state
nylnky +a,myky + 2y)
-1/2

=ky " & — )‘1)1/2[(77151)(77151 -1

(18, — by + D2 [0y, + 2 ) gk, + 25)1]1/2
x nl(n.l+1)k1+)\l 77’;2 kytd, | 0)
= (ng + DY [lng + Dy + Aq ]t ngky + 2,1} Y2

no+1 A
x nl( 1t )k1+)‘1n2"2k2+ 2 |O>

Y2 (ny 4+ Dy +Ag,mpky A0, (4.3)

=(1‘l1+ 1)

In a similar fashion, we can apply 75, £1, £, to (2.7) and
we get kets in which, respectively,n,,n, > n,,ny + 1;
ny, Ny > ny — 1,n,5 2,0, 2 0y, 1, — 1, multiplied by fac-
tors (ny + 1)1/2,n1/2) n3/2, It is important to stress that
for each set (x;),) we have different ;, £, as indicated
in (4. 2). In particular, (4. 3) does not hold if the A's for
the operators and the kets do not match.

Let us introduce, for fixed A, A, 2 shorthand notation for
the ket (2. 7) of the form

Inyky +Ap,moky + 2,0 = jim), (4. 4a)
in which
jEilmy +ny), m=im,;—ny). (4. 4p)
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Furthermore, we denote the generators of our SU(2)
symmetry group by the notation

T,=T,+iT,=n&,,
T.=T,—iT,= T]éﬁi

Ty=13m18] —n3és),
(4. 5)

From (4. 3) and similar relations, we obtain then

Um' | Tim} =[G ¥ m)G £ m + 1)]1/26,,6,, ..,

{im'|T3lim}=mb, 6, .- (4.6)
thus seeing that in each of the k%, subsets of states of
the anisotropic oscillator with fixed x4, A, the matrix
elements of the generators of SU(2) have the standard
form.

We can now turn to the question of the unitary representa-
tion of the SU(2) symmetry group in the quantum picture.
In the usual way, we define®

R(Cl, B, 7)= eiOCT;;eiBgei)'Ta, 4.7
and have
R(U’ B, 7) Ij’n})\l Ay = 2' Ijm'})\l)\zi)rzl'm(aﬁl),)’ (4. 8)

where the D's are the Wigner matrices.8 We stress the
fact that both |jm} and |jm’} [as well as the operator
R(o, B, ¥)]in (4. 8) correspond to the same subsget charac-
terized by a fixed A, A, by now adding a subscript A2,
to the kets |jm}.

We, furthermore, note that
M’"é{j 'mlljm})‘l)‘z
= (kg + Ay ngky + A n kg + Xm0k, +2y)

(4.9)

= 5"1”‘1 6"’2”26)‘1')‘16>"2)‘2 '

Actually, the matrix element (4. 9) is different from 0
only if

nk;+ A, =nk, +A or (n,—ni)k,=r;—1, (4.10)

3 1] 1
but as A, A, = 0,1, -k, — 1, the Eq. (4. 10) has a solu~
tion only when n; = n;, Al = A,

From (4. 8), (4. 9) we then reach the conclusion that the
unitary representation of the SU(2) symmetry group re-
sponsible for the accidental degeneracy, with respect to
the eigenstates (2. 7) of the Hamiltonian A, is given by

)xl')\é{] 'm’IR((X; ﬁ; ‘Y)Ij'n})‘l)‘z = 5)‘1:)\15 Aé)\zaj 7 :Dznrm(dﬁ’y).
(4. 11)

We have obtained, from (4. 2) and (4. 5) the generators of
the SU(2) group and from (4. 11) its unitary representa-
tion. In the next section we analyze the general conclu-
sions that one can draw from the complete analysis of the
group responsible for the accidental degeneracy of the
anisotropic oscillator.

5. CONCLUSIONS

From the analysis of the problem of accidental degeneracy
in an anisotropic oscillator system whose ratio of fre-
quencies is rational, one possible general procedure
emerges.

We first must solve fully the quantum mechanical prob-
lem and see what is the structure of the set of states
that have the same energy. If this happens to be a
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structure that we normally associate with an SU(2)
group, i.e., we have sets of states that have degeneracy
1,2,3,4, -+, we can look into the possibility of finding
a classical canonical transformation that maps the
Hamiltonian of the problem into that of a two dimen-
sional harmonic oscillator. If the structure of acciden-
tal degeneracy is similar to that of other well-known
problems in mechanics, the classical canonical trans-
formations we may look for is the one that maps our
problem into the well-known one.

Once we have this canonical transformation we can re-
write the generators of the Lie Algebra of the well-
known problem in a way that makes them the generators
of the symmetry group of the problem under study. We
can then obtain the Lie symmetry group by a procedure
similar to that in (3.7).

But our problem does not finish with the analysis in
classical mechanics. We must then express the genera-
tors of our group, and frequently the creation and anni-
hilation operators from which they are built, in the
quantum picture as is done for example in (4. 2). We
expect this quantum mechanical formulation to reduce
to the classical one in the limit # — 0,but we may find,
as was clearly seen in Sec. 4, that the generators of the
Lie algebra may have different forms in the different
subsets of states of the quantum problem.

Once an explicit form of the generators is available in
the quantum picture, we could pass to the determination
of the unitary representation of the group of canonical
transformation along the lines also discussed in Sec. 4.
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While the procedure outlined for finding the groups re-
sponsible for accidental degeneracy seems fairly general,
we shall show in the next article that it does not apply to
some other simple problems. We shall illustrate an al-
ternative development when we discuss in the following
paper the problem of the isotropic oscillator in a sector of
angle 7/q where ¢ is integer.

We are indebted to Dr.P,A. Mello for many useful dis-
cussions.
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In this paper we discuss the accidental degeneracy in the problem of a particle in two dimensional
oscillator potential constrained to move in a sector of angle 7/¢,9 integer. The degeneracy is due to
both the Hamiltonian and the boundary conditions. The symmetry Lie group of canonical
transformations is suggested by the explicit form of a complete nonorthonormal set of states
expressed in terms of the creation operators. This group is complex and the corresponding
representation in quantum mechanics is nonunitary. We discuss briefly the appearance of complex

canonical transformations in physical problems.

1. INTRODUCTION

In the preceeding paper! we analyzed the symmetry
groups of canonical transformations responsible for
the accidental degeneracy of the anisotropic oscillators
whose ratio of frequencies was rational. From the dis-
cussion of these problems we arrived at some general
conclusions for the determination of the groups. There
are, however, other problems in which accidental degen-
eracy is present which seem to require a different type
of approach. One of these problems is the motion of a
particle in a two dimensional configuration space under
the action of an harmonic oscillator potential, but res-
tricted to a sector of the plane of angle 7/q, where q is
a positive integer. This sector is drawn in Fig.1 for

g = 3 and the heavy lines indicate the infinite potential
barriers that limit it. We shall analyze this problem in
the present paper both because of its intrinsic interest
and the insight it provides into the general problem of
accidental degeneracy.

The classical trajectory is very easy to draw. The par-
ticle under an oscillator potential moving unconstrained
in the full plane will have an elliptical trajectory cen-
tered at the origin of the potential. We can draw this
trajectory on a transparent plastic napkin. Then folding
the napkin in such a way that it sustains an angle n/q,
we immediately see the orbit of the particle as modified
by the barriers at the boundary of the sector. This
orbit is periodic and nonergodic,? i.e., it does not fill
all the phase space surface of constant energy. It is

FIG.1., Classical trajectory of a particle (bold lines) subject to an
harmonic oscillator potential and restricted to a sector 7/3 in the
plane,
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drawn in Fig. 1 for ¢ = 3, where we also show the reflec-
tion of the orbit as if the barriers were mirrors.

Does the corresponding quantum mechanical problem
have accidental degeneracy ? In polar coordinates 7, ¢
the Schrddinger equation (in which %, the mass of the
particle and the frequency of the oscillator are taken as
1) has solutions, subject to the condition that the wave
function vanishes at ¢ = 0,7/q, of the form3

(rolvivy =[2(w; D(vy + vogq + q)!]_l/z
x y("Z*DqL(,,"12+1)q (r2) eIz 12 sin[g(v, + Do), (1.1)

Notice that the state (1.1) is normalized with respect to
the surface element rdrdg over the whole plane. We
denote the state in the full Dirac notation, though later
when referring to it we shall abbreviate to the ket | V1V2>;
the lelfz*l)q(yz) are associated Laguerre polynomials4
with v,, v, being arbitrary nonnegative integers. We
write the solution in terms v, + 1, rather than v,, so
that the lowest energy state of this problem corres-
ponds to v; = v, = 0. The eigenvalue of the Hamilto-
nian3 for the state | v v,) is

E“1112=2u1 +qu, +q+ 1. (1.2)
We now proceed to discuss separately the cases in which
q is odd and even. In the first case we divide the set of
states (1. 1) into 2¢ subsets characterized by A, 1, de-
fined by

vy=2A; modg, Ar;=0,1,2,---,9—1, (1. 3a)

vy = Ay, mod2, A, =0,1, (1.3b)
which implies that we may write

vy =qry T rq, Yy =2ny + Ay, (1. 3c)

where n ;,n, are nonnegative integers. The energy
E of (1.2) satisfies the equation

lllle
(E,, —aq— 1)/(2q) =ny +ny + Ay/q) + 15/2).  (1.4)
For q even we can write the energy (1.2) as

%(Euluz_q—l)z vy +(q/2)V2- (1.5)

We then divide the set of states (1.1) into ¢/2 subsets
characterized by

v, = 2y mod(g/2), A =0, 1,--+,(¢/2)~1, (1.6a)
Vy = 2y modl, A, =0, (1. 6b)
Copyright © 1973 by the American Institute of Physics 696
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which implies that we may write

v = (/2 + 1y, vy =n,. (1.6¢)
Thus, for g even we have
(Eyl,,2 —q—1)/g=n; +ny, + (20{/9). (1.7

For both ¢ odd and even, states corresponding to differ-
ent (A;,2,) have different energies,but for a given (A,
A,) and a fixed valuen, +n, =N we have states that
are degenerate in the energy N + 1 times.

In so far as the energy spectrum is concerned and the
degeneracy of the states, the problem with ¢ odd looks
very similar to an anisotropic oscillator! whose ratio
of frequencies is (k,/k,) = (2/q), while for q even the
ratio is (k,/k;) = (1/[g/2]). As the spectrum of the iso-
tropic oscillator appears in 2¢ (¢ odd) or ¢/2 (g even)
copies, we suspect that the group responsible for the
accidental degeneracy in the present problem can be
derived from SU(2) by some canonical transformation.l
Unfortunately, we cannot obtain this SU(2) group by
mapping the Hamiltonian of our problem on an isotropic
oscillator, as the restriction on the states comes both
from the Hamiltonian in the Schridinger equation and
the boundary conditions at ¢ = 0,7/¢9. We seem to re-
quire, then, a completely new approach and one is sug-
gested in the next section when we express the states
of the oscillator in a sector in terms of creation and
annihilation operators.

2. CREATION AND ANNIHILATION OPERATORS AND
THE STATES OF THE OSCILLATOR IN A SECTOR

When dealing with the two dimensional isotropic quan-
tum oscillator it is convenient to introduce the spherical
components of coordinate and momenta by the definition

X, = (AIN2)(X, £ iX,), P, =(ANZ)P, £ iP,), (2.1)
where p; = — ¢8/8x,. From them we can in turn con-
struct the creation operators

n: = (l/ﬁ)(xi - ipi)) (2' 2)

which in polar coordinates, where x, = re*t¢, take the
form

m:%e*iw( — 2Lt i) (2.3)

We note the following symmetry properties of these
operators: If we have a reflection across the X, = 0
line in the plane,i.e.,

@ > — ¢, thenn, —n.. (2.4a)
If we carry out a rotation by an angle 7/q, i.e.,

¢—¢+(1/q), thenn, —e*"in,, (2.4b)
and thus, in particular, we have that when

¢— ¢+ (n/q), thenni-> —n? (2.4¢)

The Hamiltonian of the two dimensional oscillator can
now be written as
H=T’+‘§++T]-§—+1; (2-5)

where £, is the annihilation operator
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1=Jl_(x¥+ip;>
.2 ] i 0

=3 e¥ie [r+ —F— —}.
or v 0@

In terms of n,, £, the angular momentum takes the form

£,

If
3

(2. 6)

L=X,Py—X,P, = 2.7

19
l_“‘=77+£+_77—£—'

P

The state (1.1) is an eigenstate of the Hamiltonian (2. 5)
with eigenvalue (1.2) and of the square of the angular
momentum L? with eigenvalue (v, + 1)2¢q2. Thus, it can
also be written in terms of creation operators as

(re | vivy) = 2—1/2{[1/1-*- (vy + 1)g]tv, 11712
X (.n.) 1 [nde D 2t e 10), (2.8)

where the symmetry properties (2.4) of n, guarantee
that the wave function vanishes at ¢ = 0,7/¢q. The ket
|0) is the ordinary ground state 771/2 exp(— 5 72).

We note immediately one basic difference between the
states (2. 8) and those of (1.2.7) for the anisotropic oscil-
lator. The latter can be written as

lngky + Ag,noky + Xg) = [0 kg + X)) gk, + 25)1] Y2
x @Y™ 32 205 032 10),  (2.9)

and thus almost immediately suggest the classical cano-
nical transformation (1.3.3) [or its quantum mechanical
version (1.4.2)] as, for example, the creation operator

n} when applied to (2.9) transforms it into a state in
whichn, = n, + L,n, 2 n,.

The states (2. 8) are differences of monomial products
of creation operators and not just a single product of

powers of basic operators as (2.9). We can though ex-
press our states in the latter form if we are willing to
settle for a complete, linearly independent, but not or-
thonormal set of states. For this purpose let us write

(ro | vivy) = (i 1) 2@ 1 ¢ + 0927 —n?)0),

(2.10)
where we use a round bracket for the ket | v;v,) to dis-
tinguish the state from the one defined by |V1V2) in
(2.8). As the polynomial in 7,,7_ appearing in (2.10) is
homogeneous the ket |v,v,) is an eigenstate of the
Hamiltonian (2.5) with eigenvalues given by (1.2). It
remains then to prove that it vanishes at ¢ = 0,7/q. We
note from (2. 4a) that under a change ¢ = — ¢, | v v,) —
—| v v,) and thus (»,0 | v;v,) = 0. Furthermore, from
(2.4),for ¢ = ¢ + (1/2), | vyvp) — (- 10D | 41,)
so that

(r,1/q | vivp) = (= D V(r,0 | vypy) = 0. (2.11)
The energy spectrum (1.2) was analyzed in the previous
section and thus, again, we see that the states (2. 10) are
degenerate N + 1 times for a given (A,2,),ifn, +n,=N
and the relation between n,,n, and v, v, is given by
(1.3c) when ¢ is odd, or (1. 6¢) when g is even.

We note that the states (2. 10) corresponding to different
energies are, of course, orthogonal as H of (2.5) is
Hermitian. On the other hand the states of the same
energy in the N + 1 degenerate multiplet are not ortho-
normal as seen from their scalar product using the
commutation relations [¢,,7.] =1, [£,,7.] = 0. Thus,
we still have to prove that they are linearly independent.
We shall do this for ¢ odd and a similar analysis holds



698 Louck, Moshinsky, and Wolf: Canonical transformations and accidental degeneracy. Il 698

for g even. From (1.3c),and as (x,1,) is fixed, we con-
clude that the part of the polynomial in (2. 10) that
changes with each state of multiplet of energy 2gN +
(2x; + gr, + g + 1) is given by

M) @ + nd)2n2,

Asn, +n, =N,we see from (2. 12) that the highest
power that n, can take appears in the term

(2.12)

g pam (2.13)

n
Thus, for n, =N, n, = 0 the term 72’ is present in
(2.12), For anyn, < N, n;, =N — n,, this term cannot
appear and thus the state (2. 10) in which (for ¢ odd)
vy = Ay, Vg = 2N + 1y, is independent from all the
others corresponding to a given (A;,2,) and N. But,
clearly, we can show in the same way that forn,=N—1,
n, = 1,the term n?‘”"”n? does not appear for any
ny <N —1, n; =N —n,, and continuing in this fashion
prove that all the states (2.10) are linearly independent.

The states | v,v,) of (2.10) now have a form very simi-
lar to those of (I.2.7) in the sense that they are given
by a single product of certain simple polynomial func-
tions of the creation operators. We shall take advantage
of this fact to derive, first classically and then quantum
mechanically, the Lie Algebra and Lie group responsible
for the accidental degeneracy of the problem of the
oscillator in a sector.

3. CLASSICAL LIE ALGEBRA AND SYMMETRY GROUP

FOR THE HARMONIC OSCILLATOR IN A SECTOR

In this section we shall think of n,, £, not as operators
but as classical functions of X, P, as defined through
(2.1),(2.2) and (2. 6). From these functions we see that
the Poisson bracket of any two variables F,G can now
be expressed as

(r,6}= (2 20 _ 3T 36)

a"h a£+ aE+ aTl+
. {0F 0G oF oG
+4(3F 3G _ °F 3G\ 44
Z(an- at. ot 37)-) ®.1)

which implies {n.,t.} =14, {n,,£.} =0.

Looking now at the states (2. 10) and using as an analogy
the analysis of the previous paper for the states (I.2.7),
it seems appropriate to define new creation variables as
n =M., Ny =nf+nl. (3.2)
Note that the creation variables defined by (3. 2) are not
to be confused with those given in the previous paper in
terms of coordinates and momenta in the directions
i = 1,2. The annihilation variables ¢,, £, corresponding
to them must be canonically conjugate,i.e.,

{nig,} =d8,;, 4i=1,2. 3.3)
From the standpoint of commutators, this implies
[gjjni] = éij (3.4)

and we can represent £, as 6/a'rpj . We shall use
this representation to derive in a simple fashion the ¢ e
From (3.2) we have that

2. =ny/m., 1, =13, + @3 — an)r/2]1}9,

and, thus,

(3.5)
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2 . 9 1 . 9L\ 9
LU L ") (3.6)

an, om, 8 +(_5”_—a an.
N; n; 7. 7. . N3/ 9n-

Interpreting now 3/9n, as £, and making use of the fact
that from (3. 5)

nf —ni = (03 — M2, (3.7)
we obtain

£y = e —nfE) (0 —nd)L, (3.82)

Ex=q1M. & —n-£) I —n2)L. (3.8b)

We can now easily check that the n; of (3.2) and £, of
(3. 8) satisfy the Poisson bracket relation (3. 3).

We note that £,, £, are nof the complex conjugates of
71,M9 (nor Hermitian conjugates in the quantum case)
and, thus, if we make use of the customary relations
between creation and annihilation variables and new co-
ordinates and momenta, we are not led to real canonical
transformations. As we shall show in the next section,
this seems to be related with the fact that the quantum
mechanical representation of the symmetry group of
canonical transformations is not unitary. We further-
more show in Sec. 5 that complex canonical transforma-
tions are involved in several important problems in
physics. Thus, their appearance in the symmetry group
of the oscillator in a sector is not an isolated event.

From (3.2), (3.8) we can immediately check that

20,8, Tty =8 kL. 3.9)
If ¢ is odd we can divide both sides by 2¢ and the left
hand side has the form (1. 3. 4) of the anisotropic oscilla-
tor with 2; = ¢q, k, = 2. If ¢ is even we divide by q and
again the left hand side has the form (I. 3.4), but with

ky =1(q/2), ky = 1.

To arrive now at the generators of the classical Lie
algebra and the symmetry group for the problem of the
sector we need still to transform the Hamiltonian of the
anisotropic oscillator appearing in (3.9) into that of the
isotropic one. As shown in the preceeding paper, we can
do this if we carry out the canonical transformation

¢ = k;l/z Efi (nigi)(l-k,-)/z’
(3.10)

-1/2 (1-k;)/ k;
=k, ;&) P 2n 8,

where k;, ¢ = 1,2 takes the values indicated in the pre-
vious paragraph for g odd and even. Under this trans-
formation the Hamiltonian in (3.9) becomes proportional
to

3 =n18] + ks, (3.11)
and thus the generators of the Lie algebra of its sym-
metry group! are given by
T.=n3¢5, Ts3=3ME] — n5Es), T- = n5E]. (8.12)
We can immediately check that the Poisson brackets
(3. 1) of the variables T., T4 and the Hamiltonian 3¢ are
zero, while among themselves they lead to the Lie alge-
bra of SU(2). -

To obtain the classical symmetry group associated with
this Lie algebra of SU(2) we must proceed as in Sec. 3
of the preceeding paper. We shall only outline the steps
as their algebraic implementation is trivial. We relate
the new creation and annihilation variables 7j,, £, with



699

M. £, in the following way: First we invert the expres-
sions (3.2), (3.8) to determine 7, £, in terms of 5, ;,
i =1,2. Then we invert (3.10) to obtain n,, £, in terms
n},&,. The n},Z, are related to n}, £, by the U(2) trans-
formation (I. 3. 7b). Finally, we can express 71}, ¢},
i=1,2 in terms of 7,, £, through (3. 10) and then (3. 2),
(3.8).

Having analyzed the classical Lie algebra and the sym-
metry group, we turn now our attention to the quantum
picture.

4. THE GENERATORS AND THE REPRESENTATION
OF THE SYMMETRY GROUP IN THE
QUANTUM PICTURE

In the quantum picture the creation and annihilation
variables return to their roles as operators, but then

we must also expressn,,£,, i =1,2 of (3.2), (3.8) as
operators that act on the state (2. 10) without ambiguities.
We have no problem for the effect of 7,7, of (3.2) on
the state | vyv,) of (2.10) as they are polynomial func-
tions of 7,, 7. only and these commute. For £,,£, we
have both n,,n. and &, £ in (3. 8) which do not commute
and, furthermore, £,, £, contain the factor nf — 92 toa
negative power. Yet we shall assume that £,, ¢, as
operators are given by (3. 8) in the order in which 7n,,7_,
£.,&- appear.

Due to the presence of the factor (1 — 1)1 in (3. 8),
the determination of the matrix elements of £, £, with
respect to a complete set of orthonormal states in the
sector, such as | v;v,) of (2.8), seems impossible, We
note though that the states |, »,v,) can be expanded in
terms of the complete but not orthonormal set | vy 29
of (2. 10) with the help of transformation brackets that
will be discussed below. Thus, we need only to see
whether the application of £, £, to the states | VqVs)
can be carried out. As all the states | v,v,) have a
factor (n¢ — n9),the M9 — n2)™L in &,, £, just cancels it,
Furthermore, asthe commutators[¢,,n,]=1,[£.,7,]=0,
when applying the operators £, to polynomials in the
creation operators 7., we can replace the former by
3/0m.. Using these considerations, we obtain from (3. 2),
(3.8) and the explicit form (2. 10) for the state | v,v,)
that

Nyl vavy) = (v + D2 | vy + 1, 1,), (4.1a)
Ny | vivy) = (vy + DV2 | vy, v, + 1), (4. 1b)
£y | vqvy) = w2 | vy — 1,by), (4.1c)
£y | 1avy) = v}/2 vy, v, — 1), (4.1d)

The behavior of the 7, , £, with respect to the states

| vy V,) is then entirely similar to that of the creation
and annihilation operators in the two directions i = 1, 2
of the anisotropic oscillator with respect to the corres-
ponding state (I. 2. 6). Just as in the case of the aniso-
tropic oscillator, we can now divide the set of states

| v;v,) of (2.10) into subsets characterized by (A qs25).
As indicated in the introduction, there will be 2¢ sub-
sets for g odd and (¢/2) for ¢ even. For each one of
these subsets of states we canpass, againasinthe aniso-
tropic oscillator, from the operators 7, £; to n}, ¢, by
the transformation (1. 4.2), where &, = g, k, = 2 for ¢q
odd, 2, = q/2, k, = 1 for ¢ even. The quantum mechani-
cal generators of the symmetry group of the oscillator
in a sector continue to be given by (3. 12), but now the
n;,&3, £ = 1,2 in it, are obtained for each subset (x;,,)
of states (2.10) in terms of n,, £, through (I.4.2) and
(3.2),(3.8).
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To see what is the effect of a finite group transformation
of the form R(a, 8,y) of (I.4.2) on the states | v,v,) of
(2.10), we first rewrite them as
| V]_Vz) = | jm}xl)\z s (4.2)
where j = 31, +7n,), m = 3 (ny —n,) andny,n,,A, A
are related to vy, v, by (1.3c) when ¢ is odd and (1. 6¢
for g even. Itis immediately clear thenthat, as in (1.4.7),
R(a’ ﬁ’ 7) I jn/L})\l}\z = E l jyﬂ,})\l}\ZSDz,,lm(aﬁ'}/). (4. 3)
o
From this result we wish now to obtain the representa-
tion of the SU(2) transformation with respect to the set
of orthonormal states | vyvy) of (2.8). We require first
the development of the states Ijm})\lk2 of (4.2) and

(2.10) in terms of | v, v,). Using the notation (4, 2), we
can write

limh o= 5 Lvywy)(vyw, | jm}, . (4.4)
172 v, 12
The summation extends over the finite set of states cor-
responding to the same energy which implies that v, v,
correspond to the same values of A, A, appearing in the
round ket | v,v,) of (2.10). The transformation brackets
in (4.4) can be easily obtained from the expansion of the
polynomial in (2. 10), and the matrix
i< ViVy I]m} I, (4.5)
where we suppressed A,,A, for a clearer notation, is in-
vertible as the set of states (2, 10) is linearly indepen-
dent. Denoting by { vy¥, | jm}1 the elements of the in-
verse matrix, we have now that

(V’].VIZ | R(a, B,'}’)I V1V2>
= (v vy | R(a,B,y) ;} | jm}h"z< vyvy ljm}1

= Z') (Vv | jm'} DI, (aBy)(vyvy | jm} 1. (4.6)

We note that, again as in the case of the anisotropic os-
cillator, the matrix elements are different from zero
only when |v,v,), | 1v5) belong to the same subset of
states characterized by a given (A;,1,). Furthermore,
the corresponding n,,7, and n},n5 related to v, v, and
V1, vy by (1.3c) or (1. 6¢), must satisfy n, +n,=n} +n)
due to the invariance of the Hamiltonian under the trans-
formation.

It is important to notice that the representation of the
SU(2) group in the quantum mechanical picture is no
longer unitary due to the transformation brackets in
(4. 6). This seems related to the complex character of
the canonical transformation as indicated in the pre-
vious section.

5. CONCLUSIONS

We can draw the following conclusions from our proce-
dure of deriving the Lie algebra and symmetry group
of a plane oscillator in a sector of angle 7/q. We note
first that in this problem we required the expression of
the wave function in terms of creation operators acting
on the lowest energy state. The states that proved use-
ful for our purpose were the nonorthonormal ones
(2.10) given as powers of certain simple polynomials in
the creation operators. The form of these states then
suggested the group of complex canonical transforma-
tions responsible for accidental degeneracy.
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If we can decompose the states of other problems where
accidental degeneracy is present in terms of powers of
some basic operators acting on a ground state, we may
hope that a similar procedure could give us an insight
into their symmetry group. A problem with this struc-
ture is the one proposed by Calogero,5 where particles
in one dimension interact through a quadratic and in-
verse quadratic potentials in their relative distances.
In the case when we have only three particles, and after
eliminating the center of mass, we get a problem in the
plane, Perelomov® has shown how the states of this
problem can be written as products of powers of two
operators acting on the ground state. The situation re-
sembles very much that in the expression (2. 10), but
now the two operators are not only functions of 7, ,7.
but of the coordinates 7, ¢ as well, Thus, if we identify
these two operators with 7,7, as in (3. 2), it is consi-
derably more difficult to find the corresponding &, £,.
The problem is being studied at present and we hope to
present it in a third article in this series.

The procedure followed in the present paper leads to a
symmetry group which is a group of complex canonical
transformations. Now normally in mechanics we are
concerned with real canonical transformations and so
the question arises whether the complex variety appears
elsewhere than in the present problem. We wish to indi-
cate that the simple group of complex linear canonical
transformations

(’?):( a zb)(x>’ ad —bc =1, a,b,c,dreal
p ~dc d/ \p

(5.1)
has a number of interesting applications,

We note first that the matrices appearing in (5.1) form
a group as a product of two of the type leads to another
of the same form. It is also a group of canonical trans-
formations as {¥,5} = 1. The representation, which is
nonunitary, can be derived from the results obtained in
the paper of Moshinsky and Quesne? for real linear
canonical transformations when we replace b by & and
so,when b # 0, it takes the form

(2 |U |27y = (20 |B1)"1 exp[— (20)L(@x’? — 245" + dx"2)].
(5.2)

Whena=d =0, b =— ¢ =1 we get of the kernel of the
Laplace transform, while in the corresponding real case,
i.e., ¥ = p,p = — x, the representation, which is unitary,
gives the kernel of the Fourier transform.?
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When we have
a:d:b:—c:l/\/—z_, (5.3)

x is just the annihilation operator and the representation
(5.2) corresponds to the states? for which ¥ is diagonal,
i.e.,the coherent states of optics.8

Whena=d =1, b # 0 and ¢ = 0, the representation is
a Gaussian and so the transformation?

| ay= [ %)y de{x |U| 2 (5.4)
provides a Gaussian transform of the type used in clus-
tering theory by Brink,? Its inverse can then be deter-
mined purely from the fact that it corresponds to a rep-
resentation of the transformation (5. 1).

The expression (5. 2) also appears in a very important
fashion as a kernel in clustering theory as was shown
by Kramer,10 The realization that it is a representa-
tion (5.1) is very important for the factorization and
products of such kernels.

Thus, the complex linear canonical transformation (5. 1)
and its nonunitary representation plays an important
role in several branches of physics. It is, therefore, not
surprising that other complex canonical transformations
and their nonunitary representations appear in relation
with problems such as the symmetry group of the plane
oscillator in a sector of angle 7/q.
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Number theory is used to sum several series of the form Zay - - - (@i® + b2 + -+ - ¥ in two and

three dimensions.

I. INTRODUCTION

In the first paper of this series! analytic procedures
were presented by whose means lattice sums of the
Madelung form for crystal surfaces could be evaluated.
The purpose of this paper is to supplement that discus-
sion by showing how the results obtained there and even
a much wider class of sums can be found rather simply
by the use of elementary number theory. This is some-
what interesting in itself, for the theory of numbers is
generally considered as being remote from the concerns
of applied mathematics.

As was the case in Paper I, we simply reexpress one
infinite series as a combination of others, so what is
meant by “evaluating” a lattice sum should be made
explicit. Here we say that a lattice sum has been
evaluated exactly when it has been reexpressed in
terms of familiar constants and Dirichlet L-series

L(S, X) = 4?1 X(n)n‘s . (1)

The quantities x(z), known as Dirichlet characters, have
the properties

[x(»)|=0,1,

x (mn) = x (m)x (n). @
Prototypical of these series are the two functions

t(s) = L(s,1) and B(s) = L(s,c,),
where

¢y(n) = 0n even 3)

(—1)(="1)/2 5 odd,

of which extensive use was made in I. Every L-series
satisfies a functional equation similar to that for the
Riemann zeta function and is easily calculated for all
real s as illustrated for p(s) in I. (Except for the zeta
function, the L-series are entire functions of the com-
plex variable s).

Lattice sums of the Madelung type can be taken to have
the form

E {Q(n]_)nz’"

ﬂl,n2,oo.

,)}'S ’ (4)

where @ is an integral quadratic form, and are called
Epstein zeta functions, although little is known about the
latter in general. In this paper,as in I, we are con-
cerned with the binary case

QOn,n) = am2 + bmn + cn2 (5)

and primarily with the case b = 0. These series were

apparently first considered by Dirichlet? about a cen-

tury and a half ago, but there has been little interest in
them per se among number theorists and only the case
(I-2) appears to be well known,
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In Sec.qI we review some facts about number theory
and quadratic forms; several examples are presented
in Sec. 1.

. SOME ELEMENTARY NUMBER THEORY

All the facts we require are essentially contained in
the first ninety pages of Dickson's Introduction to the
Theory of Numbers3 and we adopt his notation.

The discriminant of the form (5) is the quantity
d =b2 _ 4qc. (8

When d < 0, @ has the same sign for all values (m,n) =
(0, 0) and is called definite. We shall assume that this
sign is positive. If one makes a unimodular substitution

m=oax+f8y, n=yx+0d )]
where «, 3,7, 6 are integers and a6 — By = 1, the new
form Q'(x,y) is called equivalent to @;the discriminant
is preserved and it can be shown that for each d there
is only a finite number of equivalence classes, This
number is called the class number Cd). If Q(x,y) ==,
the form @ is said to represent » and the number F, (n)
of such representations is finite when d < 0., Thus, when
Q(m,n) is positive definite, for any function F,

S= b

F[Qim,n)] = 27 Fy(n)F(n), (8)
(m,n)=(0,0) n=1

where the first sum is over all pairs of integers, both
positive and negative. Furthermore, since when @ is
equivalent to @', we clearly have F, (n) = Fy (n), so

flQm,n)] = , 2 flQmm)]. (9

(m,n)=(0,0) m,n)=(0,0)

For example, if we make the substitution m = p + 2¢,
n = ¢ and take s = 2 in (L. 2), we find the double sum

p.a=1 (pt — 4p2q2 + 25q%)2 3 50

where G is Catalan's constant.

If two integers a,b leave the same remainder when
divided by n, they are called congruent modulon: a = b
(mod n). If m is congruent to a square, modulo x, then

m is called a quadratic residue of 2. Whenz is a prime,
one defines the Legendre symbol

0 n divides m
(m|n) =»{ +1 m is a quadratic residue (mod n). (11)
— 1 otherwise

Legendre's symbol is multiplicative (D32),

(mn | p) = (m | p)(n| p) (12)

Copyright © 1973 by the American Institute of Physics 701
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Letn = pJl «+- p3!, then the Kronecker symbol is defined
as

mln)=(m]|py)® .- (mlp)* (13)

(D'717), where those on the right are Legendre symbols.

The class number of a positive definite form of discri-
minant d = — p is given by

C() = (1/P) (A~ B),

where A is the sum of quadratic residues (mod p) and
B is the sum of the nonquadratic residues. The calcu-
lation of this quantity for general d occupies a large
portion of number theory. An extensive list of repre-
sentations for classes of forms belonging to discrimi-
nants 0 > d > — 400 is given on D85.

The number w of nontrivial unimodular substitutions
which leave a form invariant, and which depends only

on the discriminant, is called the automorphism number
and has the value

w=4 for the equivalence class {a(x2 + y2)},

w =6 for the equivalence class {a(x2 + xy +y2)}, (14)

w =2 for all other forms.

Dirichlet has shown that the number of times an integer
k is represented by a complete set of representatives
for the forms of discriminant d is

R(k) =w(d) 25 @|m) (15)

mlk

when % has no divisors in common with d and the sum is
over all divisors of k. When % has common factors with
d,R (k) must be found by stealth as will be illustrated in
Sec.III. There are two cases to consider. If the sets of
integers represented by the various equivalence classes
of forms for a given discriminant are disjoint, which is
described by saying that there is a single class in each
genus, there exists a character which takes a distinct
value on each such set of integers. Thus a projection
function can be formed which will vanish for all integers
except those represented by a given equivalence class
and which when multiplied by (15) will give the represen-
tation number for any desired form, (When the class
number is unity, this is trivial.) When there is more than
one class in each genus, no such characters can be found
and the representation problem has not yet been solved.
We shall therefore consider only the former case.

tH. EXAMPLES

As a first example, we shall rederive the formulas in
the table of Paper I by purely number theoretic means.
Consider the forms Q; = m2 + n2 and @, = m?2 + 4n2.
Since C(—4) = C(— 16) = 1, each of these forms can be
dealt with separately.

When k is odd, it can have no factor in common with
either discriminant, so from (15)

Ry(k) =4 Zli 4 |m),
(16)
R,(k) =2 Z‘i (— 16 | m).

Since m must be odd, in which case (2 [m) =% 1,
(—1|m)=(— 1)m1/2 we have
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(~4lm) = (1] m)@ |m)2 = (— 1)tm1y/2

(am
(- 16 1m) = (— 1| m)(@ | m)t = (~ 1)owiy2,

SO
R, (k) = SR, (k).

For @,,if k is even, say k = 2¢,then 2¢g = x2 + y2 im-
plies that x +y = 2a, x —y = 2D, say,s0 ¢ = g2 + b2,
R, (%) = R4(q), and thus we can eliminate all factors of
2 from k., Hence for all k2

Ri(k)=4 22 (—1)m/2, (18)
mlk
odd
In the case of @,, if & = 2q where q is odd, then 2¢ =
x2 + 4y2 implies that x = 2a so0 ¢ = 2(a2 + vy2) which is
impossible, so R,(29) = 0. Proceeding similarly, we
see that

s $R (k) kodd
R,(k) = 0 k = 2q, q odd. (19)
2 R, (k) k = 4q, q even or odd.
We now have for any function F
[+
F[Q,(m,n)] = 4 Y 2 (= 1)wlY2 F(y)
(m,n)=(0,0) n=1 min
modd
o0
=4 27 25 25 (~1)m1/2F@mk)
n=1 m odd &
mk=n
(=<}
=4 2 (= Dm-1/2 Fmk). (20)
modd k=1

In the Madelung case where F(n) = n~5, the sums factor
and we find

(m2 +n2)s = 48(s) B(s) (21)
(m,m=(0,0)
or
S, = 23:1 (m2 + n2)"s = ¥(s) B(s) — ¢(2s). (22)

Similarly, we find

F[Qq(m,n)] =
(m,n) #(0, 0)
o0
2 D 1)z [Fimk) + 22 F(2imk)].
modd k odd =1
(23)
Hence, again in the Madelung case,
2 (m2 + 4n2)s = 2(1 — 275 + 21-2s)¢(s) B(s)
(m,n)=(0,0)
(24)
or
Sg= 22 (m2+4n2)s =3(1— 27 + 21°2)

mn=1

X T(s)B(s) — 2 (1 + 2725)¢(2s).  (25)

The remaining sums are obtained from the elementary
relations

S, = (1 + 22725)§, — 4S,,
Sy =S; — 2Ss, (26)
S, = (1 +22%)8, — 45, .

As an example of the case when the class number is
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greater than unity we consider the series
o<
S=72, (m2+16n2)s = 2, ri(n)n~s. (27
=
This is related in a simple way to the series on the
right-hand side of (I.26) which we were unable to eval-
uate by the use of theta functions. The class number
for discriminant d = — 64 is 2 and as representative
forms we take
Q@ =m? + 16n2, Q,=4m2 + 4mm + 5m2, (28)
By examining the character table for the Abelian group
of order v— 4 = 8, we find that

0 =n even
cy(n) = 1 n=%1mod8 (29)
—1 n=%+3mod38

has the property that when k = @, (m,r)} is odd, ¢, (k) =1
whereas when k = Q,(m,n) is odd, c,(k) = — 1. Hence
from (15),we see that when % is odd

ri(k) = [cy(R) + 1] mZ‘i (— 1)m2)/2, (30a)

Next consider what happens when £ is even:

Case I: k= 2q,q odd. 2¢ = x2 + 16y2 implies that
q = 2(a? + 4y2) which is impossible so

r,(29) = 0. (30b)

Case II: k= 4q,q odd. 4¢ = x2 + 16y2 implies that
q = a? + 4y2 for which the answer is given in (19).
Hence

r1(4g) =2 25 ( 1)n /2,

mlg

Case III: k = 8q,q odd. This leads to ¢ = 2(a2 + y2)
s0

7,(8q) = 0,

(30c)

(309)

Case IV: k= 2'q,q 0dd,! > 4. Factoring out 2's
leads to the two squares problem and we find

1@l =4 T (1D,
mlg

From (27) and (30) we have

(30€)

S = y¥(s) B(s) + L(s,cy) L(s,c ¢,), (31)
where
y = 22745 + (1 + 21-2s)(1 — 273),

and the two new L-series we require are
1 1 1 1

=] —-— =+

L{s,c,) =1 35 55 T 75 Tgs

(32)

L(s,cqic5) =1 +3—————_ +
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We note that their product can be written A2(s) — B2(s),
where

A= 5 _EDE
k=0 (4R + 1) (33)
S
BO) =2 oD

are special cases of the Lerch zeta function. From (31)
we find that

o0

Se= 2o

m,n=1

(m2 + 16n2)™s = §S — 3 (1 + 2745)¢(2s),

oC
S;= 23

m=1

kodd

(m2 + 4k2)"s = S, — S,

0

2 (B2 + 412)s
ki 0dd

il

Sg
= (1+225)5; — S, — 2255, .

We have therefore managed to evaluate the triple sum
in Eq. (1. 26) which can be expressed

L]

4 2

i,mn=1
= 25(28 + 2175 _ 1)¢(s)B(s)
+ (225 — 3)X(25) — 22[42(s) — B2(s) + B(2s — 1)),
(Res> 1), (34)

~)m[(I— 3)2 + m2 + n2]s

which is the Madelung sum for an orthorhombic lattice

in which planes of charges alternate in sign. This
appears to be the first time such a result has been ob-
tained and holds out the prospect that the Madelung sum
for real three dimensional ionic crystal can be expressed
in this way.
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Quantitative predictions are made of the effects of randomness and dispersion on the spreading,
attenuation, and modulation coefficient of a frequency-modulated wave packet propagating in a
randomly stratified isotropic plasma. In the absence of random fluctuations, the recently reported

findings of Millman and Bell are recovered.

1. INTRODUCTION

Scalar wave propagation in a cold, isotropic, randomly
stratified plasma is described by the one-dimensional
Klein—-Gordon equation

02 ., 0
€2 — ulz,t;a)+ Q2 (z,—ice —;a)ulz,t;a) =0
YD ( op(! aZ, ) (, 3 9(1.13)

2
Q§p<z,— ie %;a) = c2<— i€ %) + w%(z;a). (1. 1b)

Here, Qgp is a positive, self-adjoint, stochastic operator
depending on a parameter o € @, @ being a probability
measure space,! In addition,u(z, t; o), the real scalar
random field amplitude, is an element of an infinitely
dimensional vector space IC, and ¢ is the speed of light
in vacuo. The quantity w%(z; @), the square of the plasma
frequency, is defined by

w2(z; @) = (4ne2/m)N(z; a), (1.2)
where e and m are respectively the charge and mass of
an electron, and N(z; ) is the electron density which is
assumed to be a real nonnegative space-dependent ran-
dom function. The problem (1.1) is rendered closed by
specifying Cauchy initial data for « and its time deriva-
tive.

A distinguishing feature of this problem is the presence
of the positive dimensionless parameter € which can be
taken to be inversely proportional to the scale size of
the spatial inhomogeneities. As such, for a slowly vary-
ing medium, € will be a small but finite quantity.2

It is our purpose in this paper to examine the propaga-
tion of a frequency-modulated (chirped) pulse in a ran-
domly stratified plasma described by the Klein—Gordon
equation (1.1). Towards this goal we shall make use of
a recently developed general theory of wave propagation
in random media, the stochastic wave kinetic tech-
nique.3.4,5

The random coefficients will be taken to vary slowly,
and the correlation length of the random inhomogeneities
is assumed to be large compared to a wavelength. (These
notions are made mathematically precise in Ref. 4).

Strictly speaking, (1. 1) describes a two-mode problem
(incident and reflected waves). However, within the
framework of the short wavelength approximation con-
sidered here, the reflected waves are exponentially
small.® The theoretical results given below, therefore,
pertain to a single, forward propagating wave packet.
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We shall be concerned with the effects of randomness
and dispersion on the spreading, attenuation, and modu-
lation coefficient of a frequency-modulated pulse. Al-
though dispersive effects are reversible—the receiver
is usually equipped with “built-in dispersion” in order
to make optimal use of the additional signal bandwidth—
their stochastic counterparts lead to an irreversible
degradation of the signal. The problem of making quan-
titative predictions of the latter effects therefore has
important practical consequences. Analogous calcu-
lations have been completed in connection with the
propagation of an unmodulated wave packet traversing
a random, dissipative, and dispersive transmission line
modelled by a generalized telegraphist's equation.?

In order for the discussion to be self-contained, a brief
outline of the stochastic wave kinetic method as it per-
tains to the problem under examination is given in the
following two sections. The main results of this paper
together with a discussion of their significance as well
as an enumeration of the conditions which must be
satisfied for the theory to be applicable are given in
Sec.4. In Sec. 5, we recover the recent results of Mill-
man and Bell® in connection with the effect of iono-
spheric dispersion on a frequency-modulated pulse by
considering the dual boundary-value problem in the
absence of random inhomogeneities.

2. THE ANALYTIC SIGNAL AND THE WIGNER
DISTRIBUTION FUNCTION

In the following we shall be concerned with the time
evolution of a “measurable” quantity. In this sense, the
field u(z, ¢; @) and its intensity u2(z, ¢; @) have little
physical meaning, We may, however, consider the total
wave energy and the total wave action which are given
in terms of the field u(z, ¢; @) and the operator Qop

by the integrals

E=%] @Q2,u + €2u?)dz,

=3 f(uﬂopu + €2u, L u)dz,

(2.1)
(2.2)

respectively. In view of the assumption that the medium
is time-independent, both of these quantities are con-
served. The integrands of (2. 1) and (2.2) are respec-
tively the space wave energy and wave action density
functions.

In order to circumvent the difficulty of working with
the complicated expressions (2. 1) and (2. 2) directly,
we shall introduce the notion of the complex analytic
signal. This quantity is defined by means of the relation

Yz, t;a) = 27V/2(Q12u + e {2 u,). (2.3)

Copyright © 1973 by the American Institute of Physics 704
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The total wave energy and wave action associated with
(1.1) are given in terms of y and @, as follows:

E= [y*9,,¥dz,
A= f:p*zpdz.

The integrands y*Q,,¥ and y* ¢ are respectively the
space wave energy and wave action densities.

(2.4)
(2.5)

The Wigner distribution function is defined next in
terms of the analytic signal:

flz, b t;0) = (2me)L [ dy et*Vey* (z + 3y, )

Xyl —3y,t;0). (2.6)

The total wave energy and wave action can be written in
terms of the Wigner distribution function as follows:

E= [dz [dkQ(z,k;0)f(2,k, t; ),
A= [dz [dkf(z,k,ta).

2.7
2.8)

Here, Q(z, k; o) is the Weyl transform of the operator
Q,p. By virtue of (2.7),Q(z,k; a)f(2,k,¢; @) can be in-
terpreted as the wave energy density in the phase space
(z, k) at time £. Its integral over k-space is the space
wave energy density, Similarly, from (2. 8), f(z, &, ¢; @)
can be thought of as the wave action density in phase
space and its integral over k-space as the space wave
action density.

3. THE STOCHASTIC WAVE KINETIC EQUATION

In the wave kinetic approximation (e small but finite),
the Wigner distribution function obeys the Liouville
equation

d 0 d
FIa flz, kb, t; a) * 3% Q(z, k; a)é; flz,k, t; a)
d 0
— 3z 2R, k5 Q) 5 flz, Byt 0) = 0, (3.1)

to 0(e2). Of course,(z, k; @) must be computed to the
same order of accuracy. For the Klein—Gordon equation
(1.1), one has

Q(z, k; ) = [c2k2 + wP(z; a)]V/2 + 0(e2). (3.2)
Since Q(z, k; @) is a random function of position, (3.1) is
referred to as a stochastic wave kinetic equation.

The electron density is next separated into mean and
fluctuating parts, viz.,

N(z;a) =N, + 0N(z; @), (6N(z;a))=0. (3.3)

The angular brackets in (3. 3) denote a statistical ave-
rage over an ensemble, The deterministic background
electron density,N, is assumed to be homogeneous. The
fluctuating part of the electron density is specified to be
a random function of position with zero mean.

For spatially homogeneous fluctuations, we define the
two-point correlation function by the expression

I'(€) =Ng2(dN(z; @) 5N (z — L; a)). (3.4)
The variance, 2, of the fluctuations is introduced as
n2 = r(0) (3.5)

and the correlation coefficient, v(¢), is given by the ratio

r(€) = T€)/n2. (3.6)
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In terms of the correlation coefficient, a correlation
length, , is defined by means of the integral

1= [ r@)ax. (3.7
On the basis of the above assumptions and within the
framework of the long time, Markovian, first-order
smoothing and diffusion approximations (cf.Refs. 4, 5),
the average Wigner distribution function obeys the
equation

d 3 wd) 9
— 4o, [1—=n2 B2} —(flz,k, t;a
[at g< 5 " a3 ) o (flz, R, t; @))

172 wi 02
=— 2 1lo, | — (fle,k,t;a).  (3.8)
4 Qf 922

Here, w2, = 47N e2/m is the square of the background
plasma frequency in terms of which the background
angular frequency canbe writtenas Qq(k) = [c2k2 + w2 ]1/2,
The group velocity, v, (k),is defined as the first de-
rivative of Q,(k) with respect to 2. We shall later make
use of the index of dispersion, 8(%), which is defined as
the second derivative of Q,(%).

In (3. 8), the left-hand side describes convection with
modified group velocity, while the term on the right-
hand side describes spatial diffusion due to the random
fluctuations.

4. SPACE-TIME EVOLUTION OF A FREQUENCY-
MODULATED PULSE

We consider a frequency-modulated Gaussian wave
packet described initially (£ = 0) by the analytic signal

W(z,0) =y expl— (2 — 20)2/203]

x expi(iky/e)[(z — 20) + (emy/2)(z — 24)2 + ¢0%} . |
4.1

The constant € should be regarded as a formal expansion
parameter (ensuring that the wave packet is much larger
than the carrier wavelength) whose numerical value is
unity. The carrier wave number is k,/¢, and 0, the
standard deviation, can be considered as a measure of
the pulse width. The normalization amplitude is denoted
by ¥4, and ¢, represents an arbitrary phase constant.
The parameter m,, which has the dimensions of recipro-
cal length, measures the frequency modulation of the
pulse. We mention that solutions can be obtained for
other types of pulses, but the Gaussian wave packet
chosen here allows one to obtain simple, easily inter-
pretable results., The temporal derivative of u at t = 0
is chosen such that the wave packet propagates toward
the positive z-direction,

With the normalization amplitude equal to (163)"1/4, one
has, corresponding to the analytic signal (4. 1), the nor-
malized (with respect to 2- and z-space) initial Wigner
distribution function

flz, &, 0) = (1/7€) exp[—(z — 24)2/08]

x exp{—(03/€2) [k — ky — koemy(z — 20)12}.  (4.2)
The associated space wave action density (intensity or
envelope function) ¢an be found by multiplying (4. 1) by
its complex conjugate. Alternatively, it can be obtained
by integrating f(z, %,0) over k-space, viz.,

p(z,0) = [Y(z,0)12 = [ f(z,k,0)dE

= (103)"1/2 exp[—(z — 24)2/02]. 4.3)
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Furthermore, the initial mean wave number is obtained
as follows:

K(z,0) = (1/p) [ kf (z,k,0)dk = ky[1 + my(z — 2,)]. (4.4)

Since k occurs in Eq. (3. 8) only as a parameter, one may
easily solve this equation exactly using the initial value
given by Eq. (4. 2). Since the desired information is con-
tained in the moments with respect to % of the solution,
we shall make use of the smallness of € (“narrow band-
width” approximation) to simplify the solution before
computing the moments. Thus the k~dependent coeffi~
cients of 0(n2) are replaced by constants evaluated at
the carrier wave number k; and the background group
velocity is approximated by v, (k) = v, + Bolk — k),
For the problem under consideration, we obtain

vgo = C2ko/Qq and B, = c2w? /0. We shall also use
the abbreviations Dy = v ow 4, n21/4Q4 and y = o§kgm,.
It may then be readily shown that the solution for the
mean Wigner distribution function may be written in the
form

(flz, k,1; a) = (1/m€)(0y/0;1) exp[—(z — Zg)2/02]
X exp{— (020%/08) [k — ko — kgem(z — Z,)12/€2},

(4. 5)

with the definitions
0% = o} + 4Dt(1 + 7 2), (4. 6a)
oy = oply + (1 + ¥2)(Bgt/03)], (4. 6b)
02 = (0% + 02)/(1 + v2), (4. 6¢c)
kom = 0,/0402, (4. 6q)
Zy =2y + vge[l — 3 N2 (w3, /2311, (4. 6e)

It should be noted that ¢, = 04y, ¢ = 0y, and m - m, as
t — 0, so that the initially prescribed Wigner distribution
function may be recovered.

The mean intensity is given by the zeroth moment,

(plz, 00 ={l Yz, 0) 2= [ar{fiz,k,t;a)

= (102)"1/2 exp[— (2 — Z;)2/02]. 4.7
It is seen that within the range of validity of the approxi-
mations used in this paper, the original Gaussian pulse
shape remains Gaussian for ¢ > 0 and the variance in-
creases from 0% to 02 [cf. Eq. (4. 6c)] due to both disper-
sive and stochastic spreading, Furthermore, the ex-
pression for Z, [cf.Eq. (4. 6e)] shows that the center of
the wave packet moves uniformly with a velocity which
is determined by both dispersive and stochastic effects.
This gives rise to a stochastic group delay as well as
the usual dispersive group delay. We also note that the
peak power of the pulse is proportional to ¢71,

The average wave number evolves in space-time accord-
ing to the formula

(K@, t; a0 = 1/4p) [ k(f(z, by t; ) db
= ko[l +m(z — Z,)]. {4.8)
Comparing to Eq. (4.4), we may identify m[cf, Eq. (4. 6d}]
as the mean modulation coefficient,
We must emphasize that o as given by Eq. (4. 6¢) is the
width of the average pulse, and its operational definition
required that one add together many pulses under
varied (random) conditions and then measure the width.

J. Math. Phys., Vol. 14, No. 6, June 1973

This procedure yields a different result from that ob-
tained by measuring the width of each pulse and then
averaging,

Writing 02 out explicitly, one observes that for short
times the dominant correction to 03 is the part of ¢2
linear in time,i.e.,

02 ™ 0% + 4Dt + 2Bt

2 t w2 27
oz |1+ % *Lﬁ(& Ty amgog) | (4.9)
R 92\ Q% o,

One may then differentiate between two possibilities: if
mg > 0 (“chirp down™), 02 is a monotonically increasing
function of time and the pulse width will expand; on the
other hand, if m, < 0 (“chirp up”) and ¥ < — (2D4/B,),
the pulse width will at first decrease (pulse compres-
sion). Since, according to Eq. (4. 6¢c), 02 is manifestly
positive, it follows that the pulse width will ultimately
expand.10

Similarly, for short times, the modulation coefficient is
given by

m = mg(l — 4Dgt/03) + (Bot/Roo§)(1 — o§kZm2).
(4.10)

In closing this section, we wish to treat several special
cases.

Case (i): Randomness, zero modulation (my = 0,
y = 0),11

The average intensity is given by (4. 7), with

02 = 0f + 4Dyt + B512/03. (4.11)
The term linear in time is due entirely to the random
fluctuations of the electron density. The third term, an
expression quadratic in time, results solely from the
dispersive properties of the medium. The random and
dispersive effects enter in the same way into the alge-
braic attenuation factor ¢~1 appearing in (4. 7).

The modulation coefficient is found to be

m = Bot/ky0202, (4.12)
where o2 is now given by Eq. (4. 11}. One notes that the
modulation coefficient is proportional to the index of
dispersion 8,. Furthermore, since 62 is a monotonically
increasing quadratic function of time,m -0 asf—~ .

Case (ii): No randomness (n = 0), with modulation
(mg = 0).

The intensity function is given by (4. 7), with

Zo =&+ Ugot (4.13)
02 = o3[1 + 2y(Byt/03) + (1 + ¥2)(Byt/05)2]
= 08[(1 + ¥Bot/08)? + (Bot/03)?]. (4.14)

Again for short times, the term in (4. 14) linear in time,
viz., 2yB,t is the dominant correction to ¢Z. Therefore,
the pulse width will first decrease before it expands if
mg < 0(“chirp up”).

The mean wave number is given by (4. 8), with Z, as in
(4. 13) and modulation coefficient
o mg + (1 + ¥2)(Bot/0bke)
1+ 2y(Bot/02) + (1 + ¥2)(Bot/03)?

(4.15)
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Case (iij): No randomness, zero modulation (m, = 0).

Here we obtain the well-known results of dispersive
spreading. The intensity assumes the form (4. 7), with
Z, given as in (4.13) and B

02 = 0% + Bgt2/03. (4.16)
The mean wave number and the modulation coefficient
are those of Case (i).

5. THE DUAL BOUNDARY-VALUE PROBLEM

In this section we shall consider the dual boundary-
value problem and, in the absence of random inhomo-
geneities, shall recover the recent results found by
Millman and Bell8 in connection with the effects of
ionospheric dispersion on a frequency-modulated pulse,

In order to convert results for the initial-value problem
(wave kinetic equation) to their counterparts for a boun-
dary-value problem (the usual case), we introduce the
time T, (analogous to Z,) defined by

To= (2 —20)/[v,0(1 — % nzwéo/ﬂé)]. (5.1)
Rewriting Eq. (4. 7) for the mean intensity, we obtain

(plz,t; a)) = (n72)"1/2 exp[—(t — Ty)2/72], (5.2)
where
T = 0/[vg0(1 — § N204,/28)]. (5.3)

Since Eq. (5. 2) shows that the pulse is centered at

t = Ty, we may replace the variable ¢ in the slowly
varying quantity o by T, thereby expressing the tem-
poral pulse width 7 in terms of the distance variable
z— Zg.

In particular, in the absence of fluctuations [y = 0, Case
(ii) of Sec. 4], it follows from Eq. (4. 14) that the pulse
width as a function of z — 2z is given by

72 = 73[(1 + ¥BoTo/03)% + (BoTo/03)?], (5.4)

where 7¢ = 04/v,¢. It is customary to use the variable

q= BQTQ/U,?O ’ (5. 5)

which is related to the inverse square of the “slope
bandwidth” of the medium,12 and the constant

Ho = kgMmov3, (5.6)

which is the initial rate of frequency sweep. Eq. (5.4)
may then be written

T2 = 78(1 + poq)2 + q2/7%. (5.7

Similarly, the rate of frequency sweep, p, is found [cf.
Eq. (4.15)] to be

_ o1+ pog) + q/7

(1 + po@)? + q2/73

These results, Eqs. (5. 7) and (5. 8), are precisely those
obtained by Millman and Bell® by a different method. In

the absence of initial modulation (i, = 0), they are in
agreement with Bek's analysis.13

(5.8)
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6. CONCLUSIONS AND SUMMARY

The problem of wave packet propagation in a randomly
stratified plasma has been solved in the diffusion
approximation by means of the stochastic wave kinetic
technique. Although the basic equation to leading order
is formally identical to the Liouville equation, it has
been shown that when solutions of this equation are res-
tricted to be Wigner distribution functions then the
stochastic wave kinetic method is capable of describing
both coherent wave packet spreading and demodulation
due to dispersion of the medium and incoherent wave
packet spreading and demodulation due to stochastic
fluctuations of the medium.

Explicit formulas describing these effects have been ob-
tained and their significance has been discussed.
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An n-body scattering process is studied in the framework of nonrelativistic time-dependent
scattering theory. The probability is calculated that the » bodies emerge in cones C,...,C, with
apices at the origin of coordinates. Results are given for short-range and for Coulomb potentials. The
results corroborate the usual interpretation of time-dependent scattering theory.

INTRODUCTION

This paper is a sequel to the paper I (Ref.1) and has a
similar purpose: to offer a geometrical account of n-
body scattering processes which is rigorously derivable
from nonrelativistic quantum-mechanical time-depen-
dent scattering theory, thus corroborating the “usual”
interpretation of scattering theory and at the same time
calculating rigorously the probabilities of various ex-
perimentally interesting events. Specifically, in this
paper we compute the probability (or, when necessary,
the time-average of the probability) that starting from a
given initial state at large negative times,» nonrela-
tivistic quantum-mechanical particles will emerge from
a scattering process in n given cones with vertices at
the origin of coordinates (i.e., the probability that
particle 1 is in cone 1, particle 2 is in cone 2, regardless
of whether the particles are free or bound together to
constitute a number of composite particles as £t —> + ®).
Some would argue that there are more interesting things
than this to compute, such as the probability that various
composite particles emerge in various cones. As will
be seen, all these probabilities will be computed in the
process of finding the probability we seek. Although we
deal with both Coulomb and short-range forces, we do
not give in this paper an analog of Theorem 2 of Ref. 1,
which allows calculation of the probability in question
for potential scattering without the introduction of ano-
malous factors.

n-BODY SCATTERING INTO CONES

Orientation: We use units in which # = 1. » non-
relativistic quantum-mechanical particles are described
by assigning to each real number { a wave-function,i.e.,
a normalized element y, of £2(R37), the Hilbert space of
complex-valued square-integrable functions on 3#»-
dimensional Euclidean space. We write i, as a function
of n three-vectors X, ..., X,. |¥,&X;,...,%,)|2 is the
position probability density (ppd) for the particles at
time ¢, i.e., the probability density that particle 1 is at
X,, - particlen is at x,. Similarly, if ¢, denotes the
Fourier transform of ¥, , then |{,(k;, ...,k,)| 2 is the
momentum probability density (mpd) for the particles at
time ¢. , satisfies the Schriodinger equation

RS e_””lllo, (1)

where H is a self-adjoint linear transformation of the
form

H=Hy+V. ()

In (2),H, is given by
no— A
D) 7 (3)

H, = 3
0 i=1 ZI’ﬂj

where m; is the mass of the jth particle and 4, is the
(natural ‘self-adjoint extension of the) Laplacean in the
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jth coordinate. V is a multiplicative operator given by

n
V= 2 VOj(xj) + Z; Vij(xi - Xj), (4)
i=1 1<i<j=n
where each Vij, 0 <i<j =wn,is a real-valued function
on R 3, which we assume can be written as

v, &) = V.0 + 7, x), (5)

where Vi].(l)(x) is square-integrable over R3 and V, {2X(x)
is boundéd on R3, Then according to a theorem of]Kato2
H is seli-adjoint, with the same domain as H,. The
assumptions we have made on the potentials are mild
enough to allow most cases of physical interest, (e.g.,
Coulomb potentials, Yukawa potentials, etc.) We should
remark at this point that the problem we will be investi-
gating, whether n particles will be in » cones at large
positive times after a scattering experiment, is most
natural if we actually expect all particles to emerge in
some direction. If the static potentials VO. are nonzero,
it is conceivable that some particles will flmally be
trapped near the origin, as we shall see, and do not
emerge in any cone. The problem of whether the » par-
ticles are eventually in the n cones is thus most natural
when all the Vois 3 =1,...,n,are zero, in which case
we do expect all particles to emerge in some direction.
For the sake of interest, however, we carry the VOj
along in the analysis.

Just as in the earlier paper?! (hereafter referred to as
I), we can analyse the motion of free particles (H = H)
by writing

e_iHot - CtO Qtoy (6)

where CQ is the “classical transformation for »n par-
ticles”

(Ctof)(xly e ,Xn)

mq---m,)3/2 i
- @ ® j m. x2
ez exp (z szl} m; X /Zt)
~ [{m4X m X
Xf< ltl,..., ——-: ") (7)

and @, is just multiplication by a phase:

n

(Qtf)(xl; .. -’xn) = exp <l Z) m]x]2/2t) f(Xl, . ..,xn). (8)

As in I, the factorization (6) implies that

lim [e ' —cprl =0 (9)

t—to00

and that asymptotically, in integrating over any, xlneasur—
able set S of R37,the ppd determined from ¢ * "°f “can
be replaced by” the absolute square of C, f. (For the
precise meaning of “can be replaced by”, see Lemma 3

Copyright © 1973 by the American Institute of Physics 708
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of I and the remarks after it.) Thus,# free _q}t{xantum-
mechanical particles with wave-function e ¢ "tf asymp-
totically behave like # free classical particles which
started from the origin of coordinates at time { = 0
with mpd given by | f (k,, ...,k,)| 2. (Again, see the
discussion in I.) Let us now consider » cones C,,...,C,,
each in three-dimensional space, defined by the equa-
tions
Cjz{xlx-njzajlxl}, j=1,...,n, (10)
where n, is a unit vector in R3 and 0 < a; = 1. We ask
for the probability P+ that if » free particles are des-
cribed by the wave-function ¢ ‘Hotf, then as t — + ®© we
shall find particle 1 in cone C,, « - - particle » in cone
C,. Using the remarks we have made above, we find

Pt = lim [

-iHgt 2
Jim Clx._'xcnl(e &y, ...,x,) 2dx,,...,dx,

Il

HCAf)xy s

i 2
im. fcl><'-'><Cn .,X,)2dx,, ..., dx,

0 SN

N 2dky, ..., dk,, (1)

‘/Licl)x- S x{£Cp)

where C; X -+ X C, is the topological product of the n
cones, i.e., the set of all points (xl, ces ,xn) such that

X; € Cj, j=1,...,n; —C,; is the reflection of C; through
the origin; and the final résult in (11) is obtained by the
change of variables k; =mx,/t, j =1,...,n (see I).
Thus we have arrived at the expected result: for large
positive times, one of the particles will lie in a cone if
and only if its momentum lies in that cone. A similar
statement holds for large negative times.

So far, all has gone in complete analogy with I, In I,
however, once we have analyzed the behavior of the
wave-function describing a free particle, we had all
necessary information on the asymptotic behavior of

a scattered particle, since such a particle could exhibit
only this free behavior at large positive and negative
times. In the n-body theory, however, it is well known
that, in general, there are many other ways that » par-
ticles can enter or leave a scattering experiment than
as n free particles. In the customary terminology, there
are many other channels open to the particles. We now
discuss this point briefly.

A scattering experiment is described by a wave-func-
tion of the form e iy where H is not the free Hamil-
tonian but instead has the form (2). It may happen that
the part of H which describes the mutual interactions
of a certain subset I" of the # particles allows bound
states to be formed, so that if the particles in I" were
isolated from the others it would be possible for them
to travel together as a “composite particle”, and this

is an additional complication in z-body scattering ex-
periments. In such experiments we may consider initial
and final states in which the » (simple) particles are
grouped into a number of simple particles and a number
of composite particles, each composite or simple par-
ticle moving freely, and a set of particles bound near
the origin by the static potentials Vo]" By a “fragment”
we shall mean a composite or a simple particle. An
initial or final state of an n-body scattering experiment
is specified by telling which fragments appear and des-
cribing the state of their motion, and specifying the
condition of the particles bound near the origin,? as
follows: partition the n particles into m + 1 subsets
I'ypeoos I, 0,y Forl=1,...,m, the subset I, is to
contain 7, + 1 particles, with ;= 0, and the particle or
particles in I, will constitute a fragment. The subset
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I,.,is to contain the particles bound near the origin by
the static potentials, and I',,,; may be empty, and will
always be empty if all the static potentials V,; are zero.

We do not admit the case in which I ., is the entire
collection of n particles, because this would describe a
true bound state of the n-body system, i.e., an eigen-
function of the full Hamiltonian H, which would not figure
in any scattering experiment. We shall deal with these
true bound states separately. We note parenthetically
that we shall sometimes speak as if the subsets I'; con-
tained the indices of particles instead of the particles
themselves. Let Y, and z,;, ! = 1,...,m, be the center-
of-mass and “internal” coordinates of the /th fragment,
i.e., Y, is defined by

m. X,

Y, = D) _-7_1’ (12)
' jer; M,
with
]\4l = E on (13)

J€r;

and z, stands in general for a number of three-vector
variables 2z}, j = 1,...,7;, related to the X; withj € I,
by equations of the form

4]

x, =Y, + Q Aezf, j €T, (14)

In the case that I';, contains only one particle there are,
of course, no “internal coordinates”. If I'; contains more
than one particle then we imagine the internal coordi-
nates to have been chosen in such a way that the Jacobian
of the transformation from the set {x;|j € I';} to the set
Y,,z; is unity. For the subset I, ,,, we denote all of its
coordinates collectively by z,,,,. We can now describe
an initial or final scattering state of n particles by a
wave-function of the form .

(zm+1)°
15)
In (15), f is any square-integrable function of its vari-
ables, Forl=1,...,m, ¢>al is the bound state of
energy E“z’ describing the internal structure of the /th

fragment, If the /th fragment is a simple particle, then
¢°‘z =1 and Eal = 0 by convention. For any composite

particle we assume that the norm “¢°‘z“ = 1. (The norm
¢, I is the norm in the space of square-integrable
functions of 7, three-vector variables.) ¢, 1 is the
bound state of energy Eo‘m+1’ describing the way in which

‘I’g = e_iHaff(Yl’ see ’Ym)(bal(zl) o '(chm(zm)(pd

m+l

the particles in I, are bound near the origin by the
static potentials, If T,., is not empty, we assume that

H‘i’amﬂn =11 Fm+1 is empty, we take ¢°‘m+x =1 and
E.,,., = 0Dy convention. H, of (15) is defined by

m+

Ho=2 =245 B, a6)

Clearly, ¢ Hal propagates the /th center-of-mass co-
ordinate,! = 1,...m, according to the free Schrodinger
equation with mass M,, and assigns to the bound state

E, t
¢, =1,...,m + 1,the usual time-dependence e
so that (15) describes a collection of w freely moving

>
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fragments and some particles which are bound near the
origin by static potentials. [We note in passing that all
the terms in the sum on the right-hand side of (16) per-
mute with one another. This fact can be used to write

e ot g5 a product of simpler operators in a straight-
forward way, and we shall do this later.] It should be
clear that the definition of H, depends only on (1) the
partition of the n particles into subsets I'y,...,T .
(this determines the Y, and M;) and (2) the selection of
the bound states ¢q1, . ¢°‘m+1 (this determines the

E“z)’ The subscript o on H, is supposed to be a multi-

index describing this partition into subsets and selec-
tion of bound states; each such partition and selection

of bound states determines a channel of the n-particle
system, that is, a way in which the # particles can enter
or leave a scattering experiment. As a technical point,
we remark that if the particles of subset I'; have several
different bound states qbaz , ¢‘I"z’ - +» with the same energy

E"‘z’ then we select once and for all an orthogonal set of

such bound states and use only these when defining chan-
nels. (This is necessary to guarantee the orthogonality
of the {R:} and of the {R} discussed later, as well as
that of certain of the D also discussed later,) As an-
other point, we note that in the above account two chan-
nels with the same partition into subsets I'y, .. Fm+1:
different bound states, but the same value of Z}"‘

are considered distinct, while some authors (cf Jauch3)
would lump these into a single channel, This is largely
a matter of convenience.

It is not difficult to see that there is at most a countable
number of channels. An individual channel is to be de-
noted by the index a. We shall, however, sometimes
prefer to have a slightly more detailed notation for a
channel, namely we shall sometimes write

a = (P,Tlp); %))

where p is an index describing the partition of » into
subsets I'y,...,I',,,; and 7, is an index describing the
selection of the bound states once the partition has been
made. Since there are only finitely many partitions, the
set of p's is finite. For fixed p, the possible selections
of bound states, and hence the number of n, 's, is at most
countable, Whenever, in the sequel, a sum 1s taken over
a or p or Ny it is to be understood that the sum is to be
taken over all possible values of the index. As an exam-
ple of the use of the notation (17), the reader should
convince himself that if two channels have the same
value of p, then the corresponding channel Hamiltonians
differ only by a constant.

With these definitions in hand, we can state the following
central facts from n-body scattering theory (see Cook,
Hack, Jaunch and Zinnes®):

Proposition I: Let D be the closed subspace of
£2(R37) consisting of all functions of the form
FO 0 Y,) 0, @)ty (2,,.1), Where f runs
through all square mtegrable functions of Y,, Y,
and Y, z,, are defined as in Eq. (15), and spec1f1ed by the
multi- mdex a. Let P be the projection operator for the
subspace D ,. Then if ‘the potentials V., 0 =i {j =mn,
satisfy certam mild restrictions [it su.fﬁces that each of
them can be written as the sum of a function in £2(R3)
and a function in £2(R3), with 2 < p < 3], the strong
limits ‘

g ilatp — g

lim e** o =028 (18)

t—+to0

exist. (The operators Q% are the Mgller wave-matrices
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for our theory.) We denote by Rz the range of Q%, and
write F ¢ for the projection on Rt Then Q: is a partlal
1sometry with initial set D, and fmal setR=t i.e.,we
have

Q:*Q: =P, (19)
o o1 o
Q: Q:* =F:, (20)

Further, as o varies the subspaces R}, are pairwise
orthogonal, as are the R,. We thus have

FiFg =6, F%. (21)

Further, we have the intertwining relations

e-zlit -;Hat'

Q = Q (22)
The proofs of the above statements are in the literature®
and we do not give them.

We denote by R+ the orthogonal sum of the subspaces
Rt where o runs through all possible channels. We
assume henceforth that our theory is asymptotically
complete,i.e., we assume (1) that the strong limits Q:
exist, and (2) thatR+ =R~ and that R+ is the orthogonal
complement of the subspace spanned by the previously
mentioned true bound states of the theory, i.e., the eigen-
functions of the full Hamiltonian H, which we discarded
previously in our discussion of initial and final states
for scattering experiments. For important results on
asymptotic completeness, see the papers of Ikebe, of
Fadeev, and of Hepp, and the book of Kato.5

A typical element f of R* has the form

f=L, (23)
with f_ € D and

é) ey, £ 12 <. (24)
Since 7, is isometric on D, (24) implies that

Za) If M2 = ? ey f otz <o, (25)

The projection of f on R?, is Q;, f,; whence, using (20),
we obtain

Qyf, =Fof =9, 9,%f. (26)
Applying §:* on the left and using (19) yields
P, f,=P, Q.*f. @7

Since both f, and Q! *f belong to D, (27) can be rewrit-
ten as

fo =805 (28)
Now the f,, need not be pairwise orthogonal because the
D are not necessarily orthogonal. However, if we write
o as (p, np), as in (17), then for each fixed p it is true
that D, ,  is orthogonal to D(p ) for Np * Nps since the

different bound states occmrmgpm the definitions of
(psm,) and (p,n; ) are orthogonal to each other. (This

is partly a resuf t of our convention on the definition of
channels in case the particles in a given I', have several
different bound states with the same energy. See the
earlier discussion of this point just after the definition
of “channel”,) Thus f £.1) is orthogonal to f )
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Because of this fact and because |l /|2 converges,
we can conclude that for each fixed p the sum

SO =3 ) (29)
Tp

converges. Since there are only finitely many p's, the

sum

DO =D T f iy =2 fa (30)
pony a

b4

converges. Although we have shown that the convergence
takes place only when the sum is done in a special order,
the reader can easily convince himsglf that this special
order is irrelevant. Nowbecause ¢ 7o is a unitary
operator mapping D, into itself, it follows in a similar
way that the sum
-iH ¢ -iH ¢t
Ut =D e elfy = e Metayrs

o [=4

(31)

converges for any {. We are now in a position to state
Lemma 1: Let f € R* and let U, (t)f be defined by
(31). Then

lim et —U @) || = 0. (32)

The proof of this lemma is straightforward. We first
assume that only a finite number of f,'s are nonzero.
Then, because we are dealing with a theory in which the
limits (18) exist, we have

st—_-’gom elHtU+(t)f = Za; St—_’}gom e”“e lHatfa = %? Q&fa = f

(33)
and (33) implies (32) in an obvious way. In the general
case, in which infinitely many f_'s may be nonzero, the
argument is completed using a straightforward approxi-
mation procedure, resting on the fact that we have the
desired result for finitely many nonzero f, on (25), and
on the remarks about orthogonality of certain D _'s used
to show that the sum in (30) converges.

Let us suppose than an n-body scattering process is
initiated with the particles in a state described by the
wave-function

(btﬂ = e_”!ﬁtfﬁ, ”fﬁ || =1 (34)
with f; € D,. What is meant by this statement, of course,
is that the entire scattering experiment is described as

usual by a wave-function ¥, of the form

!pt = e_““woy Hwon = 1, (35)
but that this wave-function is to be specified by the
requirement

tl_}glo ”e-thll/O ___e-iHﬂth” =0. (36)

Because the limits in (18) are assumed to exist, it is
easily seen that (36) uniquely specifies the state Yoo In
fact,

Vo = fes

so that saying an n-body scattering experiment is initi-
ated with tbe particles in a state described by the wave-
function ¢ 78 tfﬁ is the same as saying that the wave-
function ¥, at all times is given by

(37)
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Y, = e—im.‘po = e—thQ-BfB_ (38)
Clearly ¥, of (37) and (38) belongs to R~ and hence to
R, since we assume R~ = R*. Hence by our previous
discussion e ##ty  will converge as { > + ® to U@)¥,.
Since the expression for U+(t)x,l/0 is interesting, we write
it out:

- -iH 1 -
U0, =2 € etay v, :Za) e T Sy
a

-iH_t
:§el oLSocE‘ofB’ (39)

where

Sup = 5% Q. (40)
S, is sometimes called a “partial S-matrix” from
channel 8 to channel a. An intl_li.givte statement of our
result is that if we “send in” e : Bfg, we will “get out”
2a e"H“tSaﬂfﬁ. We could also imagine sending in some-
thing of the form Y5, € “*8°f,, with 73, I f,lI2 = 1 (this
is the same as saying that Y is given by 27,Q;f,, and
ly,ll = 1). The reader is left to imagine the results for
himself, as there is little to be gained from writing
them down.

We now ask the following question: suppose that we are
given n cones C,...,C, in three-dimensional space,
defined by the Eqs. (10). What is the probability
P(f4:Cq,...,C,) that if we “send in” e 78'f,, then at
large positive times particle 1 will be in cone C4, ...,
particle n in cone C,? We can write down an expression
for this probability using the fact that “sending in

e e th” means that the wave-function at all times is
given by (38). Then since |¢,]2 is the ppd for the par-
ticles at time ¢, we have (provided, of course, that the
indicated limit exists)

P(f4iCyenrC) = M P(£43Cqp...sCpt)  (412)
with
P(f5;Cq1yeverCyyt)
= fc,x-nxcnl (et Qyfo) &y, ..., X)) 2dx,, ... ,d%,.
(41b)

In (41b), as before,C, X -- X C, denotes the topological
product of the cones. Because e it Q f, converges
strongly to U‘(t)QBfB as t = + ©, we may, in investigat-
ing the existence of the limit in (41a), replace the inte-
grand on the right-hand side of (41b) by the absolute
square of (U,(t)Q2;/5)X;,...,X,). (See Lemma 3 of 1.)
We shall do this presently. In order to cope with the
mess which will result, we first prepare some lemmas,
which require the introduction of additional notation.

Let o be a channel of our system, with its associated

partition I'y, ..., I'g,; of the particles and its bound

states ¢, ,..., ¢, . [Note:the number m +1 of subsets
1 m+

I'¢ depends on the channel @ and we could indicate this
by writing m as m(¢). In order not to clutter the nota-
tion, however, we shall write simply m, except when, in
dealing with several channels, it is necessary to write
m(a)for clarity. A similar convention will be used with
various other channel-dependent pieces of notation for
objects of secondary interest, e.g., p, of (42), Various
important symbols like I'p, XB o, will carry the index o

throughout.] We define the center-of-mass coordinates
Y;,...,Y, by (12), and the center-of-mass momenta
Pys---»D,, DY
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Tk, l=1,...,m, (42)

i €T
]€1"l

where k; is the momentum of particle j. [Equation (42)
can be interpreted either as an equation between vectors
in momentum space, i.e., after Fourier transformation,
or as an equation between differential operators, replac-
ing k by — N] etc. Naturally, the two interpretations
are really the same. We shall mainly be talking in
terms of the first.] We define

Top = = Ay /2M,. (43)

Then, write

m
=Z> T()l’ (443«)
=l
m+1
E, = gEal. (44Db)
We have, according to (16),
H, =T, +E,. (45)

We are going to be interested in the topological product
C, X+++x C, of the n cones of (10),and we introduce
some notation relating this topological product to the
partition I'¢, ..., I'% ;. We denote by XC, ..o the charac-

teristic function of C; X +-+X C,:

- ., )_51(}(1,...

s 10 otherwise.

)EC x...xcn
1 (46)

We shall frequently in the sequel consider characteris-
tic functions like Xc,..., 28 operators on £2(R37) in an
obvious sense—namely, the operation is multiplication
of an element of £L2(R37) by XG,.. . Xc; will denote the
characteristic function of the set’ defmed by the condi-
tion x; € C]

1, e C.
; X] J (47)

Zys.00rX,) =
Xe, B0 0, otherwise.

We also introduce the characteristic function x,  of

the set B, in which the variables with indices in I'f
are restricted to their respective cones. We have

=1 48
Xoor = Mha ey (48)

Clearly,
m+1l
XCp = H X¢; = I Xay,- (49)
Finally, we introduce the intersection [, of the cones

with indices in I'¢:

I,=n C,. (50)
al jery 4
I, is, of course, a subset of IR3 We write x; for the
characteristic function of I,
1 xel
Xigy® = 1 “ (51)
ol 10, otherwise,

We define M to be the operation of multiplication in

momentum space by the characteristic function of the
set in which the center-of-mass momentum p, is res-
tricted to [ ,,i.e.,M; , is defined by the equation

a
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( f)(kp---,k,,)=x1al(Pl)f(k1,---;kn)y (52)

where p, is defined by (42). The reader will note that,
except for the definition of E_ in Eq. (44b), none of the
notation defined above depends on the bound states %z

of the channel ¢, but only on the partition I'¢, ..., I'% ;.
We are now in a position to prove

Lemma 2: Let Xc, .
Then

1 iHt -iH t (7
5 t—»lo%)m € Xcl..." e @ = <ll—=11 MIal) XBDL(mﬂ,), (53)

H M and be as above.
iy’ X8,

where “s—1im” means that the expressions on each
side of (53) are to be considered in the obvious way as
operators on £2(R37) and that convergence takes place
in the strong topology.

Pyroof: From (45) we find

iHt —iHat _ iTat iEat -iTat —iEat
e Xq,..., 6 F =€ YeT X, e e

=e'felye e, (54)
the last step following since E_ is just a real constant.
Now because all the operators Toz of (44a) permute, we
have

-1 T, t

oiTat :ll'-zll e o (55)

We recall now the second expression for XC, .o in (49).
We note that T';, affects only the coordmates of par-
ticles in I'¢, Further, Eq. (48) shows that Xay, actually

depends only on the coordinates of partlcles m re.
Using these facts we find

iH_t -iH_t
e e ©

o
XCyiiip

A i:ro,t>( )("‘ zTolt>
- (11;[1 € lnl X 8y ll;ll ¢

[m iTot —iTOlt)]
- |:lr=ll (e XBotl ¢ XBa(mﬂ). (56)

The rest of the proof consists in showing that we have

. iTn,t —-iTg;t
s—1lim e’ "% e "t =M
t—>00 XBal chl’

Il=1,...,m. (57)

This will prove (53) because each of the operators

eiT"l'XEal e *Tor! i a projection and thus bounded in
norm by unity for all #{, so that convergence of the sep-
arate factors as in (57) will imply convergence of the

product as in (53).

The operator ¢ *Toi* can be factored into the product of
two simpler unitary operators in analogy to the way we

factored ¢ *o* in (6). Namely, we have

g ot = 169, (58)
where

: 2

@ )&y, 0x,) =M L x) (59)

and
R iM, Y2

€, )&y, ..o ,x,) = (M, /it)372 ¢ lYl/zt(Flf)'PlezYz/t'

(60)
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The expression F, f means the Fourier transform of f
with respect to the one center-of-mass variable Y, [see
(12)]: when f is “sufficiently nice” the definition is

(F, N)p,» 2,5 %)) = [1/(2m)3/2] J e"ipl'Ylf(xl, .o, X,)dY,

(61)
and, for general f € £2,F, f is obtained by a familiar
limiting process. On the left-hand side of (61) x; stands
for all x,'s not in I';, and we have written F; f as a func-
tion of X, p;, and the “internal coordinates” z, of I';.

As indicated in (60), the operation C, ; requires that p,
of (61) be set equal to M,Y,/t. Because of (58) we have

i T, -iT,
et OZXchle ol :tactiBalclv‘Ql:" (62)

It should be clear from (59) that

st—_’la'gm ¢,=1 (63a)
and
s—lim @;, = 1. (63b)
t—o0 ’

We now examine the behavior of the operator C;,x ,

C,,. If f € £2(®37), then by working out the definition of
the operator Cl’", in a straightforward manner we can
verify that, in the notation of (61), we have

(FCTix By, C.: Ny 2,5 %5)

= X8y, &5 ...5X,)

Yl:tpl/Ml(sz)(pz’zﬁx})' (64)

Thus F,C/,x 5 zCl ;J is obtained from F, f by multiplica-
, ol b
tion with a simple function. We now study this function.

According to the definition of x , pve have
o

1, X; € Cj for allj € T'g,

Xy, &as -1 %y) = { (65)

0, otherwise.

Henceforth we suppress the variables not in I'¢, on
which x 8y, depends trivially. Using equations (14) to
express the x;'s withj € T'% in terms of Y; and “internal
coordinates”, and setting Y, = tpl/Ml, we have

X8, E1- ’xn)‘Yl=tpl/Ml

tp,
L va + 25 Myzf € C;for allj € Ty,
= : k2 (66)

0, otherwise.

The reader should not find it hard to convince himself
that except at the point p, = 0 the conditions on the vari-
ables zf in (66) become irrelevant as ¢ — @, since the
sums of zf's are “swamped” by the term tp,;/M; so that
asymptotically we need ask only whether or not p,/M,

€ C;. Furthermore, we have (tp,/M,) € C, if and only
ifp, e C] . To put the matter more brieffy and precisely,
the following is easy to prove:

pointwise lim x (&,...,X,)

Y epyt/My = X’az(pl)’
(p, #=0), (67
where XIal(pl) is defined by

Xzal(pl) = {

1, p,€C,forall je ey,
Lo : (68)
0, otherwise,
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and is just the characteristic function of the intersection
of the cones defined in (51). Writing Xla,sz for the

function whose value at the point p;, z;, X; is X’az(pl)
(F, /)P, 2;,X}), we now have

“FtCZtXBMCz,tf — X1, F, fl2

=J Ix 5o, &1 .x")|Yz=Pzt/Mz
= X1, ()12 1 (F, /)P, 2,3 %))|2 dp, dz, dx;
(69)

t— +00

Convergence to zero in (69) is obtained from Lebesgue's
dominated convergence theorem. The integrand in (69)
converges pointwise to zero almost everywhere by (67),
and it is bounded by the fixed integrable function

4|F, f |2, Hence the result. From (69) we see that

F,.CY x 8,,Ci.1 f converges strongly to i, Fifast—+o,

Applying the continuous operator F;! = F* to both these
elements, we obtain

St*_,];i,n’l cthXBalCl,tf:FZ*XIalFlf’ vf€£2. (70)
A little thought will convince the reader that
Ft*Xzal Ff= Mlulf’ (1)
where M, ; is defined by (52). Thus, finally, we have
o
s=Um Clyx 5 ,Cpe =My, (72)

Combining (72) with (62) and (63) and using the fact that
Q. € pand Clyx 5,,C.c are all bounded in norm by

unity, we finally have

e ol =y, (73)

. iT,, ¢
s—lim e "0
t—>o0 X3 ol

al

and this completes the proof of Lemma 2.

Lemma 3: Let o and 8 be two channels whose corres-
ponding partitions are distinct. Let x,  be as before.
Then 1

iHBt e—iHat = 0. (74)

wolime™ Py

Proof: This lemma holds because of the fact that

w—lim e"8f g7 — g, (75)
t—>o0
The proof of (75) is a simple matter—we do not give a
formal proof, but only remark that since the partitions
for a and 8 are not the same, the sums of Laplaceans
occurring in A, and H, do not cancel each other in (75),
and the operator in (75) “oscillates itself to death” as
t — w0, essentially because of the Riemann~-Lebesgue
lemma. Once (75) is established, we prove (74) by writ-
ing
iHgt ~iHt
e B Xcl‘ en e . . N .
— etHBte—lHat(ezHatxc e—lHat). (76)
Leeen
By Lemma 2, the factor in parentheses on the right-hand
side of (76) converges strongly to a constant operator as
t — + o, while the unitary operator ety it converges
weakly to zero. From these facts it follows simply that
the entire product on the right-hand side of (76) con-
verges weakly to zero, proving the lemma.
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Lemma 4: Let a and 8 be two channels whose corres-
ponding partitions are identical. Let XC,...n be as before,

Then if E, and E; are defined as in (44b), we have

~iHut  i(Eg-E)e m
€ € 1[11 MIal XBcz(mﬂ)

=0. (17

: iHgt
— 8
s lim [e X,

Proof: This is a direct consequence of Lemma 2 and
the fact that, because a and 8 have identical partitions,
H , and H, differ only in the energies E_ and E,.

We can now continue with our evaluation of the prob-
abjlity P(fﬁ; Cisenns C,) that if we “send in” the state
e 8'f, then for i = 1,...,n particle i will be in cone

C; at large positive times. Inserting, as promised,
U, L) Q3 f, for e HIQ £, in the integral occurring in

(41), we have

lim P(fg;Cy5...,Cpst)
= Hm, clx...xc,,|(U+(t)QBfa)(x1’ oo esX,)| 2dxy - - dx,
20, L 1D 1) )
X dx,...dx,. (78)

[Note: in (78), it is not yet clear that the indicated limits
exist, We shall see that sometimes they do and some-
times they do not. To deal with both possibilities simul-
taneously, we have used = signs instead of = signs in
(78). These are to be interpreted as follows: lim,_,,
A(t) = lim,_,, B(t) means lim,,, . (A(t) —B({t)) = 0.
Thus the first = in (78) implies that to investigate the
existence of the limit of P(f,;Cy,...,C,,1), it suffices
to investigate the existence of the limit of the integral
on the right-hand side of the = sign, since if either
quantity has a limit they both do, and the limiis are
equal. This was explained after (41)—for the proof that
(78) follows from (41), compare the proof of Lemma 3
of I. Similar use of = signs is made later.]

For simplicity we shall analyze the case in which the
sum over a on the right-hand side of (78) is finite. An
infinite sum can then be dealt with by a straightforward
but somewhat clumsy limiting process (based on the
finiteness of 25,/lS, 5 f5ll2) which we do not give ex-
plicitly. The results for an infinite sum are formally
the same as those we will get for a finite sum. If the
sum over « in (78) is finite, then we can write without
more ado

Mm P(f5;Cy,...,C,,t)

-iH t

o SfoB)(xl’ . -’x,;)

= tlldl-g a%:{, fCIXu-an(

x (e Harts o fa)xy, ..

lim Z}

t—>+00

X, )dx, <. dx,
e o tSanB’Xc »€ iH""tsa;'ﬂfﬁ>

= lim Z}<Saﬂf6,eiH“'xcl.__ne'i”“‘Saﬂfa)

t—>+00 Lo
iH_ ¢ -iH .t

+ 2 ( asfer€ ¥ Xe..., € ° Sa'ﬁfa>]

a#o’

r m{c)
= tl—lsgo _Za; (S“B fﬂ’ lr=11 M[al )(Bo(.(m(or.)-rl)s""B fﬂ)

+27 22 expli(E, —En,)t]

po M ’
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m(7p)
x (Snpﬂ Sas 11;11 M1an Bnp(m(npﬁl)s"iﬂ fﬁ>] ,
where the last line deserves some explanation, namely:
To obtain it, we have made use of Lemmas 2, 3, and 4.
All terms in the sum for which @ = @’ have been evalu-
ated by Lemma 1. Terms in which the partitions for
« and a’ are different have been omitted by Lemma 3.
Writing a = (p,1, ), a’ = (p'sn} .), the remaining terms
are ones in wh1chp b’ but Ny, # 7’,. In the second sum
in the last line of (79) the idea is to wrlte (p,n,) instead
of @ and (p, ﬂp) instead of o’—since the entry “Z" carries
no information here, however, we have simply replaced
a by n, and a’ by M . We have evaluated the terms
w1thp Py, =M, by Lemma 4. We have also called
attention to the prev1ously mentioned fact that m depends
on a by writing it as m(a) [or m(n,)]. In the analysis
to follow, where we discuss just one term, we write as
before m instead of m (a).

(79)

The task of analysing the last expression in (79) is not
as hard as it looks. The first remark to be made is
that the functions S_g f, have a very special form, since
for any a we have S_; f, € D,. Thus we can write

(saﬂ fﬂ)(xlr e ,X”)

=gaB(Y1;---)Ym)¢q1(z]_)'.'¢am (80)

The operators M, 1 =1,...,m,affect only the func-

tion g4 of the center- of-mass coordmates Y,...,Y
and not the functions ¢, (1), ..., ¢, @,y . The

operator x By oy affects only ¢amu' In the inner pro-

duct (Spg 5 [P My, X 8, (pyery Sas S5 We Can change
variables to the set ¥;,...,Y,;, Z3,...52,,, Z,.1. The
integration over z,,...,2,, is entirely unaffected by the
product of operators in the inner product and contri-
butes a factor of unity since ¢a1, peey ¢am arenormal-

ized. Taking account of this, we have

1 @mer)

m

(aﬂfa’ M, Xaa(mﬂ)sasfa)

m
= [ 8as™1sen s Y [L My 80s (s, ..., Y,)

X d¥y .- dY

m

(zm+1)¢'a

x f‘pamﬂ(znﬁl)XB mﬂ(zmd)dzm'rl’

(81)

o (m+1)

operates on the function g, in the
obvious way. [Previously M, 1, Was defined only on
£2(r37), When acting on S_g fB,MIal affects only the
function g,,. We have written the result as M; £.5.]
We can rewrite (81) using the definition of M,  as:

where in (81) MIal

m
(Saa Tor 11;11 MIal X By gmn )S“B fB)
= f Iqmlé:;(l)p--

m
x f °‘m+1

8y (m*l)

.»P,,)2dp, -+ - dp,,

(zm,,l)lzdzm+13 (82)

where B‘,L(,,,,,1 is the subset of R3S in which each of the
Sx/'sinlg . (1 e., the x,'s we have represented by z,,,,)
lles in its correspondmg cone, and gaB is the Fourier
transform of g, in all of its variables.

Before analysing the “cross terms” in the second sum
of the right-hand side of (79), we pause to examine (82).
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The inner product on the left-hand side of {82) is the
contribution of the outgoing channel o to the probability
we wish to compute, and we can interpret the expression
for this contribution on the right-hand side of (82) as
follows: if T, is defined by (44a), then | (¢7*7o*
g45(Y1,...,Y,)|2 is the ppd for the centers of mass
Y,,..., Y, of the fragments in o in the outgoing state

e Hats . fs and |§55(pys - -0, D,,)I2 is the (constant!)
mpd for these centers of mass in the state e_'HmtSmﬁ Sa-
The first integral on the right-hand side of (82) is there-
fore just the probability that the center-of-mass momen-
tum of the fragment / lies in the intersection I ,, for
l=1,...,m. It is not hard to see physically that this

is the same as the probability that all the particles of
all the fragments/ = 1,...,m asymptotically will be
found in their appropriate cones: let { € I'; be the index
of a particle in the /th fragment. Since the particles
constituting a fragment travel together, particle i will
asymptotically be in C; if and only if the fragment !/ is
asymptotically in C,, and this in turn will be true if and
only if the center-of-mass momentum p, of the fragment
belongs to C;. All particles in fragment ! will asymp-
totically belong to their corresponding cones if and only
if p, belongs to all of the cones C; with i € T}, that is

to I,,. This confirms the interpretation of the first
integral on the right-hand side of (82).

Since lqum+1 (z,,,,)|2 is the (constant) ppd for the par-

ticles in I',,., in the state e oS , f,,and B, ., , is
the set defined after (82), the second integral in (82) is

by definition the probability that the particles in I"

are in their respective cones—asymptotically or not, it
makes no difference, since this latter probability is
time-independent. Since the right-hand side of (82) is

the product of the two integrals we have discussed, we
have now explained why this right-hand side gives the
probability for the particles to wind up in their respec-
tive cones if the outgoing channel is . We must now
deal with the “cross-terms” in the second sum of the
right-hand side of (79). In analysing a term of this sum,
we shall write m instead of m (np).

To analyse a typical term of the second sum on the right-
hand side of (79), we first write down expressions for

the elements of £2(R3”) occurring in the inner product
in this term: ‘

(Snpﬂfﬂ)(xl’ corX,) :gnpﬁ(Yly ey Y,)

X ¢71P1(z1)"° ¢np(m+1)(zm+1), (833.)
(Sn},BfB)(xl’ ceesX,)
=gn'pB(Y1; “ee ,Yn)tbn;l(zl) S d)nb(nu]_)(zm,,l).(asb)

Note that there are as many bound states in (83a) as in
(83b) and corresponding bound states have the same sets
of variables. This is because the channels (p,7,) and
(p,n;,) have the same partition. [In (83), as in (79), we
are using 7, as an abbreviation for (p,7,), etc.] The
selection of bound states in (83a) and (83b) must, how~
ever, be different, because in the second sum on the
right-hand side of (79) we are only interested in the
case B, # ij. Now in the inner product occurring in

the term we are analysing, the product I[17%, M 1, X By gneny
does not affect any of the “internal variables” Zys.. .fzm.
Changing variables in the inner product to Yy,...,Y,,
Zyy.sesZy, Z,,q,We see that the integration over
Zy,...,%, produces the factor (p, 1,¢,,4) "

(d)npm, ¢>n‘ém)which is either unity or zero as the two sets
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of m bound states in question are identical or not. Ifthey
are not identical the term we are analysing vanishes, so
we proceed on the assumption that they are identical.
Since the selection of bound states specified by 1, and
n} is different, this must mean that

qbnp('””l) * ¢n;ﬁ(m+1)' (84)

The bound states ¢np(m+1) and ¢n'p(m*1) are then ortho-
gonal. Arguing as in our earlier discussion of the first

sum on the right-hand side of (79), we can see that the
inner product in the term we are analysing now becomes

D(np,n},)=f1n mgnp(Y]_,---)Ym)

plx "'XITIP
X gy (¥, .., Y,)dY, - dY

m

x ¢np(m+1)(zm+1)¢n;(m*1)(zm+1)dzm+1' (85)

By pme1)

Bnp(rml) is, of course, the set in which each coordinate
x, withi € T’ , is restricted to its appropriate cone,
and although the bound states in the integrand are ortho-
gonal, the integral over only the set Bnp(m,d) need not

vanish., We now have for the second sum on the right-
hand side of (79) the expression

4 ﬂp‘ﬂ"p

exp[i(Enp — E,,,P)t]D(Tlp, m,), (86)

where D(n,, 7)) is given by (85) when only the bound
states ¢np(m+1) and ¢, L om+1) differ, and is otherwise zero.

Using (82), we now write

Mim P(fg;Cy,...,Cpt)

= 7 2
“1‘1—1520 (Za) falx...xlum(a)tgaﬁ(pl’""pm(a))l
x dpl dpm(a) (87)
x jga(m(a)ﬂ)l Periayer By 1) 12 By oy + Sz(t)>,

where S,(t) is given by (86).

We now make several remarks. First, if all the static
potentials V. were zero, then there could be no par-
ticles trappeé near the origin, and the set I' ,,, would
always be empty. The case in which a term of Sz(t) was
nonzero would never arise, so that S, would vanish. The
integral over z,,,,; in the sum on the right-hand side
of (87) would not appear. The limit indicated in (87)
would then exist, and we would have the result:

Theorem 1: Suppose the Hamiltonian H of (2) des-
cribing » particles is such that the limits Q3 of (18)
exist and the requirement of asymptotic completeness
is satisfied. Suppose also that the static potentials
Vos&), j=1,...,n,in H are all identically zero. Then,
with the notation defined previously, we have

P(f5;C1r...,C,) = lim P(fg;Cqy...,C, 1)

= Jim clx..-xcnl(e_m%fﬁ)(xl’ e x,)|2dx, - dx,
=E.f |<§;a5(p1,-..,pm(a))|2dp1...dpm(a}.

a dar X Xy ey

(88)
The significance of the integrals occurring on the right-
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hand side of (88) has already been explained, and in view
of this significance we ought to consider Theorem 1 as
a mathematical verification of “just what we expected
physically” (for the case when all the Vo vanish): The
probability for the particles to appear in theu‘ respec-
tive cones is a sum. Each term of the sum represents
the particles emerging in a definite channel o, and gives
the probability that the center-of-mass coordinate of
each composite particle is in the appropriate intersec-
tion of cones. It is noteworthy that the various channels
represented in (88) do not “interfere” with each other—
each contributes independently to the sum. We also re-
mark that we could write down immediately, by selecting
the appropriate term of (88), the probability that the
particles emerge in a definite channel with each com-
posite particle in a specified cone. This is a probability
frequently sought in scattering theory, and it is a plea-
sant feature of our approach that all such probabilities
can be read off in a straightforward way from the one
equation (88). The proof of Theorem 1 seems to require
a lot of writing, although it is straightforward. Theorem
1 is the statement of the result on scattering into cones
in the situation when the question concerning scattering
into cones is most natural, as discussed at the beginning
of this paper. The case when there are no static poten-
tials is actually also the most realistic case physically,
particularly if one wants to deal with the recoil of the
target one is bombarding. Nevertheless, we go on to
make some remarks about the situation in which the

Vy; do not vanish.

When the V,; do not vanish, the Dy ,np) in (86) need
not vanish, and of course in this case S (t) will not con-
verge as t — + ®© unless by some stroke of luck we have

E, = = E,, whenever D(np,np) # 0. The physical reason
p2 Tp

for the nonconvergence of S,(¢) is not far to seek.
Rather than try to disentangle the notation involved in
the n-body problem, we give the reason by a simple
example: consider a single particle acted on by a poten-
tial V, and suppose there are normalized bound states
¢4y Pg, ..., with energies Ey, E,, . We ask for the
asymptotlc probability that the part1cle is in a cone C
when the state of the particle is

$,x) = ¢ "

n

(89)

n'C0, ), 21C,12<®,

We assume for convenience that the sum in (89) is finite,
so that there are no later convergence difficulties. If
the sum in (89) is infinite, we can use a limiting process
to obtain the same results. The required probability is

R . \ ~iE, &

P=lim [ lz”, e nic ¢, |2dx (90)
and the limit in (90) does not exist because the ppd for
the particle fluctuates in a regular way, so that as time
goes on the probability for the particle to be in the cone
does not approach a limit, It is, however, sensible to ask
for the time average of the probability that the particle
will be in the cone C. This is just the Cesaro limit:

. 1 /T -iE ¢t 5
P=ym - |, (L1 e 5,0, ax)dt. (1)
We can write [note the analogy to (87)]
Lz ¢ FniC, 0, x)|2dx
(92)

=21C,i2 fc | ¢, x)12dx + S,(2)
with
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S;0)= T o' Ya(E,, E,.), (93)
where

(B, B,.) =C,C,. [ ¢,(x) 0, & dx. (94)

It should be clear that the Cesaro limiting process of
(91) will not change the constant first term of (92), and
will remove all terms of S,(¢) for which E, = E,,, while
leaving unchanged terms of S,(t) with E, = E,, . Thus
we have

P=3Icl2 [ |¢,m)\2dx
+ 3 GGy J, 9a®) ¢, dx.  (95)

n=n'
-E'
Ey, =B,

We could write P in a slightly more attractive form if
desired. Namely, we could group together all ¢ ,'s with
the same energy E and call the result y;:

vex)= 2 Coo,&), lgl2= 22 ICl2.  (96)
En=E En =E
Then we would have instead of (95) the equation
P = ZE) jc | ()12 dx. 97

The cross-terms in (95) arise because wave-functions
¢, with the same energy contribute “together” to P—the
ppd determined from Y is not oscillatory. The expres-
sion (97) makes it somewhat clearer that the sums in
(95) will converge when 7 is infinite.

The behavior of the particles near the origin in our n-
body problem is analogous to the behavior of the par-
ticle we have just been discussing, and is the origin of
the nonconvergent part S, (t) of (87). By resorting to the
same method as before, we can compute the Cesaro
Limit, i.e., the time-average P(f,;C .,C,) as

t — + © of the probability that the particles will be in
their respective cones if we “send in” ¢ “'8'f,. The
expression for P(fgz;C,,...,C,) is a direct analogue of
(95). Namely, we have:

Theorem 2: Suppose the Hamiltonian H satisfies the
hypotheses of Theorem 1, except for the hypothesis that
the static potentials V,; are all zero. Then, in the nota-
tion defined prev1ously, we have

— 1 T
P(f4;Cy,.--5C,) = Lim ;fo P(f3;C1yevesCyot)dt
1T i
= 12!._'1’2) ; (4] {’[C)X Cnl(e ;Htﬂﬂfﬂ)(xl""’xn)lz
X dx, dx,,}dt
=2 flmx---xlam(a)lgo‘ﬂ(pl’ e+ 3P| 2 APy ** dPinga)
X fBoL(m(cL)ﬂ) 19 e pm(@y + 1 Zmcey+ 1)1 202 may 1
+25 2 D@y (98)
p mpEnY
Enp:En,

We could absorb the cross-terms D(ﬂp, % ) into the first
sum just as we did with the analogous terms in (95), but
this would just be an exercise in notation changing. The
explanation of these cross-terms remaining in (98) is
entirely analogous to the explanation of the analogous
terms in (95).
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With Theorems 1 and 2, we have reached our goal of
computing the probability (or when necessary the time
average of the probability) for the particles to be in
cones Cy,...,C, after a scattering experiment. We
recall the expressmn (41) from which we started, and
restate some of our results as follows:

When all the VOj are zero,we have
P(fﬂ;cl". C)—]t.—»oo le...xcn

S ey f )Xy, L., X,)|2 ARy -0 dX,, (99)
When not all the Vo;' are zevo,we have

P(f4;Cyqs...,C,)

—1im L [T -iHt ()~ 2
=lm - fo (‘};‘lx...xcnue QR fp) &y, o5 K,
X dxy - dx,l.> dt. (100)

We now know that the limits in (99) and (100) exist.

Now ¢ #e*8'f, converges strongly to 231, as t > + .
We thus also have (use unitarity of e :#?)

-2iHt iHgt -iHt -
B — —
e fe e QBfB\I =0.

~iHd

lim |le (101)
t—+00

Because of (101), we can replace ¢

aus ‘9,1, by
e—ZLHtetHB tf

g in the integrands in (99) and (100) (see
Lemma 3 of I). We call attention to this fact by stating
it as

Theorem 3: Suppose the Hamiltonian H of (2) des-
cribing n particles is such that the limits Q% of (18)
exist and the requirement of asymptotic completeness
is satisfied. Let P(f4;C4,...,C,) be the probability that
if scattering is initiated in the state e “iHgt [ then, for
i=1,...,n,particle ¢ will be in the cone C; at large
positive times (provided it makes sense to speak of this
probability). Let P(f,;C,,...,C,) denote the Cesaro
limit for large positive times of the probability that for
i=1,...,n,particle { will be in cone C; when scattering

is m1t1ated in the state ¢ *8°f,. Then

(A) I all the static potentials VOJ vanish, then it makes

sense to speak of P(f;;Cy,...,C,), and
P(f3;Cqy...,Cp)
-2iHt iHat
=hm [ e L€ e ), x )1
X dx, -+ - dX,. (102)

(B)_I the V,; do not all vanish, it makes sense to speak
of P(fg;Cyqy...,C,) and

P(fg;Cyr...,C,)

T
= lim 1 (f
T =+00 T 0 Clx...xcn

L2 el f ) xy, .. x,) 2%, - - - dxn> dt. (103)
Theorem 3 is the analog of Theorem 1 of I, and Egs.
(102) and (103) are the analogs of Eq. (22) of I. Theo-
rem 3 represents a departure from the usual time-
dependent n-body scattering theory because the formulas
for the probabilities in (102) and (103) no longer involve
3. Of course, existence of Q; was one of the hypotheses
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used in deriving these formulas. However, since £ does
not appear in (102) and (103) it is at least concewable
that these equations can be used to compute the prob-
ability in which we are interested in a case in which the
Mgller wave matrices Q@ do not exist. One sees easily
enough that (102) and (103) give the correct probabilities
in the case of constant potentials V , for which the
M¢11er wave matrices trivially do not exist unless all

= 0. This is only of academic interest, however. It
is temptmg to conjecture that (102) and (103) also give
correct results when Coulomb potentials are involved,
in analogy to Theorem 2 of I. After a considerable
struggle, the present author is unable to ascertain
whether or not this is true, and is willing to call it a
hard problem. Let us now proceed to a brief discussion
of the case when Coulomb potentials are involved.

If some of the potentials occurring in the Hamiltonian H
of (2) are Coulomb potentials, then the strong limits

3 of (18) no longer exist, and we must modify our treat-
ment, In discussing the necessary modifications, we
shall rely heavily on the treatment of Coulomb n~body
problems in Ref.7, To indicatethat there are now Coulomb
potentials present, we write H_ instead of H. We proceed
as follows: Just as in the case when there are no Coul-
omb potentials present, we make a list of all the ways

in which various subsets of the » particles can be bound
together. We denote the bound states by ¢al(zl), as be-

fore. Concerning the ¢°‘z we make the technical assump-

tion that they are “slightly better than square-integ-
rable”—what this means is that for each ¢, and for

each internal coordinate zf, 2= 1,...,7;, of the set z,,
there exists an € > 0 such that

k 1
AN

The domains D are defined as before with P denoting
the projection on D . In place of the usual operators

¢ o’ we construct “distorted” operators U, .(t) des-
cribed in Ref. 7. Then under the hypothesis (104) and
the hypothesis that each potential in H, which is not a
Coulomb potential can be written as the sum of a func-
tion in £2(R3) and a function in £2(R3), with 2 < p < 3,
we can show that the strong limits

,z)2dz], ..., dzt <o,  (104)

:Lli’io echtUac(t)Pa =850 (105)
exist.7:® The operators Q: . have all the properties (19)
through (22) previously listed for Mgller wave-mat-
rices. We denote by R . the range of Q% and by R the
orthogonal sum of all the Ri.. We shall continue our
discussion under the assumption that the limits in (105)
do indeed exist and that the theory is asymptotically
complete, i.e., that Ry, = R, and R# is the orthogonal
complement of the subspace spanned by the true bound
states of the theory.

When Coulomb potentials are present, one can no longer
. -iHgt . N
“send in e *"8 fg”s1.e.,0ne can no longer specify a

scattering state of the n-body system by requiring that
at large negative times the n particles were in a state

described by the wave-function ¢ e? Jg- Instead, we

must “send in U, (¢)f;”—the operator U, (t) is quite a

bit like ¢ *#8* , but is somewhat “distorted”, as necessary

to obtain convergence in (105). The ppd's determined by
- H

e B'f, and U, (t)fg agree asymptotically, so that to

the casual observer a group of particles propagated by

Ugg(t) looks at large positive and negative times like a

group of particles propagated by e Hpt I any case,
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we may now ask the question, Suppose that an #-body
scattering experiment is initiated with the particles in a
state described by the wave-function U (£)f,. What is
the probability P(fz;C,,...,C,) that for each] =
1,...,n particle j w111 be in cone C at large positive
times? The probability is of course given by

P(f;Cyy..rCy)

e e Qg fo) Xy s - v vy x,)I2

tir};lo fclx---xcn
(1086)

provided the limit in (104) exists. Actually, the situation
concerning the existence or nonexistence of this limit
is exactly the same as in the short-range case, and
Theorems 1 and 2 hold verbatim when Coulomb poten-
tials are present in the Hamiltonian, provided that any
Mgller wave-matrices arising (in the hypotheses of
the theorems, the definition of g4, etc. ) are interpreted
as the operators in (105). The fact that Theorems 1 and
2 hold when Coulomb potentials are present is analogous
to the fact that it was possible to prove (29) in I. The
reason that the theorems remain true is this: At large
times e ¢*Q,f, can be replaced by YU, ()R
At large positive times the ppd determined by

Ugo (1) Qs fs is the same as that determined by

—’H“tQ Qcﬂf and “thus” the final result is the same

as before We put “thus” in quotation marks because all
this must be proved. The essential point, however, is the
one we have mentioned, and we omit the proofs, which
are mostly a combination of the proof of (29) in I and

X dxy,...,d%,,
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the proofs of (88) and (98) in the present paper. Un-
fortunately, as stated above, the author has not been
able to prove that (102) and (103) give correct results
in the case that Coulomb potentials are involved.

In any case, we have derived a number of results which
corroborate the usual interpretation of nonrelativistic
scattering theory, giving a rigorous foundation to the
geometrical picture of the scattering process.
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Smooth families of spherically symmetric maximal surfaces which are spacelike except at r = 2m
are explicitly constructed in Schwarzschild space. Such surfaces should be useful in the study of

initial value problems.

Recent work of Yorkl has indicated the usefulness of
studying maximal spacelike foliations of relativity
spaces. A foliation is a family of 3-surfaces filling the
space, such that locally the surfaces arise as level sur-
faces of a function. A foliation is spacelike if each 3~
surface is spacelike; it is maximal if the trace of the
second fundamental form of each surface is 0. For
background material on foliations, a good source is the
expository paper of Haefliger.2 In this paper, we shall
find all spherically symmetric maximal foliations in
extended Schwarzschild space.3 It is proved that there
are maximal foliations defined for all » > 0 which are
spacelike except on the boundary of the black hole,

v = 2m. At r = 2m,the 1-form defining the foliation
enters the light cone. :

Let us adopt the notation of Kruskal.3 Then we are seek-
ing a 1-form

w=dt + h(r)dr

such that the surfaces defined by w = 0 are maximal
and spacelike. The unit normal vector to these sur-
faces is

1 d 0

S N, O B |
VB — B3h2 [ at ar.

where 1 — B2a2 > ( because the surfaces are spacelike.

Also, an orthonormal frame tangent to the surfaces is
given by

Ky (-h 2 e 2)

T VI —B2h? at or)’
132 1 3
X2=%3500 *3=73sing 94"

Using this basis to calculate the trace of the second
fundamental form, we find that it vanishes if and only
if

h o= — 2 —m n+ r — 2m)(27—3m)h3.

rlyr — 2m) 73

This is most easily solved by introducing the variable
¢ = Bh, which satisfies

o' =[(2r —3m)frlr — 2m)] (— ¢ + ¢3).
This equation has the solutions
=0, ¢==2[1+Ar3r—2m)]1/2

where A is a constant. The values of 7 for which this
is defined depend upon A. However, if 0 < A < 16/27m4,
then ¢ is defined for all » > 0, attains a maximum value
at 7 = 3m /2, and approaches 0 as » goes to infinity, I
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FIG.1. ¢ as a function of r for various values of A. The location of
the vertical asymptote for A < 0 depends upon A.

we now change to (v,u, 8, ¢) coordinates, we find that w
is a multiple of

wy = (u— ¢v)dv + (pu — v)au.

As r approaches 2m, ¢ approaches 1. Hence, the form
wy; =[(1 + ¢2)@2 + v2) — 4uvg] /2w,

defines the same foliation, and approaches
2-1/2(dv + du)

as v approaches 2m with # > v, It follows that the
foliation can be defined on the whole space so as to be
maximal and spacelike for » = 2m.

Note added in proof: Surfaces of this type have been

studied independently by Estabrook et al., Phys. Rev.,
in press. Their study focuses on computational ques-
tions, and includes a different derivation of the equa-

tions,
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The one-dimensional X — Y model in various kinds of inhomogeneous magnetic ficlds is analyzed. In
each case we find the spectrum and eigenfunctions of the system, and study the equilibrium and

relaxation behavior of the magnetization at any spin site.

1. INTRODUCTION

The X-Y model of a one-dimensional interacting spin-3
system was first introduced by Lieb, Schultz, and Mattis
in 1961.1 Provided the interactions are restricted to
nearest neighbors, and are under uniform external mag-
netic field, it is possible to obtain the spectrum and
eigenfunctions of the system and even solve the Liou-
ville equation exactly. Consequently the equilibrium and
nonequilibrium properties of the system can be studied.?

One interesting nonequilibrium property of the model
that has been studied concerns its relaxation behavior.
Suppose initially the system is in thermal equilibrium in
the presence of a uniform magnetic field. At time ¢ =0,
the field is switched off, and we observe the evolution of
certain physical observables such as magnetization. For
the isotropic X-Y model the total magnetization is a
constant of motion and hence remains unchanged. For
the anisotropic X-Y model it is found that the magnet-
ization per spin approaches a limiting value at ¢ = o,
which, however, is not equal to its equilibrium value. To
state this property concisely, one says that the system
does not thermalize.3

Abraham et al4 have studied the relaxation of the X-Y
model when the initial magnetic field is localized to
only one spin site. It is found in this case that the mag-
netization at any spin site and the spin correlation func-
tions approach their equilibrium values as ¢-1,

In this paper we treat the isotropic X-Y model in var-
ious kinds of spatially inhomogeneous magnetic fields.
With a wide class of fields it is possible to find the
spectrum and eigenfunctions of the system, and hence
study its equilibrium and nonequilibrium properties. In
particular, we find that in the relaxation problem, if the
initial magnetic field approaches zero sufficiently
rapidly at infinity, the magnetization at any spin site
relaxes to its equilibrium value asymptotically as /-1,

In the absence of a magnetic field and in the limit of an
infinite number of spins, the spectrum of the X-Y model
consists of a bounded continuum. In an inhomogeneous
magnetic field the nature of the spectrum in general
changes. The cases of different magnetic fields con-
sidered here serve as explicit examples of how a con-
tinuous spectrum can be changed by external pertur-
bations.

The plan of this paper is as follows, In Sec.2 we per-
form the necessary transformations of variables to
diagonalize the Hamiltonian, and to bring the eigenvalue
equation to a form to be studied. In contrast to the
usual procedure, the total number of spins is taken to be
infinite right from the beginning. In Sec. 3 we consider
the case of a magnetic field which is confined to a

finite number of spin sites but is otherwise arbitrary.
The eigenvalue eguation is then cast into a form similar
to that encountered in the linear theory of neutron
transport. Consequently the mathematical apparatus of
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singular eigenfunction solution5 can be taken over with
very slight modifications, In Sec. 4, the results are
generalized to the case of magnetic fields infinite in ex-
tent but approaching zero sufficiently rapidly at infinity.
Then in the following three sections we consider the
cases of a linearly increasing field, a quadratically in-
creasing field, and a spatially alternating field. In each
of these cases we find the spectrum and eigenfunctions
explicitly, and study the equilibrium and relaxation be-
haviors of the magnetization. The final section briefly
summarizes the results,

2. FORMULATION

The Hamiltonian which describes the isotropic X-Y
model with nearest neighbor interactions is given by
o0

Ro= 21 [SiSin
n=-00
where the S, are 3 times the Pauli spin operators. This
Hamiltonian commutes with 23° _ Sz, the total spin in
z direction.

Let 2, be the magnetic field (in the z direction) at the
nth spin site, The complete Hamiltonian is then
o0
¥ =3%y+ 2 h,Sz.
n=-o00
The Hamiltonian ¥ can be brought to diagonal form by
the following well-known transformations:

+ 5185l 2.1)

(2.2)

1. Define spin-raising and lowering operators b},

b,,by
by =Sr + 1Sy, (2.3)
b, = SF— iS3. (2.4)
It follows that
Sp=0;, — = (2.5)

The b operators are neither Fermi nor Bose operators,
but they can be expressed in terms of Fermi operators

¢,.» G by the transformation
n-1
b, = exp(— mi Eo €;1€,)C,, (2.6)
i=
n-1
b; = c; exp(mi 2] c;c,). (2.7
=0
Under this transformation,
brb, =clc,, (2.8)
and
buby = €0 (2.9)

In terms of the ¢ operators, the Hamiltonian X becomes

Copyright © 1973 by the American Institute of Physics 720
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0 o0 1 o0
X=3% 2 [che,q ¥ Chc,)+ 2 hche, —3 2h,.
n=-o0

n=-00

(2.10)
The constant term — 325.__k, can be dropped by

shifting the zero of the energy level.

2., Spatial Fourier transformation. Define

L] Cﬂ.
9) = eind —T=60=T7 2.11
lp( ) rLz‘-;oo (27T)1/2 ’ ’ ( )
the inverse relation being
_ (" _40 . _ine 2 12
e = Ly s & WO (2.12)

The ¢ (8) are Fermi operators satisfying the anticom-
mutation relations

{w*(8),w(6")} = 6(6 — 6"),
(), w90} = {w*(6),¥*(6")} = 0.

Let F(6) be the Fourier transform of the magnetic field,

(2.13)

o h
F(o)= 25 —“eino, (2.14)
n="-00 27
We have, since 2, is real,
F*9) = F(— 9). (2.15)

In this representation that Hamiltonian ¥ becomes
x
X = f.,, deé cosf Y *(6)y(9)

+ f"dej:de'wa)F(e— 9)Yw(8).  (2.16)
SR
To diagonalize JC, consider the eigenvalue problem

cosowy(8) + [ do'F(6 — 0" )wy(6') = E xw,(6), (2.17)
-7

where w, (6) are c-numbers, not operators. Suppose a

complete orthonormal set of eigenfunctions {w,(8)} can

be found. Expand

¥(8) = [drauw,(6),
YH(0) = [drajwie),

where the integral is understood to be integration over
continuum states and summation over discrete states.
Using the orthonormality of w,(6), one can show that the
coefficients a, are Fermi operators, and the Hamiltonian
J can be brought to the diagonal form

(2.18)

% = [d\E,a; a,. (2.19)
In the next few sections we will solve the eigenvalue
problem (2. 17) for different 2, and hence different F.

Before proceeding, we express the magnetization in
terms of the eigenfunctions u,(6). Let m ,[= SZ] be the
magnetization of the nth spin,

(2. 20)

In the relaxation problem the Hamiltonian is given by
(2. 16) for time ¢ < 0, and by (2.1) for ¢ > 0. Hence if
(+++) denotes a thermal average in the presence of the
magnetic field, and ¢ = 0, then
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(m,(t)) =(c, (D), (&) — %

iRt +
°c.ce
T de’ ind'

= e
-7 (27)1/2

e
=(e Boly _ 1

e‘me(em"tz[/"(a’)g//(o)e—ml’t) Y
(2.21)

The Hamiltonian 3, is just the first term on the right-
hand side of (2. 16). Using the anticommutation rela-
tions (2. 13), we have

T df
x f-n (2m)1/2

e ixotw*(er)lp(e)e-ixot — e-it(CoSG '“Cose)w+(el)w(6). (2. 22)
To calculate (¢*(6')(8)), we use the eigenfunction ex-
pansion (2,18). Since a, are Fermi operators,

<a;’,a ) - M,

(2.23)
A 1+ e

where 8(A’ — ) denotes a Dirac delta-function if A’ and
XA parametrize continuum states, and a Kronecker delta
if both parametrize discrete states. Substituting (2.22),
(2. 18), and (2. 23) into (2. 21), we obtain

(m, (1) ={c,; (e, ) — %

= [dxr 1 T _dv
1+ P50 77 (amy/2

in(6 - 6)~i{coso *-cose)t

™ d N
x [ (217)91/2 w} @y (6) — }.
(2.24)

Setting { = 0 gives the expression for the equilibrium
magnetization of the »th spin in the presence of the
external magnetic field.

Finally, one simple property of the magnetization should
be noted. The Hamiltonian 3, in (2. 1) does not dis-
tinguish between the positive and negative z axis. Write
(m,(2)) as

r[e_Bxe iscots:e-wcot]

(m,(t) = (2.25)

Tr[e”*]

Let (mn(t))(_) be the magnetization obtained with all the
k, in (2.2) replaced by — 4, ,i.e., with an overall sign
change in the magnetic field. It can easily be seen from
(2. 25) that

(mn(t)) = — (mn(t))(_) .

This simple relation is sometimes useful in calculations
related to the magnetization.

(2. 26)

3. MAGNETIC FIELD ON FINITE NUMBER OF SITES
A. General properties of the eigenvalue equation (2.17)

Before solving the eigenvalue equation (2. 17) for a given
magnetic field, we note some of its general properties
[which can be proved in the usual way by using (2. 15)]:

(i) If an eigenfunction is square-integrable, its
corresponding eigenvalue is real. The eigenfunctions
that are not square-integrable will be shown to corres-
pond to continuum modes with eigenvalues on the real
line between — 1 and + 1. Hence all eigenvalues of
(2.17) are real,
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(ii) Eigenfunctions corresponding to different eigen-
values are orthogonal to each other.

(iii) There is a degeneracy: if w,(6) is a solution of
(2. 17), then w¥(— 8) is also a solution with the same
eigenvalue, For simplicity we often consider magnetic
fields which are symmetric with respect to the zeroth
spin,i.e.,n, = h_,. Then F(9) is real and even in 6, by
(2. 15), and the eigenfunctions w,(8) can be taken to be
real functions. Because of the degeneracy we form
linear combinations and classify the eigenfunctions as
either even or odd in 6.

B. Eigenvalue equation with the magnetic field on finite
number of sites

We assume k, = 0 for |z| > N, and, for simplicity, ’, =
k_,. The function F(6) then becomes

F(9) = 2—0 i:) cosnd
= ZN) —i—— cosni, (3.1)
7=0 (1 + 8q )7
The eigenvalue equation (2.17) becomes
cosfw,(0) + nzom f_:de,
X cos[n(6 — 8")]w,(8") = Eywy(6). (3.2)

Let u,(8) and «,(9) denote the even and odd eigenfunc-
tions respectively. Expanding cos[n(6 — 0')] =

cosnf cosnf’ + sinnd sinnf’, we have separate equations
for the two types of eigenfunctions:

h T
cosbu,(0) + nEo T 67; AL cosnf f_“do’
x cosnd'uy(6’) = E\ux(6), (3.3)
N %
cosbir, () + nzom sinnef_"dgr
X sinnb’w,(0') = E,#,(6). (3.4)

These equations are quite similar to the eigenvalue
equation that arises in linear neutron transport theory.5
To solve these equations we therefore follow closely the
method used in the latter case. We shall treat (3. 3) in
detail and only quote the results for (3. 4), since the pro-
cedures are entirely the same in the two cases.

Let

$a(By) = [ | do cosndu,(6) (3. 5)
be the Fourier coefficients of the eigenfunctions. Multi-
plying (3. 3) throughout by cosl8 and integrating over 6,

we obtain the following recurrence relations for the co-
efficients:
S.1(E)) = [2/(1 + 64 ) JE) —

hl)Sl (E)\) - sl—l(E)\)y

s, =0, (3.6)
Clearly any s,(E,) is proportional to sy(E,), the pro-
portionality factor being a polynomial of order [l in E.
The first few coefficients are given below:

s]_(E)\) = (E\ — ho)so(E}\),
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SZ(E)\) =

$3(E,) =

[Z(EA - h]_)(E)\ - ho) - I]SQ(E)\)’
[MEN — ho ) E\ — B HE) — hy)

— 2(E\ — hy) — (E\ — ho)]so(E)\)-
It can be seen that «,(8) is a nontrivial solution of (3. 3)

only if sy(E,) =
we can set

f_ :d()u A(8) is nonvanishing. In this case

SO(EA) =1, (3.7

since u,(6) is determined only up to a multiplicative
constant.

The eigenvalue equation (3.3) can be written as

(cosf — E,)u,(68) = M(cosb,E,), (3.8)
where
N hn
M(cosb,E,) = — 2; —————— cosnbs,(E,). (3.9)

n=0(1+ 60,71)”

C. Discrete modes

Square-integrable solutions of (3. 8) are discrete eigen-
functions. We use 7 instead of A to parametrize these
eigenfunctions and eigenvalues, Clearly either E, lies
outside the interval [— 1,+ 1] or, if it lies inside the
interval, M(E;,E,) = 0. In either case,

8) =£(—c—(—)—s—e—’—Ei—). (3.10)

1t
cosd — E

i
i

The eigenvalues E; are determined by the condition (3. 7):

. " M(cosb,E,) .
= f—w cosd —E; (3.11)
Introduce the dispersion function
Az) =1~ [ ap™(cost,2) (3.12)
T cosf — 2z
T ppeEL .
= ——5,(2)Q,(z 3.13)
z 1+50n) H(2Q,(2), (
where
v cosnf
z) = dg———. 3.14)
&) f" cosf — z (

Every eigenvalue E, is then a zero of A(z). Conversely,
if z, is a zero of A(2),i.e., A(z;) = 0, we can use the re-
currence relation (3. 6) to construct a set of numbers
{50(2), $1(2,), 55(2,), + - + }, where s((2,) is taken to be
unity. Using (3.9) and (3. 10), we then construct a non-
trivial eigenfunction «,(9) with eigenvalue z,. Hence the
discrete eigenvalues Ei are in one-to-one correspon-
dence with the zeros of A(z). This is an important
observation to which we shall refer later. As an imme-
diate consequence, the zeros of A(z) must all lie on the
real axis.

The function A (2) is discontinuous across the cut from
—1to+ 1, Let 2 = v+ ie, where ve[— 1, + 1], and denote
the boundary values of the dispersion function by A%(v).
It follows from (3. 12) that

HAW) + A(n)] = 1—2p [ =9 M)

3.15
1Vl—p2 p—v ( )
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. M(v,v)
ira+ - — 2 .
A V) — A (V)] = — 2md 1_ 2%’ (3.16)
where P denotes the Cauchy principal value.

D. Continuum modes

Suppose E, lies in the interval [— 1,+ 1]. For conveni-
ence set

E,=cosxn, O0=xr=m, (3.17)
The general solution of (3. 8) is a distribution,

M(cos@, cos))

w(8) = P + T (A)[6(6 — A) + 8(6 + )],
cos@ — cosi
(3.18)
where the function I'(A) is determined by (3. 7):
r(x)=%(1_pf“deﬂc—9s—%°—°s"—)>, (3.19)
i cosf — cosa

or, in terms of the dispersion function,

T(A) = 1/4[~X (cos\) + A (cosA)], (3.20)

where (3. 15) has been used. Clearly I'(A) can always be
chosen so that (3. 20) is satisfied. Hence any E, on the
real interval [— 1,+ 1] is an acceptable eigenvalue; the
corresponding eigenfunction is given by (3. 18) and
(3.20).

E. Normalization integrals

The eigenfunctions «,(0) and #,(8) are not properly
normalized. Define the normalization integrals N, and
N, by

[ asfu, (0012 = N, (3.21)

and
f_:dﬂuh(e)u)\,(e) = N,6(x — 1),

The pro?erly normalized eigenfunctions are N;1/2y ()
and N;1/2y4,(0). Some care must be exercised in de-
fining the normalization integral N, for the continuum
eigenfunctions. We wish to use the normalization
integrals to evaluate the coefficients in the expansion of
a function f(8) in terms of u,(8),

(3.22)

£(6) = foﬂd)\A(h)uA(e). (3.23)

Multiplying by «,.(6) and integrating over 6, we find that

m kil m
A _dOf (O (8) = / _dBuy (9) fo dAXA(Mu,(6). (3.24)
In analogy with the usual case, the left-hand side of
(3. 24) is defined to be N,, A(A’). Thus,

1 [ [
N, = A_(ﬂf_" dbuy (6) [, AXAN,(6). (3.25)

The important point to note is that the order of inte-
gration in this double integral matters, because of the
singular nature of the functions u,(8). To interchange
the order of integration, one needs to use the Poincaré—
Bertrand formula5

1 [avp— L

T
[ aep —
Y cos8 — cosx "0 cosA’— cosé

£(6,2")
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™ _g(r,)
B sinzhg ’
1 '
1 P - £(6,1"),
cosf — cosh cosA’ — cosé
(3. 26)

where g(6,1') is an arbitrary function. To ensure that
the quantity N, defined by (3.25) agrees with that de-
fined by (3. 22), the evaluation of the integral in (3. 22)
has to be supplemented by the following recipe regarding
the product of two principal values: :

+ fo’r ax’ foﬂdeP

1 p 1
cosf — cosh cosf — cosr’

P

_ 1 P 1 _p 1 ]
cosf — cos\’ cosf — cosx cosf — cosr’
ﬂz
— — -’ .27
o 8(0 — A)5(0 — A7), (3 )

The recipe is a symbolic form of applying the Poincaré-
Bertrand formula,

Evaluations of the normalization integrals are given in
the Appendix. We state the results here.

N, =—ME, E)2AR) | (3. 28)
0z 2= 8,
N, = zA*(cos\)A~(cosr). (3.29)

Two properties of the dispersion function A(z) follow
from these results:

(i) All zeros of A(z) lie on the real axis outside the
interval [— 1,+ 1],

Proof: Equation (3.12) shows that if A(E)) = 0, where
Eg[— 1,+ 1], then M(E, ,E,) = 0. It follows from (3. 28),
w
then, that N, = f_" dé[u;(6)]2 = 0. However, we have seen

that every zero of A(z) corresponds to a discrete eigen-
state with a [nontrivial] square-integrable eigenfunction;

Lee., [ d6[u(6)]2 = 0. This contradiction shows that

A(z) cannot have a zero within the interval [—1,+ 1].
Physically this property means that the discrete and
continuum spectra do not overlap.

(ii) All zeros of A(z) are simple.

Proof: If A(z) has a multiple zero at E,, then
dA(z)/0z Iz= B, = 0. The same argument as above shows
that this leads to a contradiction.

In addition to the above two properties, we have the
following:

(iii) All zeros of A(z) lie on a finite segment of the
real axis.

Proof: We examine the behavior of A(z) [as given by
(3.13)] at |z| = . From the recurrence relation (3. 6)
we have

s,(2) e 2n~lgn, (3.30)
From (3. 14) we have
T
Q,(2) Ton—=>— T (3.31)



724 K. M. Case and C. W. Lau: The one-dimensional X—Y model in inhomogeneous magnetic fields 724

Therefore,

A(2) s> 1 Ly (3.32)
z ry —_—— _— .
121=0 22 n=0 1+50”

This shows that A(w) = 1. Hence the zeros of A(z) must
lie on a finite segment of the real axis.

F. Completeness

The eigenfunctions we have constructed form a com-
plete set (for even functions). The proof of this im-
portant property follows closely the procedure used in
the case of the neutron transport equation; instead of
repeating the procedure, we refer the reader to Ref, 5
for details. Here we briefly sketch what the proof
involves.

Let f(0) be any given function,® even in 6. Because of
evenness it is sufficient to consider only positive 8. We
wish to prove that it is always possible to write f(9) in
the form

(o) = Z;alu,(e) + f drxa(\)u, (), (3.33)

where the @ are expansion coefficients to be determined,
and K is the total number of discrete modes. Set

Eau

Using the explicit expression (3. 18) for «,(8), (3.33) can
be written as

F'(6) =s(6) — (3.34)

M(cosb, cosi)
cosf — cosA

+ $[A*(cosd) + A-(cosb)]a(6).

f'e)y=Pr f dra(r)

(3. 35)

If f'(0) is regarded as a known function, (3.35) is a
singular integral equation for the unknown function a(2).
From the theory of singular integral equations, a solu-
tion exists only if the function f'(9) satisfies K sub-
sidiary conditions [which is connected with the existence
of K simple zeros in the dispersion function A(z)].
These K conditions suffice to determine the K discrete
coefficients a,. Consequently the expansion (3, 33)
exists. Furthermore, the coefficients a; and a(A) can be

determined from the orthonormality of the eigenfunctions.

G. Odd eigenfunctions

The solution of (3. 4) is entirely similar to (3. 3), and we
quote the results here.

The Fourier coefficients of the odd eigenfunctions #,(9),

3,(By) = [ do sinni, (6), (3. 36)
satisfy the recurrence relation
5,.1(B)\) = 2(E\ — 1h,)5,(E\) —5,.4(E), n=1,
SolEx) = 0. (3.37)

It can be seen that every coefficient s, is proportional
to 5., the proportionality factor being a polynomial of
order #— 1 in E. As before, we set

5,0 =1, (3.38)
Define
— N ok,
M(cost,E\) =~ 2 7 sinnfs (E,) (3.39)
n=1
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and
Az) =1— [ do sinp?(€056,2) (3. 40)
d cosf — z
N on _
=1+ 2, T”§n(z)Qn(z), (3.41)
n=1
where
Q.2) = [ d6 sing S0 (3. 42)
o cosf — z

As before, there exist in general both discrete and con-
tinuum modes The discrete eigenvalues are the zeros
of A(z), these zeros having the same properties as in
the even case, The continuum eigenvalues consist of the
real interval [— 1,+ 1]. The corresponding eigen-
functions are

- M(cosf, E)) 3 43
i _cose—fi’ (3. 43)
_ M(cosf, cosr) 1+ - -
8)y=P 2 + A A) + A A
) cosf — cosA 4 sin)\[ (cosh) (cosa)]
X [6(6 — ) — 8(6 + \)], (3. 44)
and the normalization integrals
T -
S dol#,(9)]2 = N,
ME, E) oAz
VMG E) 98 ,  (3.45)
(1— Ei2)1/2 0z 2=F.
f_" A9, (6)iir, (8) = Ny6(A — 17), (3. 46)
N, = A* (cosA)A™ (cos)\) (3. 47)

2 sinZx

These discrete and continuum eigenfunctions together
form a complete set (for odd functions).

H. An example

Only in very simple cases can one calculate the dis-
persion functions explicitly and hence obtain more de-
tailed information about the distribution of discrete
eigenvalues, Here we consider one such case, for which
the magnetic field is

|nl =N,
[n] > N.

/(h>0
_10

The recurrence relations for the Fourier coefficients
s,(z) and 5,(z) can be solved explicitly in this case. Let
o, and a, be the roots of the quadratic equation

(3.48)

2-2za+1=0, (3.49)
that is,
o, =z2xVz2— 1)1 (3.50)

For z outside the real interval [— 1,+ 1},@; and @,
have different moduli, their product always being unity.
We always take &, to be the root with modulus = 1, and
o, the root with modulus = 1,

Let

z2'=z —h. (3.51)



725 K. M. Case and C. W. Lau: The one-dimensional X—Y model in inhomogeneous magnetic fields 725

The solutions of the recurrence relations (3. 6) and
(8. 37), with the initial conditions (3.7) and (3. 38), are

5,(8) = s[er +ayp], n=N+1 (3. 52)

and
5,(z) = +aj, {3.53)
al —a;

n=N+1,

where o , are defined by (3. 50), with z replaced by z'.
The right-hand sides of (3. 52) and (3.53) are just
Tchebichef polynomials of the first and second kinds,
respectively, in the variable z":

Sn(Z) - Tn(Z’),
3,(2) = U,_4(2),

For n > N + 1, the coefficients have different form, but
they are not needed to evaluate the dispersion functions.
The integrals @,(z) and Q,(z) as defined by (3.14) and
(3. 42) can be evaluated to give
Q,(2) = 4nag/(a, — @),
Q,(2)

Substitute (3. 52), (3. 53), (3. 56), and (3. 57) into (3.13)
and (3. 41) for the dispersion functions. The sums can be
carried out and we find that

n=N+1, (3. 54)

n= N+ 1, (3. 59)

n=0, (3. 56)

=—2nag, n>0. (3.57)

A(z) = [Qu(z)/ 21 ][, Ty(2") —
—K(Z) =

Tw.1(21], (3.58)
[aN(Z)/zﬂ][azUN_l(z’) — UN(Z')],

Hence the zeros of A(z) and A(z) are determined, re-
spectively, by the two equations

(3.59)

oy = Ty, (2)/Ty(2'), (3.60)
oy = Uy(2')/Uy. (). (3.61)
One can show that

T, ..(2"

'M(’I_)> 1, forz' > 1,
Ty(z’)

Ty,

-i—l(—,—? —1, forz'<—1. (3.62)
Ty(2")

The same relations hold for the Tchebichei polynomial
of the second kind, Since o, is always less than one in
magnitude, we conclude that (3.60) and (3. 61) have
solutions only for

—1<z'<+1
or

—14+hr<z<1+h, (3.63)

Recall that the discrete eigenvalues cannot lie within the
continuum [— 1, + 1]. Therefore,if —1+2<1lorh <2,
(3.63) can be replaced by

1<z<1+h. (3. 64)

Equation (3.63) or (3. 64) gives the bounds of the dis-

crete eigenvalues. Their exact values can be found only
by numerically solving (3. 60) and (3.61).
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1. Relaxation of magnetization

Returning to the case of a general magnetic field [finite
in extent], the eigenfunction solutions will now be used to
study the relaxation of the magnetization as formulated
at the end of Sec. 2. We recall that in the relaxation
problem the system is initially in thermal equilibrium
in the presence of the magnetic field. At ¢ = 0, the field
is switched off, and we observe the evolution of the
magnetization of the nth spin, The time-dependent mag-
netization, as given by (2. 24), has four contributions, due
to the even-discrete modes, even-~continuum modes, odd-
discrete modes, and odd-continuum modes, respectively.

Consider the even modes. Equation (2. 24) gives

B(Ei) B 49 in@-icos -
(CHOC, Deven = 23 N, - amiiz o-icosoty, (6)|
cos)\) de 2
M f N, ' —1: (2m)1/2
(3.65)
where
B(x) = 1/(1 + eBx), (3.66)

Clearly, as { — «, the contributions of the discrete
modes are all of order -1, The asymptotic time depen-
dence of the continuum part, however, cannot be seen
directly because of the singular nature of the eigen-
functions #,(6). Some manipulations are needed.

Define
It,nz)= [ 40 ino-icose+ M (€086,2) (5 gy
- (27)1/2 cosf — z
F(z) = — M(z, 2)A(z). (3.68)
The discrete normalization integral is given by
N, =— M(E,,E,) aA(z)
z=E;
= ) (3.69)
oz z=E

i

where we have used A(E,) = 0. The contributions of the
discrete modes can be expressed as follows:

B( i n db
in6-i cos@'ty (g
? N, ~m (2-”)1/28 u( )l
B(E)
I(t,n, E)I(— E,
Zz>8F(z)/az b M1 m E)
=§r7 I(t, n,2)I(— t,n,z), (3.70)

where C, is a contour around the discrete eigenvalues,
as shown in Fig.1. The contribution of the continuum
modes is simply related to the contour integral in (3.70),
but now with the contour C, surrounding the cut (Fig. 1):

" A o 2
fo ar Blcosr) [’ do ezne—tcose'tu)\(g)]

N)\ - (2'”)1,,2
1 B(z)
-E”Cld e )I([ n,z) I (—t,n,z)

+1 foﬂ drB(cos)) cosZna. (3.71)
T
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The validity of (3.71) can be checked by deforming the
contour integral into integration above and below the cut,
and using the explicit expression (3. 18), (3.20) for the
eigenfunctions %, (9). Equation (3. 65) then becomes

. - B(z)
(CC(Deven = 5 fcdz = )l(t, n,2)I(— t,n,z2)
+ %—fo dAB (cos)) cos2nx, (3.72)
where C is the sum of the two contours C,; and C,.
Similarly for the odd modes, we have the result
. B(z)
(Ci(1)C,(1))ygq = o fcdz ) Ht,n,2)I(— t,n,z)
+ L[a\B (cosn) sin?ma,  (3.73)
i
where
_ T dg o M (cose, 2)
I{t,n,z) = gind-i coset________ 3.74
(t,m,2) f‘" (2m)1/2 cosf — 2 3.74)
Flo) = — M2:2)___ 7, (3.75)
(1 —z2)1/2 : :
Using the fact that
lf"dAB {cosx) cos2nx + —l-f"d)\B (cosx) sin2znx
TY0 TY0
10 _
=— [, dxB(cos)) =1/2,
(3.76)
we finally have
(m,,(t)) ={C;@)C,t) — 3
1
=-— | dzB(z
27 fc )
X I(tj an)I('_ t; n’z) + I_(t,ﬁ,Z)f(—L n4z) (3‘ 77)

F(z) F(z)

As t — o, the integrand in (3. 77) is of order {-1. Hence
we conclude that the magnetization approaches zero as
t-1 for large ¢.

4. MAGNETIC FIELD ON INFINITE NUMBER OF SITES

The treatment and results in the last section are gener-
alizable to the case of a magnetic field which is infinite
in extent and satisfies

|
$37/8
s Ti/B ¢
C2 I-Wi/B CZ
0-31ri/B

FIG. 1. Contours for evaluating integrals for relaxation of the
magnetization,
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O
Zh" < o0,
n=0

4.1)

Such a magnetic field poses questions of convergence of
the dispersion function A(z) and the M function. Let us
first consider the dispersion function given by (3. 13),

A)=1+ ,?"6 n 60 5 5,(2)Q,(2).

The coefficients s, (z) satisfy the recurrence relation
(3. 6), which for » = © becomes approximately

(4.2)

$,,1) = 2zs,(2) — 5,_4(2). (4.3)
The characteristic equation of this recurrence relation
is just (3. 49). Therefore,

s,(z) = A(z)at + Bg)ag, n-—©, (4.4)
where A(z) and B(z) are some functions of z, indepen-
dent of #,and @ , are the roots [Eq. (3. 50)] of the
characteristic equation. We recall that @ a, = 1, and
that @, is taken to be the root with magnitude greater
than or equal to one.

The quantity @,(z) is given by (3. 56),

Q,(2) = 4ras/(ay — aq). (4.5)
Therefore,
n+1(z)sn+1(z)’ 1, ifA@)=0,
w2 | g (2)s,(2) lalz2 <1, 1fA(z)=0. (4.6)

In either case, since (4. 1) is assumed to hold, the infinite
sum in A(z) converges uniformly in the z-plane cut along
the real interval [— 1, + 1]. Hence A(z) is an analytic
function in the cut plane. As (3.32) shows, A(®) =1,

The function A(z) in (4. 4) is related to A(z). To show
this we use the relation

3

R,
1+ nZo ————————(1 T o, 5,(2)Q,(2)
Q,( )

2

which can be proved by using the recurrence relation
(3.6) for s,(z) and (4.5) for @,(z). Let ! be large enough
so that

——[a,s5,02) — 5,.4()], 4.7

i

Az) = Z%m $4(2)@,(2)
sz( )[azs (2) — s,,,(2)]. (4.8)

From (4. 4) it follows that

0,5,(2) — 5,,1(2) = AR)aj[a, —a,], 1o (4.9)
or

% [ays,2) — §,,@)] = 24(2), 1=>®.  (4.10)
Comparing (4. 8) and (4. 10) gives

Az) = SA(2), (4.11)
so that

s,(2) = 5A()a} + B(z)ap, 1— o, (4.12)
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This is a satisfying result, because it shows that atz =
E,, the discrete eigenvalues or zeros of A(z), s,(E;) > 0
as [ 0, as is required of the Fourier coefficient of an
integrable function.

The M -function is defined by the generalization of (3.9):

% h
M (cos0,z) = — —_—
( ) Ao (1 + 60 )7

n

cosnf+ s, (z). (4.13)

This infinite sum converges for z € [ 1, + 1], since
(4. 4) and (3. 50) show that

s,(cosx) = A (cosr)ein* + B(cosA)e inr  n— w0, (4.14)
At the discrete eigenvalues z = E,, the convergence is
guaranteed by (4.12),

We need also to examine M (E_, E,), which is related to
the discrete normalization integral, Let T,(z) be the
Tchebichef polynomial of the first kind,

T,(2) = 3[at + az) = a7, zd[—1,+1]. (4.15)
1t follows from (4.12) and (4. 15) that
T,(E)s,(E,) = 3 B(E)). (4.16)

Consequently the infinite sum

K. M. Case and C. W. Lau: The one-dimensional X— Y mode! in inhomogeneous magnetic fields

727

© 2
LE)=— 3, — " T,(E)s,(E 4.17
M(E;,E) f?o(l o7 T,(E;)s, (E;) (4.17)

converges.

We conclude, therefore, that the eigenfunction solutions
in Sec. 3 also apply to the case of a magnetic field
infinite in extent and satisfying (4.1). There are a
finite number of discrete modes in addition to the con~
tinuum modes. The eigenfunctions are given by the
same equations (3, 10), (3. 18), and (3. 20), where M and A
are now defined by infinite sums, These eigenfunctions
form a complete set (for even functions), and their
normalization integrals are given by (3. 28) and (3. 29).
Actually the derivation of the normalization integrals in
the Appendix requires modification, since now M(cosb, z)
does not exist for all z. However, instead of carrying out
the modified derivation, we merely note that, since A(z)
is analytic and M(E;, E;) converges, the final results

(3. 28) and (3.29) can be obtained by taking appropriate
limits.

These conclusions, of course, also apply to the odd
eigenfunctions,

In the relaxation problem, a difficulty is encountered be-
cause of the fact that the function M(cos6, E,) cannot now
be extended to include complex values of its arguments.
The magnetization cannot be written in the form of
(3.77); instead we have

(m, () = Eif-id"B(“) (I*(tlgu)I“F L) DlnmCtnp) D0t (=tnp) I, Wt 0 )

F-(u)

F-(w)

F*(w) Fu) >

I(t, n,Ei)I(‘“ t, n:Ei) + 2 B(E_)
N, i !

+ Z) B(E,)
b i

where, for example, I (¢, n, u) are the boundary values of

the function defined in (3. 67).

To study the long-time behavior of the magnetization,
there seems to be no other way than a direct asymptotic
evaluation of the expression (4.18). We will not present
the rather lengthy calculations here, but only make one
technical remark concerning the asymptotic evaluation
of the integral I%(¢, n, u), which is given by

M(coso, 1)
cosf — ¥ i€ ’

e ind~it coso

Itym = " -2 (4.19)

- (2m)1/2

The factor e-# cos0 has saddle points at 6 = 0,7. For p
“close” to + 1, we therefore have singularities “close”
to the saddle points. Consequently the usual saddle-~
point evaluation of the integral (4. 19) must be modified
to take into account these singularities.

The lengthy calculations produce the expected result

m,,(£) = O(1/1),

t— o, (4.20)
This result is expected because of the fact that in a
magnetic field infinite in extent but satisfying (4. 1), the
spectrum of the system is essentially the same as in a
magnetic field finite in extent. That is, there are a
finite number of discrete eigenvalues in addition to the
continuum. Consequently the relaxation behavior of the
magnetization in the two cases should be the same.

5. LINEARLY INCREASING FIELD

The magnetic fields considered in the last two sections
do not induce much change in the spectrum of the sys-
tem: a finite number of discrete eigenvalues appear in
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I{t,n,E)I(—t,n,E)

) (4.18)

i
addition to the original continuum. If the magnetic field

k, is a polynomial of order p in n, the eigenvalue equa-
tion (2.17) in general becomes a differential equation of
order p, and the spectrum is radically changed. The
simplest case, that of a linearly increasing field, has
recently been discussed by Smith.?

For completeness we here briefly summarize the per-
tinent results,

(1) The spectrum is purely discrete and extends
from — ® to + ©, The eigenvalues are

E =0, I[1=0,%x1,£2..-, (5.1)
and the normalized eigenfunctions are
W,(6) = (27)"1/2 exp[(i/h)(sin6 — E,6)]. (5.2)

(2) The equilibrium magnetization under the applied
field is given by

0

my(O) = T BO,., (" 1)]2 - 3, (5.3)
==00

where

B(x) = 1/(1 + e5*) (5.4)
and J, is the Bessel function of order 7.
For k > 0, this shows that
(m,(0) = 1/2, = large and positive,

= —1/2, nlarge and negative, (5. 5)

as would be expected physically.
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At zero temperature the expression (5. 3) simplifies to

n-1

(M, (O, = 2[J@OL) + T2 )] + Z}lle(h'l). (5.6)
1=

(3) In the relaxation problem, the time-dependent
magnetization (#, (¢)) is given by

(m,(t) = li}wB(lh) |F,,(1,8)12 — 3, (5.7
where

F(-1,t) =f dT -it cost-(i/k) sin@+ilo (5.8)
In particular,

(m_, () =—(m, (1), (5.9)

and hence the total magnetization is always zero and
<mo(t)> = 0.

For large ¢, we have

(m, (1)) = E ®,t— o, (5. 10)
where

®, = B[(l — 1)k] — B(lh).
At zero temperature this simplifies to

(m (Vg = ft—’ - ©, (5.11)

6. QUADRATICALLY INCREASING FIELD

The case of a quadratic field leads to a well-known
equation for the eigenvalue problem. With &, = n2h,
(2. 14) gives

F@e)=nr Z) ~ew9

n=-co 2W

32 ¥ gind

= — h—
060 n=-c0o 27
= — hd"(9). (6.1)
2 .
_-=""h €3

2 kZ_
~
b1 -
\'; T L4 I
0 N IO\ 15 h
2 = 2
n & St
2

FIG. 2. Dependence of the eigenvalues on the magnetic field, taken from
Ref. 6, p, 40, Fig. 8(A).
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Therefore the eigenvalue equation (2. 17) becomes a
second-order differential equation

d2w,(9) . <Ez cosf
dez2 h h

where again the parameter X is replaced by I. The solu-
tions w, (9) must in addition satisfy the periodic condition

) w,(8) = 0, (6.2)

w(6 + 2m) = w,(6). (6.3)
Equation (6. 2) is just Mathieu's equation, which has been
well investigated. Here we summarize the relevant pro-

perties of the solutions subject to the condition (6. 3)8:

1. The spectrum is discrete and bounded from below.
The eigenvalue E, is a continuous and single-valued
function of %.

2. The solutions are either even or odd in . Let
{Eell} be eigenvalues of the {¢%¢h

finite values of k, € # &; as k — 0, both ¢, and € approach
hi12, where ! is an 1nteger, and the even and odd eigen-
functlons approach multiples of coslf and sinlf, respec-
tively. A graph of the eigenvalues as a function of h is
shown in Fig. 2.

eigensolutions. For

3. The eigenfunctions are in one-to-one corres-
pondence with the trigonometric functions coslé and
sinlg, and, analogous to the latter functions, form a com-
plete set, Letu,(d) and #,(6) denote the even and odd
normalized eigenfunctions, respectively. We follow
standard notations and write

u,(6) = 1172 ce,,(6/2),
’ l=011’2,”':
#,(0) = 1172 ge,,(6/2)

(6. 4)

where {22218522;} is the Mathieu function which reduces

coslo

to a multiple of {Sin 19} as b — «. The function se,(6/2),
and hence %, (6), is identically zero.

In terms of the eigenfunctions, the equilibrium magnetiz-
ation becomes [(2. 24) with ¢ = 0]

m (O) =— L+ OZO) (f" deelein(e-G’) u,(0)u,(6")
" RE AP
dods’

o o[reds

2w

1+ eBEl
ein(ﬂ-e') ul(e)ul(el)> . (6. 5)

1+ e

Expanding the eigenfunctions in Fourier series (again in
standard notations):

u,(6) = w-1/2 % A2 cosrg, (6.8)
r=0
@,(0) = m-1/2 i B2) sinrg, 6.7
r=0
leads to
(mg(0) =—1/2 + 212;0 B(e,)[A§ D2, (6.8)
m,O) = =4+ 15 | B(e AP + BE,)BEIP
) n=0, (6.9)
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where B(x) is defined by (5.8). The dependence on k&
appears through the Fourier coefficients of A's and B's.

Using the relations®

AgD ——> Ol

X uniformly in 7, (6.10)
(27
an n—’oo> 0
one obtains the expected result:
(m,O) —> — 4. (6.11)

If B 2> 1, all the eigenvalues are positive except €,. If in
addition the temperature is taken to be absolute zero,
the magnetization becomes

(mo(0) =— 3+ 2[AP]2, (6.12)
(m,(O) =— 3+ AP, n=0. (6.13)
But fork 2> 1,6
AP = 142,
AQ =0, n=0.
Therefore,
(my(O) = 3, (6.14)
(m,(0) =—13%, n=0. (6.15)

All the spins are thus lined up in the negative z direc-
tion except the zeroth spin, which points in the opposite
direction,

From (6.11) and the conservation of total magnetization,
we expect that in the relaxation problem the magnetiza-
tion at any site, (m,, (¢)) , will approach — 3 as ¢ = ©. This
is easily checked. Equation (2, 24) becomes in this case

(m (i)) - %_'_ i j‘"’ dede,ein(e—e')—i(cose—cose')t
" =0 """ of
u,(6 6’ u,(0)u, (0
9 < (O, (67) N A )ul(_ ))_ (6.16)
1+ eP 1+ ePe
Integration by parts shows that
(m, () =—z+0(1/t), t—=, (6.17)
Hence m () = — 3, and all the spins are lined up in the

negative z direction, We note that (mn(co » is equal to
the spatial average of the initial magnetization, which
has the value — $.

7. SPATIALLY ALTERNATING FIELD

In this final section the case of a spatially alternating
magnetic field is considered. We set

_Jo n odd
hy = {2;1 >0, n even, (7.1)
where the factor of 2 is for later convenience. Now for
an angular variable ¢ not restricted to the range — 7 to
7, we have the relation

o0

zi" eino = 3 §(¢ + 21m). (1.2)
n=-00 l==c0
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Therefore, (2. 14) for F leads to

Fe—0)=2 3 einee

n even

A

©0
Y e2in®G-9)
n=-00

27 OZO) 8[2(6 — 6') + 2In]

l==o0

=h[6(0 —0')+06(6—0 +m)+6(06—6 —m)

TR

+6(0— 8" +2m) +8(0 — 6’ —2m)]. (1.3)

A delta function at the end-points of an integration inter-
val is taken to be 1/2 of its usual value, i.e.,

[dof (8)6(6 — 1) = 17 ()

and

S aoF(8)8(6 + m) = 57 (— 7. (7.4)

As before, {;ﬁiﬁi} denote the {¢ve}} eigenfunctions. Sub-

stitution of (7.3) into the eigenvalue equation (2. 17)
gives

cosbw, (8) + kfw, (6) + A(— Oy (m + 6)

where w, (8) denotes either u,(8) or #,(8), and

1, x>0,
Alx)=<1/2, x=0,
0, x<0.

We first consider the even solutions, It is convenient
to consider only positive values of §,0=< 8 < 7. It
follows from (7. 4), then, that

c0s8u, (0) + hu(m — 6) = €u,(8), (7.6)
where we have set

& =E, —h (7.7)
and used

uy(— 0) = u,(6). (7.8)

Change variable 8= 7 — 0, Equation (7.6) then takes the
form

— cosbu, (T — 6) + hu, (6) = eu, (1 — 8). (7.9)
Eliminating u, (7 — 6) from (7.6) and (7.9) gives

[62 — (B2 + cos20)]u,(6) = 0. (7.10)
We set

€,=% (2 + cos2\)12, 0= x=w/2. (7.11)

The signs + are needed because the eigenstates are not
parametrized by A alone. Combining (7.11) and (7.10),
we have

[cos2x — cos28]u,,(6) = 0, (7.12)

with the solution
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Uy (6) =A,M)6(0 —\) + BA)S(6 — T+ 2.  (7.13)

Substituting (7. 13) back into the original Eq. (7.6) gives

B,(\) = (1/h)[€,, — cosA]A (), (7.14)
Therefore,
uy,(6) = A,M)[6(6 — ) + (1/h)}(€,, — cosA)6(0 — 7 + A)].
(1.15)

The function A,(A) is determined by the normalization

f_:deuxi(e)u,\,i(e) =60 —2"), (7.16)
and is readily found to be
A2(0) = {2[1 + (1/k2)(e,, — cosn)2]}1, (1.17)

Note that the spectrum, as given by (7.7) and (7.11),
consists of two separate branches:

Ey, =h+ (2 + cos2A)12, 0=x=7/2, (7.18)
The + branch ranges continuously from 2z to 4 +
(1 + h2)1/2 while the — branch ranges from — (1 + k2)12
+ h to 0.

We now turn to the odd eigenfunctions. It follows from
(7. 5) that for positive values of 9, i.e.,0 < 6 < 7, we have

cosdit, (6) — hiiy (1 — 6) = €, (), (7.19)
where the energy eigenvalue is given by
E, = § + k. (7.20)

Equation (7.19) is the same as (7.6) for the even eigen-
functions, except for # = — k. Consequently, €,, is the
same as €, ,, and

E,, =—h £ (h2 + cos2r)12,

0=x=7/2. (7.21)

For positive values of 9, the odd eigenfunctions u, , (6)
are given by (7.15) and (7. 17) with all & replaced by — &.
For negative values of § we use

iy, (— 0) = —ii,,(6). (7.22)

1t is straightforward but somewhat lengthy to prove that
{u,,(6),7,,(6)} form a complete set. We only quote the
results here, which follow directly from using (7. 15),
(7.17), and the corresponding equations for the odd
eigenfunctions:

jo"’z AA[u ), (0) 15 (6") + us_(8)u, (") + @, (6)1,,(60")

+ U (0)uy(0)]=6(6 —6"). (7.23)

Consequently, any function f () can be expanded in the
eigenfunctions {u,,(0),i4,,(8)}.

The eigensolutions obtained above can now be used to
study the magnetization of the system, as given by (2. 24).
Consider first the contribution of the even modes,

<CI.:(t)Cn (t»even
= szo"delfondez cosnf | cosng ,e~(e090mcost)
/2
X fo dA[B(E,,)uy,(0))uy,(0,) + BE\)uy_(6y)u,.(63)].
(7.24)
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Using the explicit form (7. 15) and simplifying, we obtain

1
2A2(0)

+ f(— 1)#(¢,, — cosA) cos(2t cos)\)] + B(E,.)A2())

(6, Weven = —21; fom de cos?-nA%B(EM)Ag(;\)[

1 2, .
g [ZA?()\) 5 (& — cosh) cos(2t cosh)]f.

(7.25)

The contribution of the odd modes is of the same form,
but with cos2z — sin2x) in the integrand. Hence we
have

(c;;(t)cn(t)) = <crt(t)cn(t)>even + <CJ(t)Cn(’)>odd

= ,71 fo"’z A\[B(E,,) + B(E,.)]
4 n /2
+ ;};(- 1) fo dx cos(2t cosA)
X [B(Ey,)AZ(A) (€, — cosA)

+ B(E,_)AZ2(A)(¢,. — cosA)]. (7. 26)

Notice that the spatially-averaged magnetization m =
3[m (6 + (m,,, ()] is independent of time:

= ﬂ_l [ a0BE,) + BE] - 5. (7.27)

To obtain results of simple form, we consider the
special case k > 1, so that
6, = h,

E,, =3k, E, =0,

as can be seen from (7.11), (7.19), and (7, 20). There-
fore,

[B(E,,)A2(\)(€,, — cosr) + B(E,.)A2(A)(e,. — cosr)]

=~_n/8. (7.28)

It follows from (7, 26) and (7.27) that
(m, ) = (cit)c,®) —

= — L_—lﬁfnlzdx cos(2¢ cos).
2r 7O

The integral is proportional to a Bessel function of
zeroth order:

fo"/z d\ cos(2t cosh) = ~21—7J0(21). (7.29)
Therefore,
m, () =m — [(— 1)/4Pe2), h> 1. (7. 30)

This result holds for all ¢t = 0, Asymptotically,

(— 1)* cos(2t— n/4)

4 (mt)1/2
For general value of 2, it also follows from (7. 26) that
asympotically

(m, @) =m — t— o, (7.31)
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cos(2t — 1/4) ,
Vt

where the constant £ depends on the value of % only,

(m, @) =m+ (— 1)n&(R) t=wo, (7.32)

8. SUMMARY

We have found the spectrum and eigenfunctions of the
one-dimensional X-Y model in various kinds of magnetic
fields. If the magnetic field is finite in extent or, if
infinite, approaches zero sufficiently rapidly so that
22.h, converges, then the spectrum consists of the
bounded continuum (which is the spectrum in the absence
of a magnetic field) plus a finite number of discrete
eigenvalues outside the continuum, If the magnetic field
increases linearly or quadratically with the spin sites,
then the spectrum is much more radically changed and
becomes completely discrete, Finally, for the case of a
spatially alternating field, the spectrum consists of two
separate continuum branches,

In the relaxation problem, the magnetization at any spin
site relaxes to a limiting value (m, (0)) with an asymp-
totic -1 dependence in each of the above cases except
that of an alternating field, where the asymptotic time
dependence is 172, The fact that the initial magnetic
field affects the asymptotic time dependence of the mag-
netization is understandable; in the exireme case of an
initial uniform magnetic field, the magnetization at any
spin site stays constant even after the field is switched
off.

The limiting value of the magnetization, (m, () , is non-
vanishing for the case of a quadratically increasing field
or an alternating field, but equal to zero for the other
cases. This result is again physically expected. The
total magnetization cannot change in the relaxation prob-
lem. Hence (m,()) must be equal to the spatial average
of the initial magnetization, which is precisely our
result.

APPENDIX: NORMALIZATION INTEGRALS

In this appendix the two normalization integrals (3. 28),
(3. 29) will be derived.

Consider

Jz,z')= [ de M(cost, z)M (c0s8, 2")

(A1)
T (cosf — z)(cos6 —z')

Using (3.9) for M and the decomposition

1 1 ( 11 >
(cosf —z)(cos6 —z’) z—2z' \cos® —z cosd —z')

we rewrite J(z,2z’') in the form

Jz,2")
N h,
=-Z AT 00 7 7~z LK) — 8, &K, @),
O,n (Az)
where
K,(z) = f"dG cosng M (€086, 2) (A3)
o cosf — z

ks (z) f1r 9cosn0 coslf
=01+ 8y,)m "

. A4
cosf — 2 (Ad)

For definiteness, consider » < N. The final result is
independent of this assumption,
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Recalling the definition of @,(z) [(8.14) and (3. 56)], we
have

T . cosnf coslf '-;{le(z) Q)] I=n
Lt == = {é[wz) + Q@) 1=n &9
{Q,,(Z)T,(Z), l=mn,
= (A6)
Q)T (2), Il=mn,

where T, (z) is the Tchebichef polynomial of the first
kind,

T,(2) = 1/2[a} + aZ] (AT)
and
oy, =2%V(2—1)12, (A8)
Therefore,
K@) =—7 h,;s,(2)Q,(z)T,(z) _ k;s,(2)Q,(2)T,(2)
=a (1 + 50,,;)7' i<n (14 60'1)17
. ¥ hlsl(Z)Ql(Z)Tn(Z) + hlSl(Z)Ql(Z)Tn(Z)
=0 (1+8y,) t<n (L+ 8y ,)m
MG ETE) 49

<n (L +0gm

The right-hand side can be put into more compact form
as follows:

X s 2)QE)T, )

=4 (1 T 6o,l)1r = Tn(Z)[A(Z) - 1]

= —T,(2)A(z) + T,(z), (A10)
where (3.13) has been used. Using the recurrence
relation (3. 6) satisfied by the coefficients s,(z), one can
show that

Iz )'il ks, (2)Q,(2)

zo(1+601)7r

=T (2)< Q,(2)s, () — —@Q,_4(2)s,(2) — 1) (A11)

and
2l ks, (2)T,(2)
— Q,(z )120 Ao gm
Q, ()

= — o [T,(2)s,-1(2) —

Putting (A10), (A11), and (A12) into (A9) and simplifying,
one gets

T, 2)s,(2)].  (A12)

K,(2) = — T,(2)A(z) + s,(2). (A13)

Therefore, (A2) becomes

N

J(Z,Z'): <Z; <
z2—2" \n=0(1+ 8y )7
N

5,(2")T,(2)A(2)

— _ T,(z")A
Z T ) &),

1
=__Z‘T[M(ZI’Z)A(ZI) — M{z,z")A(z)]. (A14)

2 —
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The normalization integral for the discrete eigen-
functions is

Ny =[] dofu (6)]2
M{cos8,E}}\ 2
- ()

T \cosé — E,

=J(‘E§1Ei}- (A13)

In (A14), set z' = E; taking limit z — 2’ gives the re-
quired result:

N, =J(E,,E)

A (2) l , (A16)

=—M(E,,E,) 2
z=Ei

where A(E,) = 0 has been used.
Now consider the continuum eigenfunctions. Using the
explicit expressions (3. 18) and (3. 20), we have

ap __ pMp,v) p My, V)
T@@—-pt2 oy gy

+ LMOL W + Ay
2 v —v

S dou(oyur(6) = 2 L

+ LM@Y vy + A-(w)]
2 v—v

+ 1[A*() + A-()]26( — 1), (A17)
where

p=cos, v=cosx, v =cosr’.

In accordance with the discussion in Sec. 3, 5, the Poin-
caré—Bertrand formula is applied by writing

.l p 1,_ 1 ot _p 1 )
g—v p—v v*v\u—u $—y
+ 7285(p — o — V).

(A18)

Therefore, the first term on the right-hand side of (A17)
becomes
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p M, M@, v')
p—v
p M, My, V’)>
[T

1 1 du
2
(5 Ltom
1 fl du
Vl — v -1 (1 _“2)1/2
m2M2(y, v)
2y oY)

(A19)

The expression [-++] in (A19) can be evaluated from
(A14) by taking limits 2 2 v + 7e, 2’ = V' % i,

1t dp My, vIM (s, V')
2 P b 2
(v’ —v f‘l (1 — p2)12 p—v
_ L A p MG uM, V'))
v o—w L1 — p2)re p—v

= g.—_(‘ix"_l[m(v) + A )] — gmfl’-dl[m(v) + KO
(A20)
Putting (A19), (A20) into (A17) and simplifying, one
arrives at the final result:

A*(vz)A"(u) 50— 2

S, d6uy(@)ur(6) = (A21)

Hence (3. 29) is derived.
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Theory of nonlocal electromagnetic elastic solids™®
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A continuum theory of nonlocal electromagnetic elastic solids is proposed. Nonlocal and local
balance laws and jump conditions are obtained. Through the use of an extension of Clausius-Duhem
inequality, encompassing nonlocal effects, E-M momentum and constitutive equations are derived

and restricted.

1. INTRODUCTION

It is well known that the Maxwell theory of electro-
magnetism (classical theory) predicts a constant wave
velocity and consequently a constant refractive index in
an isotropic nondissipative medium. While for some
gases in moderate pressures this is nearly the case, for
all other substances experiments indicate that the re-
fractive index depends on the frequency and consequent-
ly dispersion is the rule rather than exception. In fact,
starting even with radio waves, in invisible and ultra-
violet regions there is no agreement whatsoever between
the measured refractive index and the calculations based
on the classical theory. Moreover, the classical theory
possess no mechanism for the absorption phenomena
that occurs in the neighborhood of certain critical fre-
quencies. To incorporate these effects either supple-
mentary excursions are made to molecular and atomic
theories to remedy partially the classical theory, cf.
Born and Wolf (Ref.1,Sec. 2. 3.4) or quantum mechani-
cal approaches are used, cf.Ref. 2.

For magnetic materials the existence of magnetic do-
mains, instabilities, and spin waves cannot be explained
through the classical formalism. Extensive published
work in this area, in one form or another, makes use of
ideas of inner structure and domains that exist in
material either in the form of multipoles or atomic
structures, cf. Brown3, Tiersten4, Eringen and Maugin5
for continuum theories and Kittel®, Van Vleck7?, Bloch#8
and Heisenberg? for quantum mechanical approaches.

Recently,10,11 we have shown that by means of the non-
local theories of continua one can take into account the
effects of distant atomic, molecular, and granular inter-
actions thus accounting for the complete dispersion
curve of elastic waves in lattice structures. The present
paper's intent is the construction of the corresponding
nonlocal theory for the elastic materials subject to
electromagnetic interactions. While any theory involving
electromagnetic fields should be based on relativistic
considerations, it is possible to construct a rational
theory of electromagnetism on nonrelativistic grounds
For simplicity in the physics of the matter here we
avoid relativity, however, borrowing some of the critical
results valid for small material velocities, v,as com-
pared to speed of light in vacuum, (v2/c2 < 1).

In Sec. 2, starting with the global electromechanical
balance laws for the entire body, we obtain the equivalent
local laws. In Sec. 3 we formulate the second law of
thermodynamics valid for the entire body. These equa-
tions, as against the classical field theories, contain
nonlocal vesiduals that account for the distant atomic
and molecular interactions. The integrals of the non-
local residuals over the entire body vanish. The deter-
mination of the nonlocal residuals is an integral part of
the nonlocal theory.

In Sec. 4 a discussion is presented for the electromag-
netic momentum and energy and various classical pro-
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posals are examined. Section 5 is devoted to the deter-
mination of the constitutive equations of local E-M elast-
ic solids. The constitutive equations of the nonlocal E-M
elastic solids are obtained and restricted through the
nonlocal entropy inequality. The invariance require-
ments are studied. The theory is exact and valid for
fields and deformations of arbitrary magnitude. We
postpone the discussion of the linear theory and its
application to electromagnetic waves to a future paper.

2. BALANCE LAWS

The balance laws of continuum theory of electromechani-
cal media have been formulated both from the nonrela-
tivistic and relativistic points of view, cf. Truesdell and
Toupin!?2, Dixon and Eringenl3, Grot and Eringenl4, The
integral form of these laws are:

Conservation of Mass:

d

— dv = 0. 2.

dt 'bf-o P @D
Balance of Momentum:

L[ ow+g —§ trda,— § ptdv=0. (2.2)

dat b -o $~0 V=0

Balance of Moment of Momentum:

if pxx(v+g)dv—§ xxt”dak——f px X fdv = 0.

dt TV ~0 $~a V-0
(2.3)
Conservation of Energy:
L ple+d2)—§ (trev+ q*)da,
dty -0 S$=o
—f p-v+hdv=0. (2.4
U =0
Faraday's Law:
[ 8-ax+12[ B.ga=o. (2.5)
e-y c dits~y
Ampére’s Law (as modified by Maxwell):
[ eax—12f p.aa_ 1 g.ama-o.
e~y c dt s~y C 5=y (2.6)
Gauss' Law:
$ D-da— [ gdv=o. 2.7
$§=o V=-a
Conservation of Magnetic Flux:
$ B-da=0. (2.8)
§ =0
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Conservation of Charge:
d
L[ gav+ [ g-da=o0. (2.9)
dt V=0 § =0
Here:
p = mass density, D = dielectric displacement € = total internal energy
g = E-M momentum vector, density,
density, q = free charge density, k= energy supply density,
tt = stress vectors, v = X = velocity field, = magnetic flux,
g*® = total energy flux, f = total body force density, ¢ = speed of light in vacuum,
and ' -
1 Equations (2.15) and (2. 16) may be transformed by the
= —v X
§=E+ ¢ v X B, (2.10a) generalized Green-Gauss theorem and Stokes' theorem,
respectively, into the following forms (see Ref.15,p. 77):
*=H-LyxD, (2. 10b) 26
¢ f [— + div(¢pv) — 7k, — g:ldv
g=J-—gv, (2.10c) °7° at

in which E = electric field, H = magnetic field,J = free
current.

The balance laws (2.1) to (2.4) and (2. 7) to (2.9) are
expressed over a material volume U(enclosed by a sur-
face 8) which is being swept by a discontinuity surface

o having velocity u. The E-M laws are expressed in
Heaviside-Lorentz units. Integrals in (2.5) and (2. 6)
are over an open material surface, §, (enclosed within

a curve C),which is being swept by a discontinuity curve
v having velocity u. The regions of integrations U — o,

§ — o,and @ — 4 are over all points of U, $ and € except
those that are contained on ¢ and y.

The motion carries any material point X in the unde-
formed body B to a spatial place x in the deformed body
® at time t. Thus, the motion is expressed by

x =x(X, ).

We refer both x and X to a rectangular coordinate syst-
em so that in component notation

xk =xk(XK t), kK=1,23 (2.11)
which is assumed to have unique inverse
XK = XK(xk 1) (2.12)

in B,at all times, except possibly some singular sur-
faces, lines and points. Thus, we assume

detx* x>0, inV—o. (2.13)
All vector and tensor fields in B (and its image ® with
volume U and surface 8) are referred to material co-
ordinates X ¥ (and spatial coordinates x*). For future
convenience, we also introduce polarization vector P
and magnetization vector M by

D=E+P, B=H+M (2. 14)
The integral balance laws (2.1) to (2.9) have either of
the following two forms:

d%f pdv— [ trda,— [ gdv=0, (2.15)
V=0 $ =0 V-ag
;id—f q-da—$ h-dx— [ r-da=0  (2.16)
ts-y e~y 8-y
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+ [[6(wF—ub) — t*Inyda = 0, (2.17)

J @-curlb—r)-da+ [[gx(v—w —h]-kds =0,
(2.18)
where % is the unit tangent vector on y. A bold face

bracket indicates the jump across o in (2.17) and
across vy in (2.18) and

§=2
ot

3

=Y

+ (div q)v + curl (g X v). (2.19)

Employing the form (2.17) and (2. 18), we transform
(2.1),(2.2)-(2.9) to

S

&
v-o L0t

9
{ oy +&) —tk, —pfldv + [ + g)[gg + (pvk), k}d”
-0 V=0

+ (pvk),kil dv + [[p(vt—ub)ln,da =0, (2.20)

+ fo[v + g)(vk— uk) — t*|n,da =0, (2.21)

f (ov X g —x , X tk)dv

V=0 p
+f xx(v+ g)[——t— + (p'vk),k]dv

V-0 9
~ [ =X (t* ,+pf — pv — pg)dv
V=0
+ fo[pxx (v + g)(v* + u*) — px X tt|n,da = 0,
(2. 22)
J pé—trev ,—q* , —pg-v— ph)dv
V=0
9
+ [ (e+ %vZ)[—f + (pvk) ,;ldv
V=0 at ?
—f v (tk, , + pof — p¥ — pf)dv
V=0
+ fo[p(e+%vz)(v"—u”)——tk-v—qk]nkda=0,
(2.23)

/

8§ =0

*
@ x8+1B)-da+ fyI:E +lux B]-kds =0, (2.24)
C c

1 1 1 =
(vxac——D———g .-da+ [ [H—-—uXD]-kds =0,
8y c ¢ ! ¢ (2.25)
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J (v-D—gq)dv+ [[D] nda=0, (2. 26)
s [+

-0

J v-Bdv+ [ [B]-nda =0, (2.27)
$

=0

/ I:V 8+3€+v (qv)]dv+f[§—qu] nda = 0.
V-0 ot (2.28)

The local balance laws of classical theory are obtained
by positing that these integrals be valid for every part

of the body. In this case then, the integrands of volume

and surface integrals in the foregoing equations are set
equal to zero.

When the long range intermolecular forces are strong
this is not permissible. However, we can localize these
expressions by introducing the localization residuals
which account for the effects of nonlocal fields. Thus,
(2. 20) to (2. 28) are equivalent to:

Mass:
op
_+(pvk),k=p, in'U—o,
ot (2.29)
[o(v* — uk) — p*ln, =0, ono.
Momentum:
tt ,tpf—V—g) = pw+g —pf, inUV—o,
[t* — p(v + g)(v% — uk) + f"]nk =0, ono, (2.30)
Moment of Momenitum:
x’kx t"’—vag=pxxf—p[, inU—o0, (2.31a)
[px X [tk — (v + g)(vk — u*)] +£*] =0, ono.
(2. 31b)
Energy:
pé—pg-v—tk-v , —q* , —ph
= ph —pv-f—ple— (v2/2)—v-g], InV—g,
(2.32a)
[t?-v + g% — p(e + 2v2)(v* — ut) + fz"]nk =0, ono.
(2. 32b)
Faraday's Law:
1 1= .
vX&+=-B==b, inUV-og, (2.33a)
c c
[E+l—uXB+E]Xn=O, ono (2. 33b)
c
Ampere’s Law:
1* 1 14 .
VXX——D——9=-9, inTV-—o, (2.34a)
c c c
[H—luxnﬂ‘i]x:n:o, on o. (2. 34b)
c
Gauss' Law:
vV-D—¢=4g, in U~ g,
N (2. 35)
[D+D]'n=0, ono,
Magnetic Flux:
vV-B=m, in V- o, (2. 36a)
[B+B]-n=0, ono. (2. 36b)
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Conservation of Chavge:

9
v.3+5§ +v-(qv) =&, inUV—o, (2.37a)

[9+Z]'n=0. (2.37b)
If we further introduce the nonlocal current,j , by
‘g = j - qv,

then upon taking divergence of (2. 34a), and comparing the
result with (2. 37) we obtain

(2.38)

]
§=—V- J~—z (2. 39)
at’
so that (2. 37a) is equivalent to
v-(J+3)+§-t<q+m=o. (2. 40)

This is the expression of the law of conservation of non-
local charge. By taking divergence of (2. 33a) and com-
paring the result with (2. 36a) we obtain

—af+v (v) = v-b. (2.41)

This is the expression of the law of balance of nonlocal
pole strength. It is clear that the nature and existence
of 7 is tied with that of b.

The foregoing equations contain the localization resi-
dualsppkffk llk hhk bE 8Hq,D mBaandE
which are mtroduced to take 1nto account the effects of
fields at all other points of the body on the point at
which local balance laws (2. 29) to (2. 37) are written.
Integrals of these residuals over the manifolds of their
definitions vanish,i.e.,

f (ﬁ,pi,pé,pfl,,q,

V=0

fo(pk7ik’£kyﬁk:ﬁk,ék)nkda = 0,

#, d)dv = 0,
(2.42)

J ®,§,%)-da=0, fy(E,f-I)-kds = 0.

8 =-0

Physical significance of these residuals is clear from
the equations in which they first occur. For example, p
represents the mass production or destruction at a point
x due to effect of all points of the body. The existence
of p is well known to us from the theories of chemically
reacting media. For a nonreacting continuum p may
still exist (even though small) due to the mass carried
by the mobile electrons and neutral atoms. Similarly f
is the nonlocal body force at x due to long range inter-
molecular attractions. The nonlocal residuals are
grouped as volume, surface and line residuals as
apparent from their domains of integrations ghown in

(2. 42). The mechanical volume residuals (p,f,£, k) and
surface residuals (p%, fk £ h’*’) were introduced and
discussed by us prev1ously, cf. Erlgen and Edelenl0.
Electromagnetic residuals 4, 7, §, D%, BX b, g, Z,Eand H
are new and require a few remarks We recognize 4 as
the induced nonlocal charge at a point x of the body due
to charges at all other points. Similarly 7 (if it exists)
may be envisioned as the induced magnetic pole strength
at x by the rest of the body. The nonlocal residual J
represents the contribution from all other points of the
body to the currents at x, and b to the magnetic flux.
Corresponding to these surface residuals are indicated
by (D, B) and line residuals, by E and H.
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When all residuals vanish at all points of the body the
balance laws (2.29) to (2. 37) revert back to the local
balance laws of electromechanical continua. Thus, the
distinguishing feature of nonlocal continuum theories is
the presence of the localization residuals. Different
nonlocal theories then arise from the different charact-
er of the localization residuals. Determination of these
residuals is an integral part of the nonlocal continuum
physics. The nature and constitution of the body must,
therefore, be examined carefully in the light of its re-
sponse to external effects.

It is well known that in the transmission of high fre-
quency mechanical signals distant intermolecular forces
play an important role giving rise to dispersive effects
that are not accounted for in the classical field theories.
In the E-M theory,importance of action at distance is
well accepted. In optical range and beyond (ultraviolet
region) dispersive effects become important which
cannot be accounted for by use of the Maxwell theory

of electromagnetism (Born and Wolf, Ref. 1, Sec. 2. 3. 4).
In this range, optical resonance and absorption play
dominant roles. While some of these effects, e.g., spin
waves, can be treated by means of polar theories of
electromagnetism (e.g.,theories involving magnetiza-
tion gradients), in the region of short wave lengths these
theories also fail. Moreover, gradient theories con-
stitute extensions of the classical theory and they are
included as special cases in the present theory. We
believe that a large class of physical phenomena beyond
these theories can be brought within the domain of
continuum physics by systematic consideration of non-
local effects.

3. SECOND LAW OF THERMODYNAMICS

The second law of thermodynamics and ensuing different
forms of the Clausius-Duhem inequality were formulated
by Grot and Erigenl4 in the context of the special theory
of relativity. An appropriate form for nonrelativistic
case of the second lawl6 is,

L pndv— §

1
—(q— cé& X 3)-da
dtv-o s -0 B(q )

- %(Ph +8o-8dv=0(3.1)
V~o

Here 7 is the entropy density, 8 > 0 is the absolute tem-
perature, c8 X X is the poynting vector and g, is the
external current source.

The localization of (3.1) with the same scheme of Sec. 2,
gives

pﬁ-v-[%(q— 2] XJC)]

—Lon+g,-8]+pn—1ps=0, mv-—o,
6 0 (3. 2a)

on o,
(3.2b)

where § and §* are entropy localization residuals sub-
ject to

|:pn(v’e — uk) —%(q — cé X ;) — §k}nk =0,

[ losav=o, [ s+da,=o. (3.3)
v-o 6 o
Using (2. 33a) and (2. 34) we write
* * A P
cV-ExH)=—X-B-—E-D—8-g+3-b—8-4.
(3.4)
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Substituting this into (3. 2a) and eliminating & between
(3. 2a) and (2. 32a), we obtain

€ V'Eg 1
— =+ 2 B} 4 —tk.y
p<77 9 0 ) ) ok

—-%(q— c8><3(3)-V%+%(8-]3+3(’,-1*3)

1 - p v2
+=-8-(3—J )—-p—f~v+—<6 —€e+— +v- )
8 “" o\ 2 €

+16.§+3-b)+2Gh—8)=0, InV—o.
o 6 (3.5)

This is the Clausius-Duhem inequality. Inequality (3. 5)
may be written in other equivalent forms appropriate
for bodies with different constitutional properties (e.g.,
E-M elastic solids, fluids, etc.).

We not postulate that in all theymodynamically admiss-
ible processes, the Clausius-Duhem inequality (3.5) mn
V — o and (3.2b) on o be satisfied. Moreover, the con-
stitution of body must be such as not to violate (3.5)
Jor all possible independent states of the body.

It is important to draw attention to the fact that so far
we have not chosen any form for the momentum density
g and that the total internal energy includes the kinetic
energy arising from motion of the body in E-M fields.

4. ELECTROMAGNETIC MOMENTUM AND ENERGY

For the Maxwell-Lorentz theory of electromagnetism
various forms of electromagnetic momentum, energy,
and stress tensor have been proposed. The origins of
the ideas for these concepts rely heavily on the vacuum
or rigid body electromagnetism and therefore are con-
troversial as far as deformable bodies are concerned
(cf. remarks made by Dunkin and Eringen!7 and Trues-
dell and Toupinl2). A systematic approach was present-
ed by Dixon and Eringenl3 for nonrelativistic deform-
able media, by Grot and Eringenl4 for relativistic
theory and by DeGroot and Suttorpl® on statistical mech-
anical basis. While all these different approaches
appear to agree in the final forms of these quantities,
they require certain primitive postulates in the form of
E-M forces, energy or momenta. We do not wish to open
this question once again. However, we wish to give a new
approach from thermodynamical viewpoint in which no
specific forms for stress, energy and momentum are
postulated.

Since the question is equally valid for the local theory,
to simplify our discussion we examine these concepts in
the light of the local theory.

For the local theory, Clausius-Duhem inequality (3. 6)
may be written in the form

Pod+ - +é)+1TK-' +1—QK9
W R gt on) Tk + Q0

* * fo} _
+@(8-D+3c-13) +—38-3zo, in U~ o,
p

Po 4.1
where we set

V=y—%-g ¥=e—0n, J=J—J, (423

tk = iT"ack’K, q—cE XX = iQ"x’K (4. 2b)

Po Py
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and use the relation
— 4 K
V= x,KX e

We must now postulate a constitutive equation for the
constitutive variables y, T%, QX 3¢ and &, and an in-
variance requirement. However, for the determination of
g the following minimal requirement suffices. For pure-
ly mechanical media we have g = 0 and the momentum
equations determine all other rates X¥,%, etc. Thus, the
constitutive variables cannot depend on rates higher
than %. I they did, then the equation of momentum
balance can be used to eliminate all higher rates of k.

The homogeneity of space requires that these variables
must not depend on the origin of the spatial coordinates
and hence on x. Thus, these variables shall depend on X
and other variables not involving X, e.g.,

¥ =Yk, ).
Substitution of (4. 3) into (4.1) gives

(4.3)

p0<a\b > Py : 1 . 1
—|—+g)"E——@" +0n) +—TH-%x ., + —QKg
o \ox | © P m 0 KT g2 K

* * _
+@(3c-B+ 8-D)+@8-320,
po po

where ¥’ denotes material time rate of ¥ withx =
fixed. If this inequality is to be valid for all independent
variation of X,then we must have

.82

. 4.4)
% (4.4

g:

Note that this result is valid for any material since we

have so far made no assumption on the material consti-
tution. Moreover, we have not yet stated any invariance
requirement on V.

From (4. 2a) and (4. 4) it follows that

oy _ 2g;
; .

ov

v (4.5)

Thus, the invariance requirement of ¢ is tied to that of
g£;- We must investigate this question in detail.

As stated above in the literature several proposals
exist for the E-M momenta, energy and stress. We cite
three well-known forms of the E-M momentum:

Minkowsky proposal:

g = (D X B)/pc. (4.6)
Abraham's form:

g = (1/pc)(E X H). 4.7
Another form:

g = (E X B)/pc. (4.8)

For a discussion of (4.6) and (4. 7) see Mgller Ref. 19,
Sec. 72.

While there exist arguments in favor of one of these
forms to others for various types of media (e.g., di-
electrics, magnetic materials), none of the arguments
can be substantiated either on the basis of physical
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principles or existing experiments. In fact,the selection
of any one of the above forms is consistent with all
basic balance laws and thermodynamics. Moreover, they
are consistent with the relativistic E-M theory to within
an approximation v2/c2 as can be seen from the follow-
ing. Suppose that we select the Minkowski form (4. 6).
From relativistic consideration it is well known that in
a moving frame of reference, to within v2/¢2, we have

5)=D+1-VXH,

(B=B——leE,
c c

4.9

where D, B,E and H are, as usual, the fields in the rest
frame. Thus, the E-M momentum in the moving frame
of reference is given by

G = (D x®)pc. (4.10)

Upon substituting (4.9) into (4.10) we obtain

S, =g, + (Mti].— hﬁij)(vj/c) + (1/c2)w,H-vX E, (4.11)
where

MtijEEiDj+HiB,-—%(E'D+H°B)6 (4.12)

ij
h=4iE-D+H-B)

are respectively the well-known expressions of the
Minkowski E-M stress tensor and energy. We note that
to within v2/¢2 (nonrelativistic limit) §; is given by

Gy =g+ (yti;—h8,)(v;/0) + 0(v%/c?).  (4.13)

This result remains valid for other forms (4.7) and
(4. 8) of the E-M momentum except that ,¢; j and 2 have
other forms. For example, in (4. 8) they have the forms

h= 3E?2 + B2).
(4. 14)

Thus, for the expression of the free energy ¥ in moving
frame through (4.4),i.e.,

utiy=E,E; + BB, — 5(E? + B2)5,,,

Yy G,
— =, 4,15
v Y av ( )
and (4.12) we obtain
1 vo,;

20 ¢

where ¢ is the value of the free energy in the rest
frame. It is now clear that fo within v2/c2,the free
energy ¥ is independent of v. We have, therefore, shown
that for all three expressions of the E-M momentum, the
free enevgy Y is independent of V to within an approxi-
mation excluding the tevms of the orvder v2/c2 (or
higher).

Hence,

l—l;=ll/—v-g,

where Y is independent of v.

(4.17)

5. CONSTITUTIVE EQUATIONS OF LOCAL E-M
ELASTIC SOLIDS

The constitutive equations of E-M elastic solids may be

constructed by assuming that ¢, T#¥,Q, %, 8 and J are

functions of x’K,D, B, X and G,K. For simplicity we
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employ the equivalent set (x,,, DX BX ¢ and 6, ;),
where

Dk = %Exx,kpk, BE = %XK,,,Bk. (5.1)
Thus,

v =\If(x’K,5K,§K,9,9’k). (5.2)
Similar equations are written for TX,Q, %, & and g.
First we note the identities

DX = ?XK’J)’?, Br= -‘:)—OXK’kEk. (5.9)

Upon substituting (5. 2) into (4.1) and using (4. 2), (4. 4),
and (5. 3), we obtain

po B\Il v
0 +—{TX—py—— )% ¢
ao 90X x ’
Po ov K > k
+—9<6 — Pg aDKX &) D
Po K I3 v
+E<"Klk—p0—:EX ,k)B +_6,K
K
1 X Py, —
+§Q G,K 58'820 (54)

This inequality is valid for all independent variations of
* %
D% B% and 6

6,%, x, k- Since it is linear in these quanti-
ties it cannot hold unless
v K o
n=-— e =p >
20 0 ax’K (5.5)
v - 9w
gk—poa,ﬁx:k JCK*POS“F-KX ok
and
I
¥ o loxrg +506.F=0 (5.6)
20 X po

We have therefore proven

Theorem: The constitutive equations of local elastic
solids are thermodynamically admissible if and only if
they are of the form (5.5) subject to the conditions (5.6)
[i.e., ¥ is independent of9 x»and QEand § satisfy the
mequalzty of (5.6)], for all mdependent processes.

Next, we note that the equation of balance of moment of
momentum (2. 31), with f = {= 0, is satisfied if

By =ty — PURE, (5.
is a symmetric tensor,i.e.,
beny— PUeen = 0, (5. 8)

where a square bracket enclosing indices indicates skew-
symmetric part and according to (5.5), and (4.2),

v

x
B K
axt ’
,K

(5.9)

la=p
Note that if we employ £,; = f,,,given by (5.7), we will
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need no further reference to the balance of moment of
momentum (2. 31a).

Remark 1: We note that the selection of the equiva-
lent independent constitutive variables (x « DE/BE ¢
and 8 K) ingtead of (x,K,D Bk g and 9 K) ehmmates an
argument on the invariance requlrement to be placed on
¥. If the second set is selected, the Clausius-Duhem
inequality gives a set of partial differential equations
whose solution is, as in purely mechanical case, the
requirement of invariance under rigid body motions of
the spatial frame of reference. This in turn indicates
the use of the independent variables used above.

Remark 2: In the dynamical theory of electromag-
netism, one must also impose the requirement of in-
variance under changes of inertial frames. A rigorous
treatment of this question requires the relativistic
treatment. To within an approximation v2/c2 one can
show that the variables D* and B* can be replaced by
their relativistic expressions

D=D+luxH, ®&=B—luxp.
(5 [+

(5.10)

Remark 3: Different constitutive theories can be con-
structed employing other sets of E-M variables, e.g.,
(E,B), (D,H), etc. While each form may be more suitable
for different types of bodies, (e.g.,dielectrics, magnetic
materials) they are equivalent to the set (5. 5). In fact,
they can be transformed into one another by a Legendre
transformation applied to the function ¢. -

6. NONLOCAL E-M ELASTIC SOLIDS

Determination of the nonlocal constitutive equations of
bodies requires the use of the full entropy inequality
(8.5). Here we consider nonlocal elastic solids in which
the mass production and heat conduction are not appre-
ciable,i.e., we set

p=0, QK=0,
so that (3.5) may be written as

(6.1)

——(zp+x g+ 6+ = TK xK+———(8 D+.’IC B)
e po (6.2)

. A ~ Py oa
+Posv g g rmeb)+ 00k —8)=0, mU—o.
o o 9

In accordance with the axiom of causality introduced in29,
we now define a nonlocal E-M elastic solid by the con-
stitutive equations of form

YX, 1) = ¥[R(X), X, (X), D, (X"),B,(X"); X, X ,D, B, §,X],

(6.3)

where ¥ is a scalar-valued function of X,X x,D,B, §,X
and a functional of the difference functions

X(X) = xX,t)— x(x,t),

X, (X)=x,,X,0—x X1,
D(X') = DX, 1) — DX, 1),
BX', t) —

(6.4)

(X ) = X, t))

defined over all mateiial points X’ of the body ®. Sim-
ilar equations are written for the dependent variables

1, TE, §,3 and g, except that these are scalar-valued for
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7 and vector-valued functionals for the remaining de-
pendent variables. We assume that ¥ possesses contin-
uous first order partial derivatives with respect to
x x:D B, 6 and the Fréchet partial derivatives2! with
respect to X(X'), X 1 (X), D(X') and B(X’), continuous of
order zero. From (6 4) it is clear that

K=K, =D=08=0, whenX'=X (6.5)
since the dependences of ¥ on the arguments x K,D and
B are separately indicated, without loss in genérality, we
may also take

¥[0, o,o,o;x,x,x,l‘)‘,ﬁ,a,x} =Y, (6.6)
as the free energy of the local E-M elastic sclids. This
means that the functional gradients of ¥ with respect to
X(X'), X, (X'}, D(X') and B(X') at X' = X vanish,i.e.,

o%/0K = 6¥/aK, = 6¥/3D = 6¥/6® =0, atX' =X,

(6.7)

where §/6 indicates functional (Fréchet) partial deriva-
tive.

We now calculate

b= g 2y, 00+, —_-‘Ilﬁ
2% 20 ox, ' 3 B
+f ig(ac(x’), -, X,A)- R dv(d)
V=0
¥ r Y
+ [ (X)), -+, X, 2] &, Odv)
v-a. 53€L
+ [ Zixx), -, XAl DNdQ)
V-0 0D
+ [ k), -, X, 2] BQdR). (6.8)
v-a 0B

We draw attention to the fact that the functional grad-
ients appearing in the integrals are also functions of a
vector A.

Substituting (6. 8) into (6. 2) we obtain

po( aW) p0< aw) :
—— g+ —— —— + —18
8 & ax & K 7]
po[. o } .
- —f - — dv{(A)i°X
[’} ‘lj)"—o X W
1 ow
+—|:TK—p0—-—+p0f -——dv(k)_J'iK
[*] a K V=oc 6 E
Po v K K o *k
_[:6‘k— Po —-—a_D_KX & T PX ’kf oF dv(\)|D
po[ o ov }*
+ —13, — — XK 4+ X —— dv{))|B*
pol r T PogEr o PoX ’k"({—c oo

ov o¥
+—E 32 [——-—-:’:a)a--—'i: A
po o i{-o o X &)

o¥ XK ;{)k o¥ K *k
+ 5{- Sk (A) + G—(B"EX ,k<l) B d‘v(}\)

(h—8=0, inV—o.

(6.9)

This inequality is linear in ¥, §,x K,Dk and Bk i g b
hand § are independent of these quantltles then (6. 9)

+-98£(8-3 + %o b) +£;2
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cannot be maintained for all possible variation of these
independent quantities unless

ov ov

g=——, n=——,

ok’ 38

TK =

I
——dv(d},
-0 0K 4

o
———dp(A),

o (6.10)
-0

0w
5‘, =P0—:}'

XX, —p XK
T X = PoX [

£
e R dv(l)a

SE inU—o¢
=-o

- — . YK — ¥
k—PuaEKX e —PoX ,ki{

and

_Bg[f_. I

V~a

%dv(x] x+——8 -9

o o
o L g
K (6.11)

o 6%
+—X& D*(x + — XK ka}d A
ey = ()| dv(d)

Bg (&9 + %-b) +%(ﬁ—§)2 0, inU—o.

We have thus proved

Theorem: The constilutive equations of nonlocal
E-M elastic solids are theymodynamically admissible if
and only if they arve of the form (6.11) for all independent
processes.

To achieve further progress, we need information re-
garding the nature of the free energy functional ¥. Mo~
tivated with the results of Sec.4, we assume that g has
the form (4. 6) and ¥ may be expressed as

¥ =yY—v-g, (6.12)

where Y/ is independent of v.

Upon employing (6.12) in (6.11) and recalling the ex-
pressions (2.10c) and (2. 381 of § and g, the argument on
the linearity of (6.11) in X (h and § are assumed to be
independent of X) leads to

1 o
—{g +3)8 + —dv{, 6.13
f=C@rng+ [ —do (6.13)
and
Po R POy 2, PO 2 Po s
28T +T—~Fo)+2%-b+-2%-b+2(h—8
s ( ot 6 6( )

Boy [M’ KN + ok () XK D)
lx -.—.._Ux s
6 0-0 Lok 5%, ¥ 5DE" o*

& *
+ —»———XK,,,B"(A):]dv(A) =0, inV—o. (6.14)

SR K

The constitutive equation for the conduction current
J. =J — g, cannot be derived from (8. 14), but must be
ertten as a separate equation

Jc = 3[m(x’), :K:L(X'),:DL 0.4 y (BL (X); %, x,xyﬁ’ﬁ, Q,X]

(6.15)
subject to the restrictions arising from (6.14).
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The constitutive equations (6. 10), together with (6.12)
and (6.13),are now given by

= (D X B)/pc, 7 =—Z—:i, (6.16a)
‘=%(q +2)8 + {_o Z—\I’idv(x), (6.16b)
TK = po - pog_o e dv()\) (6.16¢)
v = Po %XK’k ~poX,u ) ﬁatv(h) (6.16d)
%, =Py a‘;‘I’K = pX ) %dv(x). (6.16¢)

we now substitute (6. 16) into the energy equation (2. 32a)
in its material form, and employ (4. 2), (3. 4), and (5. 3).
This results in

¥
9 _—g J+5H-Lo —
P01 ( > Ogc- b+p0f [asc %(\)
5%
+ %, xK(x) +35 D(A)+6(B (B(A)jldv(h) (6.17)

—poh—h)=0, inUV—o.

This is but another form of the énergy equation.

There remains the question of invariance requirements
of the constitutive functionals. In this regard we may
employ the Galilean invariance of the response function-
als. This is expressed by the form invariance of res-
ponse functions under all class of motions of the form

x(X', 1) > Qx(X', t) + vt + bg, (6.18)
when Q, v, and b, are independent of time and
QT =QTQ =1, detQ=1. (6.19)
Mathematically,
Y[R (X), X (X), DX),BX);x ,D,B, 6,X]
= ¥[QK(X),Q%,(X'), @D(X'), Q®B(X); Qx «, D, B, 6,X].
(6. 20)

If the relativistic effects are neglected, then the mechani-
cal and E-M balance laws are known to be invariant
under (6.18). While for time dependent rotations (Q =
Q(#)) and accelerating frames (b = b(f)) the invariance
requirements under (6.18) fail to apply to E-M quanti-
ties, here we impose much milder conditions (constant
velocities of rotation and translations). For E-M fluids
and memory dependent materials, it is necessary to
employ the principle of objectivity in relativistic form.
This invariance requirement can be used to restrict
Egs. (6.16) further. Moreover, if the energy equation
(6.17) is posited to be invariant under Galjlean trans-
formations we can determine the form of k, similar to
Ref. 10. However, since we are not interested in the
thermal and dissipative aspects of this problem, we do
not pursue this question further.

To complete the constitutive theory, it remains to satis-
fy the condition

[ plaw=o0. (6.21)
V=0
This can be achieved by selecting i in the form
y=0+A- [ XNd®), (6.22)
v =0
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where A is a constant vector and ¢ is a functional of the
same type as ¥. Upon substituting (6.22) into (6.16c)
and the result into (6. 21), we obtain

1 1 v
A=—— + 2)8dv(x) — — —

1. @+ néav M{ . pdv(x){ o W,

(6.23)

where M is the total mass of the body. With A given by
(6. 23),the condition (6.21) is satisfied. The free energy
given by (6. 22) can be used in the remaining Eqs. of
(6.16). It is clear that the forms of the remaining equa-
tions do not change except that Y is replaced by ¥.

A remark on the nature of nonlocal effects, represented
by the integrals in (6.16),is in order: It is well known
that the intermolecular forces attenuate rapidly with the
distance. In fact,the success of the local continuum
theories is, primarily, due to this fact and due to the
consideration of a limited class of phenomenological
effects for which typical size is much larger than atomic
and molecular distances composing the materials. In
the transmission of waves, for example, when the wave
length of the signal becomes comparable with the gran-
ular or atomic distances,local theories of continua fail
to apply. In this range we must employ nonlocal theories.
The strong molecular interactions, however, permit us
to consider only a small neighborhood of the point of
observation. In a continuum theory this notion may be
formalized by certain strong continuity requirements on
the constitutive functionals. To this end we have pre-
viously introduced the hypothesis of attenuating neigh-
borhood.20 This hypothesis will place restrictions on
the kernels appearing in the integrals of (6.16) so that
the kernels decay rapidly with distance. For a precise
statement of this hypothesis we make reference to

Ref. 20 and for the application of this idea to nonlocal
elasticity to Ref.10. In a forthcoming paper we shall
employ the dispersion of E-M waves to determine the
exact forms of some of these kernels.

*The research contained in this paper was partially supported by the
National Science Foundation
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Branching rules for U(N)>U(M) and the evaluation of
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Littlewood’s third method of evaluating plethysms is generalized by noting that plethysms determine
the branching rules associated with the subgroup decomposition U(N) DU (M), and by making use
of the well-known branching rule for U(M) DU (M —1). This generalization leads to recurrence
formulas which are simpler than those due to Murnaghan and to a new method of evaluating
plethysms which is free of the ambiguities inherent in the use of Littlewood’s third method.

1. INTRODUCTION

Since Littlewood first defined a new multiplication of S
functions! which he called the operation of plethysm,2
many methods have been developed to evaluate such pro-
ducts. Littlewood himself suggested three methods.3
The third of these proved to be the most effective and
forms the basis for the calculations of Ibrahim4 who de-
rived an array of principal part theorems5 to eliminate
the ambiguities that occur in the calculations.

The plethysm {1} ® {u} may be identified® with the
branching rule for the decomposition of an irreducible
representation of U(N) associated with the S function {y.}
into irreducible representations of U(M), where the S
function {)\} is associated with an irreducible represen-
tation of U(M) of dimension N which defines the em-~
bedding of U(M) in U(N). This identification has pre-
viously been exploited in the evaulation of plethysms7 by
a technique involving the use of the weight spaces asso-
ciated with U(M) and U(N). The aim in this paper is to
use the same identification to derive, without any use of
weights, recurrence formulas for plethysms.

It is, of course, this identification which gives plethysms
an important role to play in the study of a number of
physical problems. This was first recognised by

Elliott® who used Ibrahim's tables of plethysms to esta-
blish the branching rules for the decomposition U®) D
U(3). These results were then used in the study of the
SU(3) shell model of nuclei. In atomic spectroscopy
plethysms have come to play an increasingly important
role both in the resolution of the Kronecker squares of
irreducible representations with application to the deter-
mination of selection rules,? and more generally in the
classification of the atomic states of many electron con-
figurations, the analysis and classification of the many
particle operators of atomic theory, and the derivation of
selection rules for the matrix elements of these opera-
tors.10

In Sec. 2 the well-known branching rulel! associated
with the embedding of U(M — 1) in U(M) is used to
generalize Littlewood's third method in a manner appro-
priate to the removal of ambiguities from the calcula-
tion. The application of conjugacy theorems3 in Sec. 3
then leads to a derivation of two formulas similar to
those of Murnaghanl2 which formed the basis of an ear-
lier calculation of plethysms.13 However, the new for-
mulas are simpler to use.

Finally, in Sec. 4 the general result obtained in Sec. 2 is
inverted so0 as to give a direct method of evaluating
plethysms free of any ambiguity.

2. GENERALIZATION OF LITTLEWOOD’S
THIRD METHOD

The algebra of S functions (Ref. 2, p. 290;Ref. 3) is well
established, but the duality that exists between S func-
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tions and the irreducible representations of the classical
groups has not been fully exploited. This duality is such
that if {A} is an S function associated with an irreducible
representation of U(M) of dimension N, then an embed-
ding of U(M) in U(N) may be defined by the mapping

{1} - {a}.

Under this mapping every S function {1}, associated with
an irreducible representation of U(N), decomposes in
accordance with the branching ruleé

{u} - ) o {u} = Doy ok,

where {A} ® {u} is an outer plethysm of S functions and
v} is an S-function associated with an irreducible re-

presentation of U(M). If {1},{u} and {v} correspond

to partitions (A), () and (v) of I,m and » into p,q and »

parts, respectively,then n = Im and » = pm. It is con-

venient to call I,7, and n» and p, ¢, and » the degrees and

depths of the S functions {A}, fuf, and {v}.

The determination of the coefficients G}, corresponds to
the evaluation of the plethysm {A} ® {p}. These coeffi-
cients are independent of M and N even though the
branching rule (2. 2) for U(N) > U(M) may be M~inde-
pendent in the sense that if {v} has a depth, , greater
than M, then the corresponding irreducible representa~
tion is zero.

The canonical embedding of U(M — 1) in U(M) is defined
by the mapping

(2.1)

(2.2)

{1} - {1} + {o}, 2.3
which leads through the algebra of plethysm to the
branching rule

{v} > di + {foh e {u} = 2. (2.4)

The notation is such that Latin letters are used to de-
note partitions into one part only, while Greek letters de-
note general partitions. Thus {a} is of degree a and
depth 1, The evaluation of the quotient (Ref. 2, p. 110) of
S functions {v}/{a} togive a sum of Sfunctions of degree

n — a leads directly to the well known branching rule
(Ref. 11, p, 391) appropriate to U(M) > U(M —1).

The mapping (2. 1) and the branching rule (2. 4) define an
embedding of U(M — 1) in U(®) which is such that

luh - (Z ) @t @5

while successive application of (2. 2) and (2. 4) imply that
for this same embedding

Copyright © 1973 by the American Institute of Physics 11
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{waﬁawmwmw (2.6)

Therefore,

é: dx} @ {uh /A s} =(§g {K}/{a}) ®{u}. (@7

This result is an identity involving S functions, and al-
though its derivation depends upon the relationship be-
tween S functions and irreducible representations of
unitary groups, the result is independent of M and N.

Expanding both the left and right hand sides of (2,7) into
terms containing S-functions of a given degree then
yields the set of identities

{2} @ {u} = {a} & {u},
dar e {uh A1} = {a} ® dutAth - da}A1h,

dat e {uh A2} = {a} ® u}Ath - dab/A2h
+ {a} ® up/A2h - dalA1h © {2}
+ {2} @ {pi/A12h - da}/A1h o {12},
(2. 8¢)

(2. 8a)

(2. 8b)

etc.

Equation (2. 8b) forms the basis of Littlewood's third
method of calculating plethysms (Ref. 2, p. 291; Ref. 3)
which depends upon the fact that if sufficient plethysms
are known to enable the right-hand side of (2. 8b) to be
evaluated, then it may be possible, from the resulting
expression for ({A} ® {u})/{1}, to establish the plethysm
{2} ® {u}. It is this last step which involves a certain
amount of trial and error and leads to ambiguities.

For example, assuming that {2} ® {2} = {4} + {22}, it
follows from (2. 8b) that

d2} ® 8h/A1} = da} + {22}) - {1}
= {5} + {41} + {32} + {221}. (2.9)

However,

de} + {42} + {23h/{1} = {5} + {41} + {32} + {221}
and
(51} + {32} + {23h A1} = {5} + {41} + {32} + {221},

g0 that {2} ® {3} is not uniquely determined by the use
of (2. 8b)

In this example, application of (2. 8c) gives

d2} ® {8h/{2} = 2{4} + {31} + 2{22}.

Since

de} + {a2} + {23h A2} = 2{a} + {31} + 2{22},
while

@51} + {32} + {23h /A2t = {4} + 2fs1} + {22},
it then follows that

{2} ® {3} = {6} + {a2} + {23}.

It is clear from this example that (2.7) provides a way
of generalizing Littlewood's third method of calculating
plethysms through the use of the set of identities (2. 8).

(2.10)

(2.11)
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3. COMPARISON WITH MURNAGHAN'S FORMULAS

Application of the general result (2.7) to the cases for
which {A} = {17} and either {p} = {m} or {p} = {17}
leads to the very simple identities

:‘é‘)({u} @ {mhHAal = {1} + {171}) ® {m}, (3.1a)

1y © ihAd = @ + {11 ® {1,
a=0 (3.1b)

Expanding the right hand sides of these equations then
gives, for the terms of degree Im — q,

@1 © {mh/Aat = 11} ® {m ~a} - {12} ® {a},
(3. 2a)

@11 e {1mh e} = {11} ® {1m-a} - {1-1} ® {19}.
(3.2b)

It follows from Littlewood's theorem of conjugates3 that

i1} ® {mh/A1e} = {1} @ {m —a} - {1 -1} ® {1a},(3
1} ® im}/A1a} = {1} ® {tm-e} . {1 -1} ® {a}. o

3a)

. 3b)

The cases a > m lead immediately to the obvious result
that neither {I} ® {m} nor {I} ® %’1 m} contain S func-
tions of depth greater than m. Setting a =m in (3.3)
then yields the results

di} ® {mp/famp = {1 —1} ® {17},
i} e {17 A1 = {1 ~ 1} ® {m},

which determine uniquely the terms of depth m in the
expansion of {I} ® {m} and {I} ® {17}, since only these
terms give any contribution to the left hand sides of (3. 4)
and these terms have a one-to~one correspondence with
those of these quotients.

(3.4a)

(3.4b)

Setting a = m — 1 in (3. 3) then yields equations which
give the terms of {I} ® {m} and {I} ® ?1 m} of depth

m — 1, the process may clearly be continued. The com-
putation may be simplified by noting that terms of depth
greater than m — ¢ may be omitted when solving for
those of depth m —c.

Using the notationl2

ifr==%,

{vHe =

{{Vl-—l,yz'—]"""vk“l} (3.5)

ifr =&,

where 7 is the depth of {1}, the above procedure gives

{i} @ fmllnc = 2 0eli} @ {c—d)

c{1—1} ® {1m-c+a} . {12}, (3.6a)
[} © fumtlee = 3 - 0ed1) @ f1e-e)
{1—1} ®{m —c+a} {1}, (3.6b)

where on the right-hand side of these equations all §
functions of depth greater than m — ¢ may be omitted.

For example,

[{2} ® {3}z = {1} ® {13} = {13} + ---,
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{2} ® {3}], = {2} ® {1} - {1} ® {12}
— {1} e {13} - {1} = {31} + -+,

{2t ® {3}, = {2} ® {2} - {1} ® {1} — {2} © {1}
Qi e {12} i} + {1} @ {13} - {12} = {5} + -,

3.7

where the dots indicates S functions of depth greater than

m — c. Therefore,

{2} © {3} = {6} + {a2} + {23}

in agreement with (2.11),

(3.8)

The Egs. (3. 6) bear a striking resemblance to the very
useful results of Murnaghan.12 However, they are sim-
pler in that fewer terms occur on the right hand side of
(3. 6) than in the expressions of Murnaghan.

4. A FORMULA FOR PLETHYSM COEFFICIENTS

In deriving the results of Secs. 2 and 3, the key formula
is (2.7) which was obtained by a consideration of the
branching rules appropriate to the subgroup chain

UN) D U(M) D U(M —1). To proceed further, it is
necessary to consider the last link in this chain in more
detail.

Just as (2. 3) leads through the algebra of plethysm to
the relation (2. 4) appropriate to U(M) | U(M — 1), s0
the inverse of (2. 3) given by

{1} - {1} — {0} (4.1)
leads to the relation
{r} - 1} — {oh & {7} = 2 (- n{rtA1% @2

b=
appropriate to U(M — 1) T U(M). The arrows | and T
correspond to the processes of subduction and induction
respectively.

TABLE I. The subduction coefficients, H] , associated with U(M) | U(M — 1):

743
H §
Zzg){c}/{a} =L HI{T} 4.3)
and
,Z% {18 = OEKf; {o}, 4.4)

it is clear that the matrix K is the inverse of the matrix
H. The matrix elements of H and K, derived from (4. 3)
and (4.4), are given in Tables I and Il for s =5, =5, It
is to be noted that K¢ = (— 1)s-¢ HZ where {5} and {7}
are the S functions conjugate to {o} and {7}.

An arbitrary set of S functions, each of weight », asso-
ciated with a set of irreducible representations of
U(M) corresponds to another set of S functions, each of
degree less than or equal to #n, associated with the sub-
duced representations of U(M — 1). That is, for all
coefficients A, there exist a set of coefficients B, such
that under U(M) | U(M — 1)

Z A, vt > Z Bo{o} @4.5)
with s < #. In fact, from (2.4) and (4. 3)

B, = DA, H3. 4. 6)
However, if

{v} = {vi,vg,vg, = {n—t 7,75, ), 4.7
it is easy to see that

HS=HT 4.8

so that, with the notation of (4.7), Table I gives the trans-
pose of the matrix associated with the branching rule

{v} -@Hﬁ {o}. 4.9)

{a} ~>ZT)HJ{T} and {v} - ?H?/{o}.

-
-~ —— — — ) —_
) - ) _— = N — -
- N o« o~ - < ™ ™ ~ -
{ v } - o~ o o o o L ~ <« <«
| | ! | | | | i | |
= x* * =R = b = By = = 3 X
—— —— B — —_— == — —_— = — —_— ——

{n — 5.5}
{n —5.41}
{n—5.32}
{n — 5,312}
{n -5, 221}
{n - 5,213}
- 5,15}

{n

{r}
{eiN\_ {0} i} {2h {12} {3} {2a} {13} {4} {31} {22} {212} {ae} {5} {ea} {32} {31} {221} {213} {15}
{o} 1
{1} 1 1
{2} 1 1 1
{12} 1 1
{3} 1 1 1 1
{213l 1 1 1 1
{13 1 1
4} 1 1 1 1 1
31} 1 1 1 1 1 1
22} 1 1 1
{212} 1 1 1 1
14} 1 1
{5} 1 1 1 1 1 1
{41} 1 11 1 1 11 1
132} 1 11 1 1 1
1312 1 1 1 1 1 1
221i 1 1 1
213} 1 1 1 1
{15} 1 1
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TABLE II. The induction coefficients K9 associated with U(M — 1) T U(M): {7} -» 3 K¢ {o} and

ZA v = DKy BAvh > 2 B {o}.

vo

{o}

{v} {rn b {1} {o} {12} {3} {en}{1s} {4} {sa}{e2} {212} {14} {s}{a1} {32} {312} {221} {213} {15}
{n} of 1

{n—1,1 {1} -1 1

{n —2,2} {2} —~1 1

{n—212} {12} 1 -1 1

in—38,3} {3} -1 1

{n —3,21} {21} 1 -1 -1 1

{n—3,13} {13} -1 1 -1 1

{n—1a,4 {4} -1 1

n —4,31 1 -1 —

in —4, 221 EZi ' 1 ! ‘} ! 1

in — 4, 212} 1212} -1 1 1 -1 -1 1

{n —4,14} {14} 1 —1 1 -1 1

{n —5,5} {5} -1 1

{n—5,41} {41} 1 -1 -1 1

{n — 5,32} 132} 1 —1 -1 1
{n — 5,312} {312} -1 11 —1 —1 1
{n —5, zzli 12211 -1 1 1 -1 -1 1

{n —5, 213} {213 1 -1-1 11 -1 -1 1
{n—5,15} {15} —1 -1 1 —1 1

The columns of the table are labelled in such a way as
to indicate this. For given # the columns have to be
suitable extended of course, while for small » some
columns may be irrelevant.

Making use of (4. 8) in (4. 6), together with the fact that
K = H-1, yields the result

A,=2, K9B,. (4.10)
g
It should be stressed that in this equation { v} and {7}
are related by (4.7) so that ¢ <#z. This implies that for
a given value of » the only information required to deter-
mine the left hand side of (4.5) is that given by a know-
ledge of the coefficients B, with s <x. The relevant
transformation matrix is the matrix K of Table II in
which the rows are labelled both by {»} and by {7}.

Returning to the problem of evaluating plethysms, the
result (2.7) implies in the notation of (2. 2) that under
UMl UM —1)

Zot, i »(Z 0 Ad) o et = Srnlol, @1

where clearly F§, = G§, and the remaining coefficients
Fgq, with s <z may be evaluated from a knowledge of
plethysms of the type {7} ® {o} with either p < I,
r=mor p=1[lr <m,i.e.,plethysms of degree lower
than {A} ® {u}.

The branching rule (4.11) is an example of the relation
(4.5), and using (4.10) and (4. 4) gives the formula

t
Gfu= 2 (-1 F2’, (4.12)

where {v} and {7} are related by (4.7) and 7/1° denotes
the S function quotient {7} /{1%}.

This formula (4. 12) enables any plethysm {A} ® {u} to
be evaluated unambiguously in terms of plethysms of
lower degree. As an example, (4.11) implies that

Z Fiopgiot = 2 + {1} + {0 = {3}

= {2} ®{3} + {5} + {a1} + {32} + {221} + 2{4} + {31}
+ 2{22} + 2{3} + {21} + 2{2} + {1} + {0}, (4.13)
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where use has been made of the algebra of plethysms
and a knowledge of some plethsyms of degree less than
6. The plethysm coefficients G{yz}(s} are then found by
multiplying by K the column matrix whose elements
1120210212001110100 (4.14)

are the coefficients of the S function {o} appearing in
(4. 13) with s < 5. It is then clear that

{2} ® {3} = {6} + {a2} + {23}

in agreement with (2. 11) and (3. 8).

(4.15)

It is worth noting that the general structure of the
matrices H and K is such that G%, = 0if F{, = 0, and
that the only terms of (4.11) which are relevant are
those for which 0y = # — s. For example only the last
six terms of (4.13) are relevant, so that the list (4. 14)
need be continued no further than the tenth element.
Fruthermore it follows immediately from the absence

of the S functions {12}, {13}, {212} and {14} in (4.13) that
the S functions {412}, {313} {2212} and {214} are not con-
tained in {2} ® {3}.

Clearly, even noting these points, the formula (4. 12)
does not provide the most rapid method of calculating
the plethysm {2} ® {3}. However, the great merits of
the formula lie in the fact that it is completely general
and free of any ambiguity.
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Oscillator phase states, thermal equilibrium and group

representations®

Y. Aharonov', E. C. Lerner’, H. W. Huang, and J. M. Knight
Physics Department, University of South Carolina, Columbia, South Carolina 29208

Eigenstates of the annihilation type operator U = C +iS, where C and S are the “cosine” and
*sine” operators for harmonic oscillator phase, are shown to be closely related to thermal
equilibrium states of the oscillator and to provide a new interpretation of the thermal equilibrium
density operator. The problem of creating such states is considered and a general theorem is
established leading to the construction of interaction Hamiltonians which transform the eigenstates of
U among themselves and, in particular, create them from the oscillator ground state. These
Hamiltonians lead to representations of the Lie algebras of O(2,1) and O(3). It is suggested that the
mathematical technique used, in which generalized U-type operators provide the link between a
group and its representations, has its own intrinsic interest for the study of Lie groups.

1. INTRODUCTION

In studying the quantum theory of harmonic oscillator
phase, new Hermitian operators C and S were intro-
ducedl~7 whose spectra coincide with the range of
values of the trigonometric functions cos¢ and sing.
Since these operators do not commute with one another,
one cannot prepare a state in which the phase is arbi-
trarily sharply defined except in certain limiting cases.
However, one might expect that the operator U= C + 1S,
which is the quantum analog of the quantity e*¢ = cos¢ +
i sing, would define states of maximal phase resolution
in some reasonable sense.

The eigenstates of U, referred to here as the phase
states, have been studied,? and not only provide a physi-
cally reasonable description of phase, but also possess
other interesting physical properties. These properties
stem from the close relationship between phase states
and the description of an oscillator in thermal equili-
brium with its surroundings, a relationship in which the
classical concept of oscillator phase plays an important
role,

As an example, consider an oscillator of natural fre-
quency w in thermal equilibrium at a temperature T.
Then the statistical average of the oscillator energy can
be shown to be equal to a pure quantum expectation
value in a suitable phase state, This implies that mea-
surement of the oscillator energy cannot distinguish a
phase state from a thermal equilibrium mixture. The
expectation value of any other oscillator observable is
obtained by uniform averaging of its quantum expectation
value in such a state over a single parameter which, in
the limit 2T > fiw, is identifiable as the classical phase
of the oscillator,

Therefore, although the density operator formalism
makes it clear that thermal equilibrium cannot be des-
cribed by a pure quantum state, the phase states provide
as close a description as one might hope for within the
pure state framework, The additional randomness asso-
ciated with thermal equilibrium is represented by a uni-
form distribution over the phase parameter associated
with the state.

In view of the foregoing remarks, it becomes a matter of
considerable interest to examine the possibility of find-
ing a physical model for the creation of a phase state.
In this model the oscillator would be part of a well-
defined larger dynamical system, the effect of which
would be to subject it to an interaction which would take
it from its ground state, for example, to a phase state.
Such a model would conceivably have the interesting
property of exhibiting, within the framework of pure
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quantum dynamics, a process very closely related to
the approach to thermal equilibrium,

An obvious first step in the search for this model is to
find interaction Hamiltonians which generate phase
states. The formulation and solution of this problem
form the bulk of the present paper. In developing the
mathematical techniques for this purpose, we find that
the desired Hamiltonians form a representation of a Lie
algebra. The elements of the group generated by this
algebra are identified with transformations of the spec-
trum of the operator U, which in turn acts in the under-
lying space of the representation, We believe that this
linking of the group with its representation via an opera-
tor is of sufficient generality to be of intrinsic interest
for the study of group representations.

This paper is therefore one of largely mathematical
nature, motivated and guided by physical considerations.
The emergence of a possible new approach to the study
of Lie groups was quite unforseen at the outset. We
therefore do not include here attempts to extend our
approach beyond the groups O(2, 1) and O(3) which arise
naturally in our treatment of harmonic oscillator dyna-
mics. These further efforts will be the subject of a
future paper.

In Sec. 2, the relation indicated above between the statis-
tics of an oscillator in thermal equilibrium and the
phase states is established. A brief discussion of the
properties of these states and of the operators defining
them is included here and in the following section.
Further clarification of their significance as phase
states is provided by examining them in the classical
limit and showing that they have just the interpretation
one would expect in terms of an ensemble in phase
space.

Section 3 is concerned with the formulation and solution
of the problem of finding the Hamiltonians that generate
phase states., The formulation is achieved by establish-
ing a general theorem which characterizes those Hamil-
tonians which transform the eigenstates of an operator
of the type U into themselves. This leads to a whole
class of operators A(k) parametrized by a real variable
k and including the operator U itself. For each value of
k,there is a set of allowable Hamiltonians H(k). It fol-
lows from the general conditions of our theorem that
the H(k) constitute a representation of a Lie algebra,
which turns out to be essentially that of 0(2,1). We
show also that the familiar destruction operator, whose
eigenstates are the coherent states, is a member of our
class in the limit 2 - ©, We thus refer to the operators
A(%) as generalized destruction operators.

Copyright © 1973 by the American Institute of Physics 746
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In Sec.4 we explicitly exhibit the general form of the
unitary transformations which the H(k) induce on the
A(k) eigenstates. It is seen that the eigenvalues of A(k)
undergo linear fractional transformations. For a given
k, these transformations can be classified into two
types. In one, the eigenvalues vary periodically in time;
in the other they display the interesting property of
approaching a given limit as £ = <« independently of
their initial values.

In the last two sections, we take up the group theoretic
aspects of our work. In Sec. 5, we show that an exten-
sion of the range of the parameter % allows us to gene-
ralize the methods of Sec. 3 to include O(3) as well as
0(2,1). By a slight broadening of the concept of eigen-
state, we are able to retain the useful transformation
properties of the eigenstates of the generalized destruc-
tion operator even in the finite dimensional subspaces
which support representations of O(3). In the final sec-
tion, after identifying the relevant representations of
O(3) and 0O(2, 1), we give some characterization of the
phase states from the point of view of the theory of
group representations, The section closes with a dis-
cussion of the derivation of the explicit forms of the
matrix representation of the group by means of our
formalism,

2. PHASE STATES AND THERMAL EQUILIBRIUM

Consider an oscillator which has been brought into ther-
mal contact with a heat bath of temperature 7 = (kg)-1
and allowed to reach equilibrium. If the contact is then
broken and the oscillator allowed to evolve as an iso-
lated system, its state is represented by the thermal
density operator
bl
p=(1—ebr0) 35 emnbru|n)(nl, (2.1)
n=0
where the |n) are orthonormal eigenstates of the num-
ber operator N = a‘*a.

Formally, we may exhibit a pure quantum state which,
for observables diagonal on the oscillator number basis,
gives the same expectation values as are obtained from
the thermal density operator. This state is
<0
[Yg) = VI— eBha 3, emBRw/2 |p), 2.2
n=0

As an example, the familiar result for the average value
of the number operator,

(N) = 1/(ef?v — 1)

is obtained as a pure quantum expectation value, For
general observables, we may make use of the time de-
pendent state associated with (2. 2),

(2.3)

I‘Ve(t» =1 _ gBhw “Zi;o e nBRw/2 inut [y (2.4)

to obtain p by time averaging over the oscillator period
T

p=/1) [y dtly N (¥, @l.

These somewhat formal constructs acquire a more tan-
gible significance from the fact that, for the classical
oscillator, averaging over a period is equivalent to ave-
raging over a completely random phase. With this in
mind, we rewrite Eq.(2.5) as

(2.5)

o= 0" 8 1y @)@, (2.6)
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with |y, (¢)) defined by
|Wg (o) = V1 — e Bhw 2}0 enBAY2 ging [y, (2.7)

Thus, the time averaging of Eq. (2. 5) is replaced by an
averaging over a set of time independent states para-
metrized by the quantity ¢.

Of course, the resemblance of Eq. (2. 6) to classical
phase averaging does not guarantee that ¢ is related to
the phase. The relation can be established, however, on
the basis of a previously published mathematical analy-
sis7? of oscillator phase operators in which new states
of the oscillator, the phase states, were introduced.
These are eigenstates of the operator U = C + iS, where
C and S are the “cosine” and ‘“sine” operators and satis-
fy

[C:N] =18,

[S,N]=— iC, (2.8)

or

[U,N]=U. (2.9)

The simplest choice for U, namely, U = E, the unit shift
operator, defined by

Elmd=01-5,,)In-0, (2.10)

leads to phase states of precisely the form (2, 7) with
the eigenvalue z identified as

Z = lz[ ei® — pi¢-BRwW/2

= —<N> el
v (W) +1 )

Thus the averaging in Eq. (2. 6) is carried out with res-
pect to a parameter which, in the limit (N) — © (i.e.,
Briw << 1,0r |z | = 1),is formally identifiable with the
classical oscillator phase.8

(2.11)

This formal identification of ¢ with the classical phase
can be made intuitive by noting the following behavior,
which is established mathematically in the Appendix:
for ¢ = 0, the expectation value of the coordinate (gq)
becomes indefinitely large with large (N). Furthermore,
the fractional uncertainty 8¢/ ¢) approaches a nonzero
constant value less than unity. Therefore, §q also be-
comes very large, but remains less than (g), indicating
that the probability distribution covers primarily the
positive real axis.? At the same time, the expectation
value of the momentum (p) vanishes, and the uncertainty
0p becomes vanishingly small as (N) becomes infinite.
Thus p is sharply defined about zero, When ¢ = 7/2,
the roles of p and q are reversed, with the p distribu-
tion being smeared out over positive values and g being
sharply defined about the origin.

More descriptively, we can picture a classical ensemble
of oscillators with different amplitudes but identical
phases. Thus, ¢ = 0 sees them strung out to the right of
the origin and at rest, while ¢ = 7/2 sees them all loca-
ted at the origin with different momenta, but moving in
the same direction,

The phase states differ in this respect from the well-
known coherent states, which are eigenstates of the anni-
hilation operator with eigenvalue «, expressible as

a=(ANZ)(g + i{p)) =V{Ny eis. (2.12)

Here the parameter ¢ also becomes interpretable3 as
the phase of the oscillator in the limit of large (N). But
in this case, all the dynamical quantities, q,p,N,etc.,



748 Y. Aharonov et a/.: Oscillator phase states

become essentially classical, having fractical uncer-
tainties which vanish in this limit. The classical beha-
vior is evidenced by the fact, shown by Glauber,10 that
the thermal density operator (2. 6) can be expressed in
terms of the coherent states asl!
p= L [azaelely™| a)al. (2.13)
e
The distribution function in Eq. (2.13) is Gaussian, as
one would expect classically, In the limit of small 8, it
goes over into the Boltzman function and becomes in-
terpretable as a probability distribution,10

In analogous fashion, the uniform distribution over ¢ in
Eq. (2. 6) becomes interpretable as a uniform probability
distribution in phase for large (N). The distinguishing
property of the phase states is that, for them, only the
phase becomes classically definable, the other quantities
retaining finite fractional uncertainties, Thus the den-
sity operator acquires a new interpretation. The statis-
tics associated with phase independent variables, such
as the energy, are purely quantum-mechanical, while

the total statistical picture emerges as a result of uni-
form phase averaging.

In view of this close relationship between phase states
and thermal averaging, it becomes a matter of consider-
able interest to find a model in which these states are
generated as a result of some interaction. It is with this
aim in mind that we undertake in this paper a general
mathematical formulation of the problem of finding
Hamiltonians which generate states of this type from
the ground state and transform them into one another,

3. GENERAL FORMULATION

We begin by noting12 that the phase states form a non-
degenerate, overcomplete set of eigenstates of the non-
unitary shift operator E, whose spectrum consists of
the unit circle in the complex plane, An interior point
z of the circle corresponds to a phase state

<O
lz) = v1—[z]2 25 2n|n).
n=0 -
These properties bear a strong resemblance to those of
the coherent states, where the relevant shift operator is
the familiar annihilation operator EVN , and the spec-
trum consists of the entire complex plane.

(3.1)

An important feature of the coherent states is that they

retain their character as eigenstates of the annihilation

operator under the influence of linear, c-number driving
forces, that is, the class of Hamiltonians of the form

H=ciN + coq +c3p (3.2)
generates unitary transformations of these states into
themselves.

In seeking analogous Hamiltonians for the phases states
we were led to the following general formulation of the
problem:

(i) Consider an annihilation type operator A = EF(N),
so that

Aln) =Fn)in—1) (3.3)

with F(0) = 0, but F(n) nonvanishing for n = 0. There is
no loss of generality in assuming F(z) to be real and
positive.?” We assume further than F(n) converges to a
finite nonzero limit as» — ©, A solution of the eigen-
value equation

Ala)=alla) (3.4)
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is given by

lay=l0)y+ % 2 _
n=1 mlzl F(m)

| n), (3.5)

in which we assume that the F(n) are such that || a) is
normalizable for |@| < R where R is some nonzero
positive constant. The double bar notation is used to
denote states with the normalization (3. 5) in which the
coefficient of the ground state is unity and the coeffi-
cients of the other states are analytic in @. The eigen-
state with unit norm is denoted by | a). The spectrum?
of A then consists of the interior and circumference of
a circle of radius R in the complex plane. The states

| @) form a nondegenerate, overcompletel3 set.

(ii) We now show that a necessary and sufficient condi-
tion that a Hamiltonian H generates transformations of
the || &) into themselves is thatl4

[A; H ] = f (A)’
where the notation f(A4) is understood to mean that the

eigenstates of A are also eigenstates of [4, H]. It will be
seen, in fact, that f is an analytic function of its argument.

(3.6)

The proof of necessity proceeds from the fact that if #
generates unitary transformations of the || o) into them-
selves, it follows that

Aetitd | g) = re"iH | a), (3.7

where A is a number which is dependent on £ and «. In
infinitesimal form,
(1 + istH) A(1 — idtH) | a) = (a — i6tf) ]| @), (3.8)

where we have written A = a — ¢6#f, and f is independent
of £. Then,

[A,H] o) =fla). (3.9)

The dependence of f on a is obtained from the relation
f=rf@=C01[4H]I @)
=(0I[A,H] | 0) + % M an

no1 ﬁl F(m)
m= (3.10)

’

which showsl5 that f(a) is analytic in @ and therefore
that f(A) is well defined.

Sufficiency follows from the fact that Eq.(3.8) is a
direct consequence of assuming Eq. (3. 6)

(iii) We observe now the important fact that the set of
all operators H which satisfy Eq. (3. 6) for a given A
constitutes a Lie algebra., For,if H, and H, are mem-
bers of this set whose commutators with A are f,(A)
and f,(A4), respectively, it follows that

[A,xHy + A Hy] = 2qf1(A) + Ay f5(A), (3.11)
and
df, (4) df,(4)
(4, [H,, Hy]] = fo(4) ;A — /1(4) ;A ,  (3.12)

which shows that the set is linear and closed with res-
pect to commutation. Eq. (3.12) is deduced from the
Jacobi identity and the analyticity of f; and f,.

It is a remarkable fact that, within the framework out-
lined above, it is possible to deduce the form of all
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Hermitian operators H associated in this way with a
generalized destruction operator A. Further, all the A
operators separate into two classes, one of which leads
to Hamiltonians belonging to physically uninteresting
Abelian Lie algebras, while the other contains the shift
operator E as a special case and the standard annijhila-
tion operator as a limiting case. This latter class pro-
vides the physically interesting Hamiltonians.

In demonstrating these results it is convenient to work
with the states || &) as defined in Eq. (3. 5) because they
permit differential representations of operators. Thus
we have from Eq. (3. 8)

(1 — iotH) || @) = (1 — idt g(a, a*)) || @ — idtf(a))

= <1 — iot{gla, a® + fla) ;_a )> I ay.
(3.13)

The function g{a, a*), to be determined, serves not only
to represent a possible phase factor, but also to pre-
serve the normalization (3. 5), and is therefore not
necessarily real. Then,

Hl @) = [fla) i +gla,aM] ). (3.14)

We must now apply the requirements of Hermiticity to
H,which is done by requiring that

Bl Hla)=(allHI B)* (3.15)
for all @ and B. If we write | @) as

lla) = ?{) h,ar |n), (3.16)
and define the function Y (¢) by

v = 5 nzen, (3.17)

¥(€) is analytic within the circle | {|< R2,where R is
the spectral radius of A. The matrix element in Eq.
(3.15) becomes

B H ) = [fla) % + go, aM]y(ap®).  (3.18)
Setting 8 = 0 in Eq. (3. 15) gives
g(a, a*) = f(o)* h%a +g(0)*y (3' 19)

which shows that g is analytic and, in fact, linear in «
and that g(0) is real. Putting Eq. (3.19) into Eq. (3. 18),
differentiating the latter with respect to 8* and then
setting 8* = 0 yields the following equation for f,

fla)y = fo +fia+ ihj a2,

(3.20)
E+1
where fo = f(0), f]_ = f(0) and
1/(k + 1) = (2n/h}) — 1. (3.21)

Differentiating f(a) once with respect to o and setting
a = 0 shows that f, is real. Finally,using Eq. (3. 20)
with the Hermiticity requirement leads to

h2
<foﬁ*—f3a)[w'<c)—,;j—l w'<§)—h%w(c)]= 0,
(3.22)

with { = aB*. A moment's reflection now shows that we
must have either
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(A) fo =0
(B) ¥'(€) — [K}/(k + DTy’ () — kY = 0.

Case (A) may be disposed of quickly by noting that Eq.
(3. 14) becomes

[f, a% +20)]lla)
[N + 2]l @).

Once stated in general operator form, the restriction to
the specific normalization defined by | @) becomes un-
necessary and we see that H is a real, linear combination
of N and the unit operator I. It is therefore an element
of the two-dimensional Abelian Lie algebra U(1) X U(1).
The transformations generated by N and 7 are physically
uninteresting in that they merely represent the unper-
turbed oscillator.

or

il

Hll a)
(3.23)

The differential equation in case (B), along with the con-
dition {(0) = 1, has the solution

) ={1—[(R20)/(k + D]}~ &D,

In order to match this with Eq. (3. 17) we note that there
is always a finite circle in the {-plane within which we
can expand Eq. (3. 24) in a convergent power series

& re+n+1) K\
O=2 .
W 2=0 p!T(k+ 1) \B+1
Note the implicit requirement that &2 > — 1 to ensure
that the coefficients in the power series all be positive
in conformity with the definition of Eq. (3.17). The

radius of convergence of the above power series is the
square of the spectral radius of A.

(3.24)

(3.25)

Taking the square root of the ratio of successive coeffi-
cients in Eq, (3. 25) shows the F(n) of Eq. (3. 3) to be

F(rn) = (1/k))Vn(k + 1)/( +n). (3.26)
The factor 1/h; is a scale factor which plays no essen-
tial role in the eigenstates of the resulting A operators.
The choice %; = 1 results in £ = 0 corresponding to the
unit shift operator E, while 2 = © corresponds, as we
shall see, to the annihilation operator. We refer to the
resulting 4 as the generalized destruction operator
A(R),i.e.,

A(k) = ENN(k + 1)/(N + R). (3.27)
It follows from this expression that the spectral radius
of A(k) is vk + 1, Thus,in terms of a single real para-
meter 2, we have the general form of the annihilation
type operator associated with Case (B). It is now a
simple matter to exhibit the associated eigenstates | o, &)
in normalized form. The normalization factor follows
from the definition of {/(£) in Eq.(3.17) with £ = |a |2
and from the expression for ¥({) in Eq. (3.24). The re-
sult is

lo, k) = |1 !aiz}wwz
T E+1

w I‘(n+k+1)< o ),,
X,‘Z"om N ln).  (3.28)

It now remains to deduce the form of the associated
Hamiltonian and to show that it is an arbitrary linear
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combination of interaction terms and the free oscillator
term. Our starting point is once again Eq. (3. 14), into
which we substitute the expression in Eq. (3.20). This
gives

Hla) =I:<]B +fia + 7s a2>i + (foa +g(0))] la) .

BE+1 oo
(3.29)
Using
%H@wi‘é%—k) E|a), (3.30)
and
O‘ZE% o) = JYEE e a2 ), (3.31)

we are again freed of the || @) normalization and obtain,
after some rearrangement,

H= (fo/Nk+ H, + (f§/Ne + 1)H_ + f{N + g(0)

= Cy + C Hy + CoHy + CuH,, (3.32)

where
H, +iH,=H,=H =VN(N + k) E", (3.33a)
Hy=N+(k+1)/2 (3.33b)

and Cy, Cy,C,,C5 are independent real numbers. The
Hamiltonian of Eq. (3. 32) is an element of the Lie alge-
bra of O(2,1) X U(1), since H,, H,, and H; satisfy the
commutation relations of O(2,1). The basic equation
(8. 6) takes the form

[A)HS]ZA’
[A,H+] =vk +1,
[A,H.]=A2/(k + 1)1/2,

(3.34)

4, DYNAMICS OF THE lo, k) STATES

In this section we turn our attention to the group of
transformations induced on the | o, k) states by unitary
operators e i*#, where H is a Hamiltonian of the form
(3.32). Since the eigenvalue transformations are un-
affected by constant terms in the Hamiltonian, we res-
trict ourselves to the operators H,, H,, H, by choosing
g(0) = f1[(# + 1)/2]. The resulting Hamiltonian will be
referred to as H(k), i.e.,

HE) = QN+ 1) (foH, + fFH.) + f1H,. (4.1)
Using the pertinent results of the previous section, we
can rewrite Eq. (3.13) as

(1 — istH(R) || @, k) = (1 — idig(a))ll @ — 16if(a), k). (4.2)

It then follows that
. .t n )
lim <1 — i H(k) ” a,k>

n-—r0
. {
= exp{—i fo dtgla®]}H alt), k), (4.3)
where «a(f) satisfies the Riccati typel6 differential equa-
tion
*

da(t /
da(t) =~ if[a(®)] =— i[fo + fro) + A : i az(t)],
(4.4)

e ith® || o, k)

dt

with initial condition a(0) = «.
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The trivial case f, = 0 represents the free oscillator
with the obvious result that a(f) = ae™#1t. For f, = 0,
we make the substitution

kR+1 1 dw(t)
alt) = — = &

The function w(f) need be determined only to within a
multiplicative constant. This can be done by noting that
it satisfies the second order differential equation

dzw aw | fol2

4 i, ——
a2 o T Er I

Imposing the condition @(0) = o on the general solution
of this equation gives

w =0, (4. 6)

* 'y
w(t) = e-iflt/Z \:COS st + z<_1 +£>s_m__s_t]’ 4.7
2 k+1 s
where
(ff | fo !2>1/2 Vi S | fo 12
4 k+1) 7 47 k41
s = (4.8)
J(Mol2 iy g2 el
E+1 4 T4 B+ 1

This in turn leads to the results that a/vZ + 1 undergoes
the linear fractional transformation

_ alaNkE+1)+b
al)Ne+ 1= b*(a/\/le)+a* (4.9)
with
a = cosst — i(f,/2)(sinst/s), (4.103)
and
b = — (1:]&'0/ Fk + 1) (Sinst/s). (4. 10b)

Thus |a |2 — | 5|2 = 1, so that the transformation has
unit determinant.17 It can be verified also that it maps
the interior of the spectral circle {a| < ¥& + 1 into it-
self.

Having established the transformation properties of the
eigenvalues within the spectral circle, it now remains
to evaluate the multiplier exp{— i [} dtg[a(?)]} in Eq.
(4. 3), which, it will be recalled, does not generally have
unit magnitude because it is defined with respect to the
| @, %2). From Eq.(4.5) and the expression for g(a), it
follows immediately that

. k¥l gp L dwl))
o digla®l =+ == Syt =tk + ) Jo at S S5
(4.11)

which leads to the multiplier

expl- i J; diglad]}
= exP{— (k+1) ln[cosst + z(.’fl + M) Si““]}

2 k+1 s

(4.12)
The branch of the logarithm in the exponent is deter-
mined by taking the principal value zero at ¢ = 0, then
demanding continuity in £.

The results obtained thus far in this section are sum-
marized in the formula
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exp{— it(—f&‘/:;—__{o—}m + f1H3)} “ a,k>

* .
ginst
= exp{— (+1)In [cosst + z<é + M) l]}
2 k+1 s
aoa + bvk +1 k>
b*a+a* ,———k+1) b

where a,b, and s are given by Egs. (4. 8) and (4. 10).

x ” VE+1 (4.13)

We are now in a position to exhibit unitary transforma-
tions which transform the ground state to an arbitrary
(normalized) state | a, ). Setting a(0) = @ = 0 in Eq.
(4.9), it is apparent from Eq. (4. 10) that an arbitrary
o(t) is easily attained by making the choice f; = 0. For
we then have

al) b i ( Ifolt>
N R N T 4.14)
and
ot 1 | fo lt>]'(”’“
exp{— i fo dtg[a(t)]j = [cosh<‘/k =
= [1 — tanh2 (\I/i"Tltl)J(M)/z . (4.15)

Looking at Eq. (3.28) we see that (4. 14) provides just
the proper normalization factor, as it must, since ||0) =
|0). The resulting unitary operator can be put into a
particularly simple form which does not depend explicit-
ly on the parameter ¢ by choosing

fo=tei®, t=pJk+1., (4. 16)
This leads to the relations
D(p,$) | 0)=1e¢VEk + 1 tanhp), (4.17)

where the unitary operator D,(p, ¢) is defined byl18

Dy(p, ) = exp{p(e?o H, — e7i¢H_)}. (4.18)
The states |z) of Eq.(3.1) are obtained by setting ¥ = 0,
so that

Do(p,¢) = exp{p(ei9NE* — e"iv EN)}

= exp{p(ei®VN a* — ei¢ a'\/IV)}, (4.19)

and

Do(p,9)|0) =2), 2= e tanhp, (4.20)
These results, and those of the previous section, provide
the operators called for by the arguments of Sec. 2. In
particular, we note that the interaction Hamiltonians
which generate phase states are linear in aVN and VN o*,

but not in ¢ and p.

An interesting property of the Hamiltonians (4.1) appears
when we consider the eigenvalue transformations of

Eq. (4.9) in more detail. The nature of the transforma-
tions depends on the value of the parameter s. For

each value of %, the Hamiltonians (4. 1) fall into two
classes according to whether the parameters f,; and f;
are such that s is real or pure imaginary as indicated

in Eq. (4. 8).

The difference between the two classes is best under-
stood if we consider the points which are invariant
under the transformation of eigenvalues induced by
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each Hamiltonian,1? These can be determined either
directly from Eq. (4.9), or by setting the right-hand
side of the differential equation (4.4) equal to zero.
There are generally two such points, given by

o= (k+1)( f1 £ 25)/2f;.

It is not difficult to see that for the first class of Hamil-
tonians (s real), both invariant points lie on the same
ray from the center of the spectral circle, one inside
the circle and one outside. For the other class (s pure
imaginary), both points lie on the circumference of the
circle, For the case s = 0, which properly belongs to
the second class, the two invariant points coincide, and
lie on the circumference.

(4.21)

The eigenvalue transformations induced by the first
class of Hamiltonians are periodic in ¢ with period 7/s.
The eigenvalue o, starting from any initial value inside
the spectral circle, follows a closed trajectory which
circumscribes the invariant point within the circle,20
Thus, the free oscillator mean energy, related to |a l,
varies periodically with ¢ for these Hamiltonians.

As s — 0, the trajectories are pinched between the two
coalescing invariant points, so that in the limit, all tra-
jectories pass through this single point, which now lies
on the circumference of the spectral circle, At the
same time, the period becomes infinite.

This behavior implies that the asymptotic state of the
system for ¢ — £ is independent of the initial state,
and is determined only by the parameters f, and f, that
specify the Hamiltonian,21 This final state has infinite
mean energy and sharp phase resolution. A Hamiltonian
of this class therefore leaves its imprint on the system
in the value of the phase of its final state.

If the parameter s is pure imaginary, the trajectories
pass through both invariant points on the circumference
of the circle | @| = vk + 1. There are then two asymp-
totic states of infinite energy, one for { — + © and one
for ¢t » — «©, The behavior is otherwise similar to the
case s = 0.

It is intuitively obvious from Eq. (3. 27) that the limit
k — © should lead to the well-known coherent states

la) = e lal?/2 E} f—i n). 4.22)

n=0 n!
This follows rigorously from the fact that, for a given o,
we can choose k sufficiently large so that a is within the
spectral radius of A(k) and then compute || o) — |, ) [|2.
Noting that {a |a, k) is real,

|||oz)—la,k)||2=2(1-—(a|a,k)), (4-23)
where
2\ (k*1y2
(alak)=¢lal?2 (1— lal )
k+1
o0 T + kB + 1/2 2n
» ( (n 1) | a| . (4.24)
#n=0 \I'(k + 1)}(k + 1)~ n!
Since
T'n +k+1)
— 272 =, 4.2
Tk + 1)k + 1) (4.29)
we have
la|2 )( k+1)/2
elal2/2<1___ = JB) =1 4.26
herer (a|a,k) , (4.26)
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80 that

(e a,k);—_:g 1, (4.27)

which proves the point.

Similarly, the behavior of the unitary operator D,(p, ¢)
defined by Eq. (4. 17) is of interest. Using essentially
heuristic arguments, we see22 that for a fixed

o = etk + 1 tanhp, (4.28)

p must become small as ¥ > ©, Thus @ =~ %V p,and
from (3. 33a),

*
Dk(pr @) = exP{i_ \[kw E* — Ll EVEN }= e““nd*a,
VE VE
(4.29)
which is just Glauber's1? D(a) operator.

These results encourage us to seek a resolution of the
identity of the form

I= Jd2ap(lal2k)|ak (akl, (4. 30)

with the weighting function p( | a |2, &) to be determined,
and d2o = d(Rea)d(Ima) with integration over the circle

| @ | < YE + 1. By introducing polar coordinates in the
a-plane and making the change of variable t= |a|2/k+1,
the integral in (4. 30) can be written as

S aza p(lal2,B)] a,k)(a, k]

T'(n + k+1) fl

#=0 I'(x + 1)T'(k) "0 dt p(t, B)(1 — Y1 [n)(n |,

(4.31)

where p(| a |2, k) = p(t, k). A resolution of the identity
is obtained if

1 I'(r + 1T (R) )

d k —_— R+l fn — 4. 32
ly arpt 3 — e 7 T(n+k+1) @.32)
Using

1 -1 0= T (p)T(g)
dt(l —t)a1gp~l = 220 4.33)
fO ( ) T'(p +9q) (

when the real parts of p and g are positive, we see that

plt, k) = (1/7)[1/(1 — 1)2],

or,

(4. 34a)

plal?, k)= (1/m)[1/(1—|a]?/(k + 1))2],  (4.34Db)

with the condition 2 > 0. This gives the result

1 ) | {2\-2
= Jaza (1— 5] la,B)(a,kl=1(E>0).
(4. 35)

Note that the weighting function has sufficiently singular
behavior for its integral to diverge, a property which is
to be expected since Tr(J) = ®©. The condition 2> 0 in-
dicates that this resolution fails for the phase states
(3.1). This is a particularly vexing fact in view of the
physical interest attached to these states. The reason
for it is most simply seen from Eq. (4. 32), which shows
that the condition # = 0 demands that all of the moments
of the function p(¢, 0)(1 — ) on the unit interval be equal.
This in turn forces p(¢, 0) to have 6-function type beha-
vior at # = 1. In a crude sense, this indicates that the
unit shift operator E tries very hard to behave like a
unitary operator.
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5. GENERALIZATIONS AND EXTENSIONS

It should be apparent by now that the formalism deve-
loped thus far already exceeds in generality the require-
ments posed in Sec, 2, Quite aside from relevance to
phase states there is thus the mathematically intriguing
question of whether the methods developed here are use-
ful for the study of groups.

The essential feature of our procedure is the association
of a destruction operator with a unitary group in such a
fashion that the eigenstates of the operator transform
into themselves under the action of the group. Because
eigenstates of destruction operators are of necessity in-
finite dimensional, this leads to infinite dimensional rep-
resentations of the group. However, there is a limiting
sense in which the association between destruction opera-
tor, eigenstate, and group carries over into finite dimen-
sional spaces. In this section we illustrate this by ex-
tending our formalism to include representations of

0(3) as well as 0(2, 1).

Our starting point is a consideration of the effect of re-
moving the restriction — 1< k< « from the parameter
k by extending it to the complex plane. The operators
A(k) of Eq. (3.27) and the H of Eq. (3. 33) remain well
defined, Their matrix elements on the number basis are
in fact analytic in the complex 2-plane cut from —1 to

— . Further,the | @, %) of Eq. (3.28) continue to be
normalized eigenstates of A(k) for [a|[< VIE +1

The Hermiticity of the H, which is of course generally
lost in this process, can be restored for negative integ-
ral 2 (approached, for example, from the upper half-
plane) by a simple modification based on the fact that
the H now reduce the oscillator space to two invariant
subspaces. Thus,let ¥ = — p, where p is a positive in-
teger greater than unity. The Eq, (3. 33a) shows that

Hlp—1)=0 (5.1a)

and

H_ Ip) =0, (5.1b)

Therefore, a natural division of the number basis into

two invariant bases is defined. The vectors |n) with

0 <n = p — 1 span the p-dimensional subspace X,, while

those withn = p span the infinite dimensional subspace
©, In the latter subspace the H remain Hermitian as

defined, and are in fact identical, except for a relabeling

of the basic states, with those for the case 2 = + p.

We therefore fix our attention on the subspace X,
where multiplication of H, by — ¢ achieves the desired
result. The re-defined Hamiltonians,

Hy +iHy=H,=H' = VNp — N) E+ (5.2a)

and

Hy=N—(p—1)/2 (5. 2b)
satisfy the O(3) commutation rules. We have thus been
led naturally to the p-dimensional representation of the
0(3) algebra. In conventional notation,p = 2j + 1 and
Jy;=N—j.
The question of obvious interest at this point is the sta-
tus of the | @, k) states. Inspection of Eq. (3.28) shows
that, as & approaches — p from the upper half of the
complex plane, the coefficients of | a, k) in X° becomes
vanishingly small. In the limit, a well-deﬁneg p-dimen-
sional state | @,p) is obtained:

"),

IV e .
e:p)= <1 +£I_j>ﬁ v % <p" 1)(@“_ 1) (5.3)




753 Y. Aharonov et al.: Oscillator phase states

where

p—1\__(p—1!
n nl(p—1—n)!
is the standard binomial coefficient. The state | a,p) is

now defined for all @, and not merely those within some
spectral radius, as it is when & is not a negative integer.

(5.4)

Note that A(k), which now becomes

_ _g /Ne—1
4= a-p=£ [T,

is well defined on X,. Also, its commutators with the H
of (5.2) satisfy the basic relation (3. 6). However, the
la,p) of (5.3) are no longer eigenstates of A in the
strict sense in view of the fact that a destruction opera-
tor cannot have eigenstates in a finite dimensional
space. There is, nevertheless, a limiting sense in which
the |a,p) are eigenstates of A,. This can be seen from
the equation A(R) | a, k) = a| a, k), which holds rigor-
ously for % indefinitely close to — p. We therefore have

(5.5)

iim A(k) l C!,k> = l a9p>;
~>-p

which, however, does not imply 4, | @,p)= a | a,p). In
effect, the singular limiting behavior of A(%k) on the state
| ) combines with the vanishingly small projection of
la, k) on |p) to give a finite amplitude on {p — 1).
This feature is not present when A is restricted to X,,.

(5. 6)

The above remarks suggest the retention of the concept
of eigenstate of A(k) even in the limit, and we thus refer
to the | a,p) as extended eigenstates of A(k). We now
show that these states also retain the property of trans-
forming among themselves under transformations gene-
rated by the Hamiltonians of Eq. (5.2).

Our demonstration is based on the fact that the H can be
represented as differential operators when acting on the
nonnormalized states || @, p). The following equations
are easily verified from (5. 2) and (5. 3):

Hyla,p)= (a 5% - 2—%1> la,p), (5.7a)
Hlep)=Vp=1 o= lap), (5.70)

s DR S )
H ua,p>_(J—p e aa) ||a,p(>5. .

The differential relations imply that one can immediately
employ the methods of Sec.4,beginning with Eq. (4. 2).

In fact, one obtains, “mutatis mutandis”, as the analog of
Eq. (4. 13), the result

exp{— it[(p — 1) V2(foH, + fEH.) + f1HoTH a,p)

= exp{ (p—1)1n [cosst + 2(71 _ fJa) sizst}}

aa + ibvp — 1

vp—1 —— - 5.8
X“ p ib*a-f-a*m’p), ( )
where
2 /
s=<f_1+ M)l Y (5.9)
4 p—1

and
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inst
a = cosst — ié sins , (5.10a)
2 s
p—_ _Jo_ sinst (5. 10b)
vp—1 s
The analog of Egs. (4.17) and (4. 18) is
D,(p, )| 0) = [Np —1 et? tanp,p), (5.11a)
D,(p,¢) = expipei® H,— pe i®H_} . (5. 11b)

With these formulas, our extension of the formalism to
0(3) is complete.

We can characterize the results of this section in group
theoretical terms by saying that we pass continuously
from unitary representations of 0(2, 1) to the unitary
representations of O(3) via a continuum of nonunitary
representations of O(2, 1). Thus, representations of the
compact group appear at isolated values of the para-
meter which labels the representations of the noncom-
pact group.

6. REPRESENTATIONS OF O(3) AND 0(2,1)

We have shown in the preceding sections that the groups
underlying the dynamics of phase states are 0(2, 1) and
O(3). These groups are realized in our formalism in
two distinct way: (i) as mappings of the eigenvalues of
the generalized destruction operator, and (ii) as trans-
formations of the Hilbert space of harmonic oscillator
states, The transformations involved are familar,23-25
In the case of O(2, 1), the eigenvalue mappings are the
linear fractional transformations obtained by stereo-
graphic projection of the unit hyperboloid onto the com-
plex plane. The group of such transformations is known
to be isomorphic with 0(2, 1), and can therefore be iden-
tified with this group. A similar situation obtains with
respect to O(3) and projections of the unit sphere. The
spectrum of the generalized destruction operator can
therefore be regarded as the supporting space of the
underlying groups O(2, 1) and O(3). The transformations
of Hilbert space on the other hand are simply the linear
irreducible representations of the two groups.

The generalized destruction operator brings the support-
ing spaces of the group and of its representations into
particularly close association. It is an operator which

is defined on the representation space and whose spec-
trum serves as the space on which the group itself acts,
Further, the mapping of the spectrum is associated with
a mapping of eigenstates by the group, and thereby deter-
mines the transformation in Hilbert space associated
with a particular group element. It will be shown in a
forthcoming paper that these features are general and
apply to groups other than O(3) and O(2,1). Here, we con-
tent ourselves with showing that some of the familiar re-
sults pertaining to representations of the 0(2,1) and

O(3) groups appear in the present context.

We begin by identifying the representations that have
been obtained. In the case of 0O(2, 1), irreducible repre-
sentations are characterized25 by the value of the Casi-
mir operator @ = — H? — HZ + HZ and the spectrum of
the generator H;. These are found from Eq.(3.33) in
our case:

Q=3(k2—1),

Hy=n+3z(k+1),

(6.1)
n=0,1,2-.-, (6.2)

This infinite family of representations, labeled by the
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real parameter &, coincides with the representations
D~(®) of Ref. (25), with ® = — 3 (¢ + 1). The represen-
tations D*(®) are also obtained in our formalism by a
different choice of labeling for the generators, which
corresponds to the substitutions H, »> — H, and

H, » — H,. These are multivalued representations of
0?2, 1) unless % is an odd integer. Our basic require-
ment associating a generalized destruction operator
with a representation therefore leads to all the unitary
representations of 0(2, 1) in which the spectrum of H,
is bounded either from above or from below. The re-
maining representations, in which #; has an unbounded
spectrum, cannot be supported on the harmonic oscilla-
tor basis. They can be obtained, however, by our method
if an extension of the basis to negative » is made. The
details of this extension will be given in a future paper.

The case of O(3) is simpler. It is evident from the re-
marks following Eq. (5. 2) and from the allowed values
of p that we obtain all of the unitary representations ex-
cept for the trivial one belonging to the eigenvalue zero
of the Casimir operator @ = J2 = HZ + H§ + H. Thus
the generalized destruction operator and its eigenstates
bring into association the unitary representations of
0O(3) and the bounded unitary representations of O(2, 1).

If we now turn our attention to the eigenstates (3.28) and
(5. 3), we find that they have a simple group theoretic
significance: they are the transforms under the opera-
tors of the group of the single state | 0). The existence
of the operators D,(p, ¢) and Dp(p, ¢) of Egs. (4.16) and
(5.11) guarantees that all the eigenstates can be obtained
from the ground states in this way, and the basic prop-
erty (3. 6) insures that we obtain only eigenstates.

In the case of the rotation group, the ground state cor-
responds, for a given representation j = 3(p — 1), to the
state with H; = — j, i.e., the state with “spin down” with
respect to the 3-axis, The rotation which transforms
this state into another extended eigenstate of the general-
ized destruction operator simply rotates this spin to
some other direction in space. We may therefore charac-
terize the eigenstates as those states having the mini-
mum value of the component of angular momentum in
some definite direction.

A similar characterization is possible for 0(2,1) if we
interpret H; and H, as the generators of pure Lorentz
transformations in two orthogonal spatial directions,
and H; as the generator of rotations in the plane of these
directions. Here again, although the eigenvalues of H,
are no longer restricted to integers or half-integers,
the state | 0) corresponds to the minimum eigenvalue,
Therefore the eigenstates of the generalized destruction
operator are just those states which have minimum
eigenvalue of H, in some definite Lorentz frame.

Another interesting description of the eigenstates is
obtained by considering their components {x | @) with
respect to the number basis. The above remarks indi-
cate that these components can be written in the form
{(rn|D]0) for some operator D belonging to the repre-
sentation. Furthermore, the quantities (x| D|0) for an
arbitrary operator of the representation form the com-
ponents of some eigenstate of the generalized destruc-
tion operator. This shows that the first columns of the
matrix representatives of all the operators of the rep-
resentation comprise the class of eigenvectors of the
generalized destruction operator.

The full matrix for an operator D of exponential form
is also calculable from the eigenstates of the general-
ized destruction operator. The results are not new and
the derivation is similar to treatments found in the
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literature,24 but the method given here offers a consi-
derable conceptual simplification, Beginning from
Eqgs. (4. 13) and (5. 8), we obtain an equation

(n|Dlla) = exp{—i [ atgla@®)]}{nllaw)

in which the left-hand side is expressible as a conver-
gent power series in o with coefficients proportional to
{n|D |n’),and the right-hand side is a known analytic
function of « for a given D. We can therefore obtain
{n|D |n" by comparison of coefficients on either side
of Eq. (6. 3). In this way we can obtain, for example, the
familiar result26 for the matrix elements of exp(— i8H,)
for O(3), and its analog for the bounded representations
D~(®) of 0(2,1):

<nle-i¢H2(k)In,> _ n'1T(n +k+1)\1/2
n!T(n' +k+1)

(6.3)

n!t

x 27
r '—7)l({n—n'+7r)!

I'(n +k+7r+1)
rIT'(n + &+ 1)

X (— 1)n-n’+r

X (coshi y)n~n""k~1-27(ginh Y)rn"2r, (6.4)
The summation over the integer 7 runs over a finite
range which is determined by the factorials in the de-
nominator.

Note added in proof: Since submitting this paper it has
come to our attention that some properties of the states
of Eq.(5.3) have been discussed in other contexts by
various authors.27

APPENDIX

We show here that when an oscillator is in a state |z) of
the form (3.1) with 2z positive real,i.e.,¢ = 0 in Eq.
(2.11), then 6¢/ g) approaches a finite number less than
unity and §p becomes vanishingly small as (N) — <,

It is convenient to normalize units so that

g=@)Y2(@+a), p=[-i2)V2](@a—a"). (A1)
In terms of the unit shift operator E of Eq. (2. 10) we

have

a=EVN =VWN +1E (A2)
and

a2 =VN + 1 EJN + 1 E=+(N + 1)(N + 2) E2. (A3)
Using the fact that E | z) = z | 2) and z is real gives
(q2) _ 1
(g2 2(VN +1)2

x<((N> + %Er()NH D (VN T D@ + 2))), (A4)

where {(N) is related to z by Eq. (2.11). We shall see
that the behavior of this expression depends strongly on
the behavior of the expectation value

(WFD)=(1—22 5 W F1 22,

n=0

(A5)

which we now examine.
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Let
2= SN e (A6)
(N) +1
so that
CFFT) = 3 (¥ 1= e, (A7)
Noting that
i i—vp=2L1 [r_dr A8
1 2 0 o +7r’ (A8)

enables us to write

1 o dx 1— e**
(\/N+1>=mf_w;1_—w, (A9)
where we have used
1 o0 2 _ 1
= Jo dx et = e (A10)

Expressing £ in terms of (N') and making the change of

integration variable toy = x¥({N) puts (A9) into the form

V(N 1+ W) rw d_y
Vi 0 y21+(N) (1 — M)

(Al11)
For very large (N ) the integrand in (A11) goes as

[(M (1 + y2)]"L. This suggests writing (VN + 1 as

g G(yz 1>>, (A12)

1— e-22/N)

(WN + 1) =

(WF D= LN

Vi(N) "0 1+y2 "(N)
where the function G(x, €) is defined by
Glx €)= [1+ (/x)V[1+ (1 flx, €))] (A13)
e flx,€) = (1 — eex}/e. (A14)

It may be verified by straightforward calculation that
G(x, €) decreases monotonically from the value G(0, €) =
1to G(®,€) = 1/(1 + €). This then gives

LVa(NY = (VN + 1) = 3Va(N) (1 + 1/N)).  (Al5)
Going back to Eq. (A4) and using
(N) + 5 <{J(N + DN + 2)) <{N) + 1, (A16)

which follows directly from the fact that

0
(VIN+1)(N +2)) =(1-0) Z% V(n+1)(n +2)L",
" (A17)
with the appropriate inequalities holding term by term,

we get
<<q2><i<1+3_+ 1 >
(@2 7 2(N) 4«(N)2

4 <1 + (1/2({N))

7 \ 1+ (1/{(N))
(A18)
Thus as {(N) becomes indefinitely large,
(0g)2 _(a® ;.4 (A19)
()2 (q)2 m
or
%4 ~ 0. 52. (A20)
(@
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Now, since {p) = 0 for a state |z) with ¢ = 0, the calcu-
lation of 5p involves only the calculation of {»2), which
from Eqgs. {A1) and (A3) is given by

(p2) =(N) + 3 —<—<N—>—~><V(N + 1)(N + 2))

(N) +1 (A21)

The demonstration that this expression becomes vanish-
ingly small for large (N) requires a somewhat tighter
inequality than that of Eq. (A16). Such an inequality is

W DWFD> W) + 1 (g ) (A22)

which again follows from the fact that it holds term by
term if one writes out the expectation value as in Eq,
(A17). Thus,

1\1 3 1 1
2YK(NY+3 — {1+ —) (N)+5 —3 (——=))
(p2) < (M) + 3 ( <N>>6> : 4<N+%>>
(A23)
Using the obvious fact that the expectation value
{(1/(N + %)) is bounded from above by unity, we see that

for (N) > 1

<L (140 —1—> A24
<1>><4<N+§>+ o (A24)
The relevant expectation value is
1 | _ . x cn < 1_( el §u+1
<N+§>-(1 §)§0n+% 4 §0n+1
(A25)
so that
< 1 ><_1—§ln(1_c)=1n((N)+1)
N+3 3 (N) (N)>
(A26)

We see, then, that ($2), and thus 6p,becomes vanishingly
small as (N) becomes indefinitely large.
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The random position of a particle in turbulent flow r(¢;w) is a vector random function of time
t>0, o € Q, where Q is the supporting set of the underlying probability space (2,4 ,u). If the
statistics of a Lagrangian velocity field is known, the random position vector »(¢;w) is the solution
of a nonlinear stochastic integral equation. Depending on the particular application, this equation
may be homogeneous or inhomogeneous and with deterministic or random limits. A theorem is
presented on the existence and uniqueness of the solution of this integral equation. The proof is

based on Banach’s fixed point theorem.

1. INTRODUCTION

The study of the path of a single particle in turbulent
flow has recently attracted more attention, because al-
though such theories give little information about mean
flow properties, they find applications in other interest-
ing problems of our times. As such we may mention
here the study of trajectories of nondispersive particle
pollutants, that may be assumed to follow fluid particle
paths in the atmosphere or in rivers.

One of the main difficulties of such problems is that ex-
perimental means of measurements usually provide the
Eulerian velocity field u(x, {) where x a fixed point in
space, while our integral equations involve the Lagran-
gian field u(r, t) with » the instantaneous position vector
of a particle. Lumleyl suggests discretizing the time
axis for integration while Wandel and Kofoed-Hansen2
propose expressions for the transformation of auto-
correlations and power spectra obtained by Eulerian and
Lagrangian probing.

If the Lagrangian velocity field u[r(t; w), ,w] or any
general function ¢ of the position vector 7(¢; w) is con-
sidered known then the problem can be formulated as a
nonlinear stochastic integral equation. Chao3 was able
to relate the stochastic particle path of a particle to the
statistics of the fluid motion by linearizing this equation
to an integro-differential equation with a stationary
forcing function. For a fully developed turbulent flow
the integral equation is homogeneous with deterministic
limits of integration and was considered by Lumley?!
and later by Padgett and Tsokos4 who were concerned
with its existence and uniqueness. If the particle traject-
ory is initiated in the laminar portion of the flow, then
the instant {,(w) at which the particle enters the turbu-
lent regime is a random quantity and the integral equa-
tion becomes nonhomogeneous with random limits. The
conditions for existence and uniqueness of a random
solution to this equation is the subject of the present
paper.

2. PRELIMINARIES

Let us first consider the motion of a particle which
follows a path within the laminar portion of the flow,
passes through the region of transition and enters the
turbulent regime. Let the time that elapses until the
particle enters the turbulent regime be fy(w). Then the
position vector of the particle is the solution of the
integral equation

r(hw) = h(t;w) + ft:(u)¢[¢('r;w), t, Ty wldT, (2.1)
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where (i) w € Q,the supporting set of the probability
measure space (2,4, p), 2 being the sample space, A the
o-algebra of subsets of £ and p a complete probability
measure on A; (ii) ¢,(w) is a random variable such that
0= i,(w) <Ty,we Q,t, € R*. We shall let T, =

inf ¢ (w), w € Q and denote by I the closed interval

[Ty, T,]; (iii) (¢, w) is the unknown random position
vector; (iv) ¢[r(r; w), t,7; w] is a vector function of the
position vector and time and in our specific case the
random velocity field u(r, t; w); (v) k(f; w) is 2 random
vector function defined for t€ I and w € ©. Note that
h(t; w) represents the integration through the laminar
portion of the flow and hence can be expressed in terms
of a deterministic integral with a random limit.

to(
hit,w) = f ol

o dlr(T), t,7)dr.

(2.2)
We will show in this paper that the above stochastic in-
tegral equation possesses a unique random solution,a
second order stochastic process, which satisfies the
equation with probability one. However, the results can
be easily extended so that our solution will be any stoch-
astic process of finite order.

Let L%(®2,A, 1) denote the set of all three-dimensional
random vectors of the form »(f; w) = [r,(;;w)], i =1,2,3,
where for each i,7,(f; w) is an element of L5(Q,A, ).

Lemma 2.1: The space L*(2,A, ) is a normed
linear space over the reals with the usual definition of
componentwise addition and scalar multiplication where
the norm in L¥(Q,A, u) is given by

['r(t; W LA @,A ) = max “'ri(t;w)”-
1

The proof of the above lemma is straightforward and we
proceed with the following definition.

Definition 2.1: Let C,(I,L%(Q,A,p) be the set of all
continuous functions from [ into L}(Q,A, ). This defini-
tion says that ¢ - (r({;w)) is continuous and that for
each t € Iand each 4, i =1,2,3, r,(f;w) € LE(Q,4, u).
Thus for fixed t € I

Hr(t; w)“ L:(Q,A,p) = m_ax H'rz(t; (J))n B

We shall define the norm of the space C (I, L¥(Q,4, )
as follows:

“T(t;w)“CT(I,LZ‘(D,A,p)) = max SI;D\LTt(i;;J)HL;(Q’A’p) .
17 742
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We shall use the concept of admissibility and some
techniques similar to those developed by Tsokos.5 We
algo refer the reader to a previous publication? for proof
and comments of the following Lemma. Also, see
Bharucha-Reid.6

Lemma 2.2: The space C,(I, L}(Q,A,p)) is a linear
space over the reals with the usual definitions of addi-
tion and scalar multiplication for continuous functions.

Finally let us restate the well-known? “Banach's fixed-
point theorem”.

Theorem 2.1: X F is a contraction mapping from a
subset W of a Banach space D into itself, then there
exists a unique point ¥ in W such that F(x) = x,that is a
unique fixed point of the operator exists in W.

3. MAIN RESULTS ,
For the operator U defined by (Ur)(t;w) = [, o,
[r(t;w), t, 7; wldr we state the following lemma.

Lemma 3.1: We shall show that UC (I, L%(Q,A,u)) C
Cr(I,L(Q,A,p)). For r(t;w) € Cp(1,L3(RQ,A,p), we
can write
Ir(ty; @) = 7ita; 0l 23 @, a

— 1 - .
= || to(w)¢['r(-r, w), 1, T;widT
tz

iy w plr(r;w), ty, T; wldrll L¥@,A,)

The above expression can be written as follows:
lr(ty; @) — 7(ta; 0 X @, 4,
=1L {prin0), b, 70)
- to(w) ’ sb1s 1y
— ¢[r(r;w), by, T; widrll LY @,4,0)
t
+ ftlz o[r(T;w), ta, T; w]d‘rllL; @, A,
I (ty; ) — 7(ta; 0 L¥ o, a4,
£y
= J ol o)ty
- ¢>[;r('r; W), ty, T; W]HL; (Q,A,“)d‘r
+ ftlz lofr(r; w), 5, 73 0l L;(O,A’u)d'r.
The continuity of {|¢[r(r;w), t;,7; w]li implies that the
first term in the above inequality goes to zero with
[t, — t,]. Also,since ¢1,1, € Iand |¢[r(r;w), by, T3 w]ll

is continuous, the second term goes to zero as It1 — 1
— 0, which proves the desired resuit.

Theorem 3.1: Consider the above random integral
equation (2.1) under the following conditions:

(i) ¢[r(t;w),t, 7;w] s a continuous function from
R X IX IX Qimo L¥Q,A,p);

(ii) h(t;w) is a continuous function from 7 into LY(, A, B);
(i) |¢[r(fw), t,7;w]— ¢r*(tw), ¢, T 0] 2

= 7lr(w) —r¥Hw)i2 (8.1)
for ,7* € L}(Q,A,p),t, 7 € R*, where 7 € R*. Then
there exists a unique random solution #(f; w) of (2.1) in
the space C (I, L%(2,4,p)).

Pyroof: Define the operator U as

wn(tw) = [

t
to (w)

plr(t;w), t,7; wldr. (3.2)
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From Lemma 3.1 we know that UC (], L}(R,A, ) €
Cr(1,L%(2,A,p)). We shall prove that the operator U*
is a contraction operator for sufficiently large n. Let
r*(t;w) € Cp(I, L5(Q,A, 1)), Thus,we may write

t

Ur*)t;w) = [

to(w)cp[r*(‘r; w),t, T;wldT.

(3.3)

Subtracting Eq. (3. 3) from Eq. (3. 2), since the difference
of elements of the space C,(I, L}(Q,A,p)) is in the
space C, (I, L}(Q,A, u)), we have

Ur — Ur* = ftt(w){dh['r(f; w), £, 73 w] — ¢[rH(r; W), ¢, 7; W} dr.

Taking the expected value of the square of the absolute
difference of the above expression, we have

E|Ur — Ur*|2

= [,ap {f,:(w,{¢[r(r; w), 4,73 0] — P[r*(T; W), t, T; WldT}

= [al [ olr(r; @), 1, 750) — ofr*(r; @), £, 73 Wldr 2.

We now use Schwartz's inequality to write the above
expression as

Elor —vorl® = ¢ = T [, du [ | olrir, ), t,750]
1
~ ofr*(r;w), t,T;w]l2dr.  (3.4)

Interchanging the order of integration in Eq. (3.4), we
have

E|Ur —Ur*|2= (1— Tl)frt Llolrir;0),t,750)
1 .
— p[r*(r; w), t, T3 w]| 2dudr,

which by virtue of the condition (3.1) can be put in the
form

t
ElUr —Ur*|2= A(t— T1)fT Elr(t;w) — r*(1; w)|2dr,
1
t
- ch‘EIr(-r;w) — r*(t; w)| 2d7,

where ¢ = A(t — T,). Successive integration of the above
expression now yields

"
E|Urr — Urmr*|2 = —C—”—f— lr(t; w) — r*(; )2,
n
which implies that

|Unyr — Urr*|2 = %f—" llr(t; w) — v*(t; w) 2.

Therefore, for sufficiently large n,the operator U» is a
contraction operator and existence and uniqueness of a
random solution, 7(f; w), follows from Theorem 2.1.

7. L. Lumley, J. Math. Phys. 3, 309 (1962).

2C. F. Wandel and O. Kofoed-Hansen, J. Geophys. Res. 67, 3089
(1962).

3B. T. Chao, Osterreichisches Ing.-Archiv 18, 7 (1964).

“W. J. Padgett and C. P. Tsokos, J. Math. Phys. 12, 210 (1971).

5C. P. Tsokos, Math. Systems Theory 3, 222 (1969).

SA. T. Bharucha-Reid, Random Integral Equations (Academic, New
York, 1972).

'P. M. Anselone, Nonlinear Integral Equations (U. of Wisconsin Press,
Madison, 1964).



Projective representations of SL(3,C) in the Z-operator

formalism®
Itzhak Bars

Department of Physics, University of California, Berkeley, California 94720

(Received 6 December 1972)

An operator formalism, previously developed to discuss the Gel'fand-Naimark z-basis for the
homogeneous Lorentz group, is now generalized to treat the projective representations of SL (3,C).
We find the projective “position” operators Z,, Z,, Z,, as well as their canonical conjugate
“momenta” I1,, I1,, II; which form the building blocks of the generators of SL(3,C). The
z-representation, the states in which the “‘position” operators Z; are diagonal, has very simple global
transformation properties. This representation also leads to a Hilbert space endowed with an affine
metric G, which relates the “covariant” and “‘contravariant™ states. All unitary representations are
unified by means of a single scalar product in which the matrix elements of G play the role of an

intertwining operator.

1. INTRODUCTION

Recently some noncompact groups have played a major
role in the understanding and development of important
physical ideas. Among these, the most striking one is
the development of the dual Veneziano-type models, which
relied heavily on the unitary representations of SU(1, 1)1
and its extension to the conformal Virasoro algebra.
Similarly, SL(2, C) has been used in this connection for
the group theoretical treatment of the Virasoro~

Shapiro model.2 The unitary representations of the above
groups, relevant for dual models, are given by Barg-
mann,3 Gel'fand and Naimark,4 Bars and Gursey,5 and
are best understood in the so-called z-basis,5 6.7

In view of such considerations, we are motivated to study
further the structure of the groups that fall into the same
class with the hope that they may be useful in the further
development of dual models.

In this paper, we study the group of 3 x 3 complex
matrices with determinant one, called SL(3,C). This
group can be thought of also as complexified SU(3) or
complexified SU(2, 1), etc. It has 16 generators, eight

of them form a maximal compact subgroup of SU(3), and
the rest are noncompact. Thus, unitary representations
of this group are infinite dimensional, and can be labell-
ed either by a set of continuous indices or, equivalently,
by a discrete set of indices with an infinite number of
values,

Our method of investigation is the z-operator formalism,
previously developed to discuss the Gel'fand—Naimark
z-basis for SL(2, C),5¢ as well as the z-basis for

SU(1, 1) and SL(2, R).6-7 Here, we generalize this method
to the more complicated case of SL(3, C) which is iso-
morphic to SU(3), x SU(3);. The group and its Lie
algebra are defined in Sec. 2. In Sec.3 (and Appendix A),
we find for SU(3), and SU(3)y, the three commuting pro-
jective “position > operatovs Z,Z,,Z4,and their canoni-
cal conjugate “momenta” I1,, I1,,II,. These form the
building blocks of an operator representation of the
generators. The construction of the generators is given
in Sec.4. We then define the irreducible z-basis, in Sec.
5, and find the finite global transformations of these
states, which turn out to be rather simple. In Sec. 6, we
discuss the covariant and contvavariant states which are
related by a melric operator G constructed from II,.

We also find the bilinear invariant functionals with the
help of the matrix elements of G. In Sec.7 we impose
unitarity and find the necessary constraints on the Casi-
mir operators. Finally, in Sec, 8, we construct a Hermi-
tian, positive definite scalar product., We do this in a
unified formulation, which applies to the principal series,
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supplementary series, and the two kinds of integer—

point representations. The principal and supplementary
series have also been discussed by Gel'fand and Naimark
in a completely different approach.8 We arrive at the
same conclusions as Ref. 8, for these two cases.

2. GENERATORS, COMMUTATION RELATIONS,
AND TRANSFORMATION PROPERTIES

We consider the group SL(3,C) of 3 x 3 complex matrices
of determinant one. The generators of the infinitesimal
transformations are denoted by J and K ,a =1,2,-:+8.
They have the following commutation relations:

[Ver T6] = ifeprchs (2. 1)
[Ja’Kﬁ] = ifas)\K)\a (2. 1b)
[KcuKB] == ifaﬂ)\J)\) (2.1¢)

where the structure constants f,5, are the usual SU(3)
structure constants given in Ref. 9.

We define the left~handed and right-handed operators
XL and XZ which correspond to an SU(3), x SU(3). de-
composition of SL(3, C)

XL =3(J, +iK ), (2.2a)

XE = 2(J,— iK ) (2. 2b)
with the commutation relations

[XE, X5 =if o2 X, (2.3a)

[XR, XE} = if (5, X5y (2. 3b)

[XL, XB] = 0. (2. 3c)

The 3 x 3 representation of the left- and right-handed
SU(3) groups is denoted by A,/2 (or —A* /2), where

the 3 x 3 traceless matrices A o2 Satlsfy the same com-
mutation relations as (2. 3a) or (2 3b) and are given ex-
plicitly by Gell-Mann.?

With the help of the matrices A, and their complex con-
jugate A*, we define two matrlces Af; and BR with opera-~
tor entmes

o0

Af = ZIXL & with TrA” = 0, (2. 4a)
o=

& R g, Ko R

Ajy= 2 XpA'[; with TrA® = (2. 4Db)

a=1

Copyright © 1973 by the American Institute of Physics 759



760 ltizhak Bars: Projective representations of SL(3,C) in the Z-operator formalism 760

Notice that for a unitary representation we have X} =
X, ,therefore also ARf = AL,
The commutation relation satisfied by Af’ . and Af]. can
be deduced from (2. 3) and from the relations

4ifotBy = Tr(M[)\ oc, AB]), (2. 53)

8
(64005 — 2/36,,6.4) = 21 A%, (2. 5b)

Pope

we obtain
[AZ'I}’A%Z] =10y Aij - ijA{i'l’ (2. 6a)
R

[Aij’A'llgl] =—190y Alfj + bijiizz, (2. 6¢c)

[AE, Af] = 0.

ij

Then we can easily see that the Casimir operators for the
group SL(3,C) are given as

C;, = TrA?, Cp, = TrA3, C;p = TrAZ, Cy, = TrA3.
(2: 7)
L.R < L R
The operators C;”~ commute with all A;; and A}; as

well as all J, and K ,. Thus, a general representation of
SL(3,C) will be denoted by the set of 4 numbers (C,;,

C31C1r Cag)-
A general finite transformation with the parameters w,,

v, @ =1,---8,is denoted by U,
. iglx L ;,RxR
U ze’(“’aJa*”aKo() zezaaXaemaXa’ (2. 8a)
where
= g R _ ;
al=w,—iv,, ai=w, +iv,. (2. 8b)

We assign the following representations to the left- and
right-handed generators: The 3 x 3 leff-handed repre-
sentation is obtained by letting J,— 1/2x ,

K,— —1i/2x ,,or equivalently XZ— X /2, 3(2 — 0, and
similarly the 3 X 3 righi-handed representation is ob-
tained by letting Jo - —1/215, K, — —i/2\} or equi-
valently X% — 0, X% — —1/2x}. Thus, corresponding to
the general transformation U we can write the 3 X 3 left-
handed representation A (letting ¢, = a} = )

abc
A(a):ei“'*/z ={def|.
ghk

(2.9)

The 3 x 3 right-handed representation is then, according
to the above prescription, simply A*. Clearly, by con-
striction we have detA = 1, (TrA, = 0), and thus A
corresponds to a general SL(3, C) representation,

WE would Rlike to find the transformation properties of
Aj; and A, under a general transformation U:

U-1ALY = Aae-iaL.X LXg e+ial xt (2.10a)
= A (S Xy) (2. 10b)
= (SAA,)XL (2.10c)
=eiela/2 g-iata/zxL (2.10d)
— AAIACL, 2.10¢)

In (2. 10a) we used [XZ, XR] = 0. In (2. 10b) we used the
fact that XL form the adjoint representation of SU(3) ;,
thus the expression in (2. 10a) induces an 8 x 8 linear
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transformation on X% which we denoted by S 4 in 2. 10b.
In (2. 10c) we used the fact that the product A XL is an
invariant when A , and XL are transformed in the same
way; this can be seen immediately by analogy to the Casi-
mir operator C;, = X.XZ. In 2.10d we used the same
reasoning as in passing from (2, 10a) to (2. 10b).

Similarly we find

U-1ARU = A*ARA*-1, (2.11)
The expressions in (2. 10) and (2. 11) can be also checked
for an infinitesimal transformation directly by using

the commutation relations (2. 3) as well as those for Ay

Finally, we note some identities which will be useful
shortly. They can be derived as given in Ref. 10 and
using Egs. (2. 6):

A} + 342 + (2—1/2 TrA2)A,;

—(1/3 TrA3 +1/2 TrA%2) =0, (2.12a)
A3 —3A2 + (2—1/2 TrA2)A,
— (1/3 TrA3 —3/2 TrA3) =0 (2.12b)

3. THE Z-OPERATORS OF SL(3, C) AND THEIR
CANONICAL CONJUGATES

A. Definition and transformation properties of the
Z-operators

In this section we will find the Z;-operators and their
canonical conjugates II, for the left-handed SU(3), cha-
racterized by A}; or XZ. At the end of the section we
will simply state the results for the right-handed SU(3),
since everything works just in the same way. From here
on we drop the index L or R, Thus, we consider the
operators A;; arranged as a 3 x 3 matrix and having
the commutation relation (2.6). We consider the opera-
tor eigenvalue equation

ALYL = )L,  (ARER = — \R¥R) (3.1)
where ¥ is a 3-dimensional column with operator
entries, and A is an operator proportional to unity.
Applying (2.12a) to ¥ we find that the eigenvalue X satis-
fies the cubic equation

A3 + 322+ (2—1/2 TrA2)a

— (1/3 TrA3 + 1/2 TrA2) =0. (3.2)

The roots of this equation Ay, Ay, A3 satisfy
Ay F Ay Ay =—3, {3.3a)
AAy F A, F A, =2—1/2 TrAz, (3.3Db)
AAorg = 1/3 TrA3 + 1/2 TrAZ2, (3.3¢)

Since TrA? and TrA3 are Casimir operators, the roots
A1s Ag; Az are functions of only Casimir operators, thus
they commute with each other and with @Il X% and X%,
Therefore, any representation of the left-handed SU@3),
can be characterised by two roots (A;,A,) or (A;,13),
withag =—3 —2x; —X,.

We would like to find also the transformation properties
of the operators ¥; to do so, we apply U-1, U to both sides
of (3. 1), and use the fact that [x, U] = 0:



761

U-1AUU-9U = \U-19U. (3.4a)
Using Egs. (2. 10), we write

AANLU-WU = \U-1U. (3.4b)
Applying A-! fram the left we obtain

ANLU-19U) = A (A LU-9U). (3.4c)

Comparing (3.4c) to (3. 1) and taking the most general
A1sAg, A5 so that there is no degeneracy, we find

¥ = (const) X A-1U-1WU (3.4d)
or

U-1¢U = (const)A¥, (3.4e)
Now we define two Z operators Z, and Z, as

Z,=%%"1,  Z,=¥,¥,], (3.5)

where ¥, 55 are the 3 components of the operator co-
lumn matrix ¥.

From (3.4e) we immediately deduce the transformation
properties of Z, and Z,. We find that they transform
according to a generalized projective transformation

Ai1Z) +AypZ, + Ay,

U-1z,U = (3.6a)
12 T A3, Z ¥ A5,Z, A,y
Ay Z, +A 7, +A
Uiz .y = D21t 22Z2 23 3. 6b)
27 T A31Zy v A5Z, + Agg

We will show shortly that [Z,Z,] = 0, so we are justi-
fied in writing (3. 6) like rational functions, even though
Z, are operators, The A,;; have been defined in Eq. (2,9).

In addition to Z, and Z, we can define two more Z opera-
tors Z3 and Z,. For this purpose we write another eigen-
value equation in analogy to (3. 1).

dTA = 1@ 7T, (3.7)
Notice that now A operates from the right on the row
matrix 7. Applying again (2. 12a) on &7 from the right
we find that 7 satisfies the same cubic equation as 2,
i.e., Eq. (3.2). Therefore,n is equal to one of the roots
A1,A2,A5 and is a Casimir operator. Going through
similar steps to (3.4) we find

U-1@TU = (const)® TA-1, (3.8)

whe)re A-1 is the inverse of the matrix A (AA-1 = A-1A
=1).

Now we define Z3; and Z; as

Z3 =918, Z,=9%,"1¢,. (3.9)

From Eq. 3. 8 we obtain the transformation properties
of Z3 and Z,4.

Vig+ VipZy + V357,
Vit ¥ V23 + V52

U-1Z,U = (3. 10a)
Vig + ViysZs + V332,

U-1 =
24U Vii ¥ VaiZs + V35 Z)

(3.10b)

where we have defined
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Al=V, (3.11)

Again, we will show shortly that [Z3, Z,4] = 0, so that it
is legitimate to write the rational expressions of (3.10).

We remark that Z,,Z,,Z,,Z, are not all independent,
there is a nonlinear relation among them, which is ob-
tained as follows. Using (3.1) and (3.7) we can write

STAY = 2\&T¥ =dT¥, (3.12)

Therefore, taking X # n as the most general case we ob-
tain

T =0= 3,0, + &,¥, + &,¥,; (3.13)

multiplying (3.13) by &3 from left and ¥3! from the
right

0= \Iﬂl‘l‘_gl + <I>'1<1>2\112\I’§1 + d>11<l>3 (3.137)
or

0=2,+23Z,+2, (3.137)
Thus, there are only 3 independent Z-opevators. There-
fore, in the transformation equations (3. 6) and (3. 10) we
should eliminate one of them, (say Z,), in favor of the
others. In the following, for simplicity, we shall con-
tinue to write our expressions in terms of Z,,Z,,Z3,2Z,,
but we should bear in mind that Z, is not independent
and should be replaced everywhere by Z, =— Z, —
Z3Z 4.,

B. Explicit construction of the Z-operators

Now we construct Z; explicitly as functions of the genera

tors X, or equivalently Aij. The details of the construc-

tion are demonstrated in Appendix A. The result is
Z,=K;100K,, ) =K, ,(x + DKL (L + 1), (3.14a)
Z, =Kz, (WK, () =K, , 0 + DKL (A + 1), (3.14b)
Zg = Kn z(n)K;,ll(n) = K_,,:,l]_(n + 1)K,,,3(77 + 1)) (3- 140)

Z,=K,; (MK} (n) =K}

ml

n+ 1)Km3(n + 1), (3.14d)
m,n = 1,2, 3,n0 sum over n or m, the expressions are
equal for any value of n or m. The operators Kij(x) or
Kij(n) are given as

K0 =44, —r— 1)_AikAkjs i#j,

K”()\) = (A

(3.15a)

i MA,,—r—1) + Aphey (. 15b)
i,j,# =1,2,3 and cyclic or anticyclic,no sum over re-
peated indices.

In Appendix A we give some interesting properties of the
operators K;;(1), and we prove that
[Zi, Zj] =0

foranyi,j=1,23,4. (3.16a)

C. Canonical conjugates of the Z-operators, and the
quantum mechanical analog.

We have obtained three ZZ-operators (Z% is dependent)

which commute with each other and which transform

projectively as in Eqgs. (3.6) and (3.10). We now wish

to find their canonical conjugates I1{, I1Z, 1Z as func-
tions of the AiLj, which satisfy:
[Mp 0] =0, (3. 16b)

(0} Zf] =~ 0, (3. 16¢)
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According to Eq. (A13) in the appendix it appears that
the candidates which satisfy (3. 16¢) are almost I1{ =
Aky,Tlf = ALy, 1§ = — A, except that [A%,, Z4] = 0.
To correct this, we have to take

ny =A%, (3.17a)
5 =A%, (3. 17b)
g =—A%, +ALZL (3.17¢)

With this choice, we see immediately that Eq. (3. 16Db) is
also satisfied. This asymmetry can be traced also to
the elimination of Z, as a dependent operator.

At this point it is interesting to note the similarity of

Z; and IL; to the quantum mechanical operators of posi-
tion and momenta. In fact, our procedure of finding the
representations for SL(3, C) will be to define states
which diagonalize Z ¥, just as the position states in quan-
tum mechanics, on which II; act as derivatives 9/ 3ZF
(just like momenta)., This is why we went through all the
trouble of finding commuting Z £ operators (so that they
can be diagonalized simultaneously) and their canonical
conjugates I1f.

D. Correspondence principle for SU(3), & SU(3)z

We finally mention the result in the case of SU(3),. The
only difference is that the A;{ operators have commuta-
tion relations with an extra minus sign Eq. (2.6). We can
see that an easy way to deduce the results for SU(3),
from the ones of SU(3),,is to consider a correspondence
principle 4}/ <A77 (this is an equality in the case of
unitary representations), Since AlL"r has the same com-
mutation relations as AI{, we can simply take the Hermi-
tian conjugation of the SU(3), results and identify them
with SU(3),. (If any rearrangement is needed, one should
remember the commutation relations. In this connec-
tion compare alsc Egs. (2. 12a and 2, 13b.) Thus, we ob-
tain

(25, 28] = 0 = [IF, IIF], (3.18a)

(T8, ZE] = + &, (3.18p)
with

n§ = A4, (3.19a)

8 = A, (3. 19b)

N5 =— A8, + AR 28 (3.19¢)

Notice the difference between (3.16¢) and (3.18b). In
general, also, we should take Casimir operators for
SU(3), different than those for SU(3),. It turns out that
the correct correspondence principle is that at Hermi-
tian conjugation one should replace

)\’z+2———>—?xa, ‘n2‘+2—>—'na, (3.20)

This will then be consistent with A, , and 7, , defined
according to Eqs.3.1 and 3. 7.

4. CONSTRUCTION OF THE SU(3); » INFINITESIMAL
GENERATORS IN TERMS OF THE CANONICALLY
CONJUGATE OPERATORS Z| s AND ITLR

A. Representations of the generators

Using only the commutation properties of the A{‘j and
A?J. operators, we have constructed, in Appendix A and
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Sec. 3, the canonically conjugate operators Z¥-£ and
nER,i=1,2,3

[z}, Z5) = 0 = [0}, 1], (4. 1a)

[r,z5] = — o, etc. (4. 1b)

J ij
In this section we consider the inverse problem: Given
the simple commutation relations (4, 1), how do we
construct the generators A{Jj,Aﬁzj in terms of the canoni-
cally conjugate operators Z{-® and I1£.2? Again, first
we consider the problem only for SU(3),. Taking the
Hermitian conjugation at the end, we obtain the analogous
results for SU(3), by the correspondence principle of
Sec.3. From here on we drop the index L,R.

In general, we find two classes of representations for

the generators A;, in terms of Z, II. The first class
(class A) depends only on Z, ,, and I, , and only on one
Casimir operator A. The second class (class B) depends
in addition to Z 5, I1; and a second Casimir operator 7.

Class A: We notice that, if we completely ignore
Z 3, 115, then from the Appendix Eq. Al, we can solve for
Ajg,Ay;,A53. Wealready have A5, = 113,45, = I,.
Thus, the only unknowns are 4,,,A,,,A,,,A,,, Which
must be constructed from Z,, I1; such as to satisfy the
proper commutation relations [Eqs. A13 (e—f) and the
trace condition TrA = 0, We find the solution

Ay =1,Z2, — N2, Aj,=1I,Z,, 4. 2a)
Ay =ThZ,,  Apy =T,Z, — 22

Then, from Eq. Al we find
Ay =—1,72 —N,Z,Z, + B/2pz,, Az, =1,
Agg=—,23 —1,2,Z, + (3/22Z,, Agy =1,
Ay =A—1,Z, ~1,Z,. (4. 2b)

These satisfy explicitly the commutation relations (2. 6a)
and equations such as (2, 12a), etc., as they should do.

We obtain the SU(3),; representations from the above
by the Hermitian conjugation correspondence principle:
For example,

A, + 2
Aff = 2y —i/m - AL = (zpng + ).

Using Eq. (3. 18b) we obtain

AR, =TNEZE +2,/2 4.3)

and similarly for the rest. It turns out that the form is
exactly the same as (4. 2) except that A, is replaced by
— Age

Class B: When Z5 and II; are also included in the
representation, then the Egqs. Al and A2 of the appendix
and TrA = 0 give a complete solution of the A;; in terms
of I1,, Z,. With a little rearrangement we find

A =I,Z2, +3Z5+10+2,
A, =1,Z, +3Z% + 20+ x +4)Z3,
Ay =—1,23—N,2.2,—132,(Z, +Z,Z3)

+O—n—2)Z,— 20+ +4)Z,Z;, 4.4)

Ay =—II3 + 1,2y,
Agy =NoZy~M3Z53—(n+2r+2),
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Agy =— 1,23 — 1,Z,Z, + (2, + Z,Z5)
+ +2a+2)Z,,

Azy =1y,

Agg = Iy,

Ay =x—1,Z, —1,Z,.

These again satisfy the commutation relations and Egs.
such as (2.12), etc.

To obtain the representation for SU(3),, again we appeal
to the correspondence principle and Eq. 3.20. The re-
sult is that the form is the same (with I, - IIp, Z, - Z,),
except that n, + 2> — (n, + 2), A, — — Ay, For exam-
ple,

AR, =T4Z8 + NEZE — (n, + 2), (4.5)

ete.

B. Equivalent representations

We now make an important remark, that will lead later
to the construction of the “metric” in the z-representa-
tion. According to Eqgs. (3. 2) and (3. 3), there are three
possible roots A, corresponding to only two Casimir
operators. In the representation of Eq. 4.4 we have used
the two roots, say,A; = A and A, = 7. Thus, this repre-
sentation is labeled by the roots (x,,1,).Clearly we are
naturally led to expect that the representation labeled
by (A1, A3), where A3 = — 3 — A; — A, (Eq. 3. 3), should be
equivalent to the first one, since they both correspond

to the same values of the Casimir operators C, = TrA2
and C, = TrA3. Indeed, we have been able to find a
similarity transformation in operator form which can
take us from the (A4, A,) representation to Ay, A3).

By explicit commutation, we verify that

Ha(-xzn\a)

A0 =4, 00,0). (@4.6)
Thus, the operator 1'1:3’)‘2;')‘3 is analogous to a “ metric”
operator (not yet positive definite and Hermitian),

which takes us from “covariant” representations (A, ;)
to “contravariant” ones (A,A3). The analogous opera-
tor for SU(3) is: HB:ZR”‘3 &, obtained again by the cor-
respondence principle. As it will be seen below, for
unitary representations the product operator

[T, 2Lt *sL11, 228" 23R] ig indeed interpretable as a posi-
tive definite Hermitian metric operator, just as it was
possible for SL(2,C).5

5. THE IRREDUCIBLE Z-BASIS AND FINITE
TRANSFORMATIONS

In the previous section, we gave an operator represen-
tation for the infinitesimal generators of SU(3), ®
SU(3)g. In this section, we find the realization on the
irreducible z-basis, which will then lead to a very sim-~
ple representation for finite global transformations.

In analogy to Ref. 5, we define the z-basis as the simul-
taneous eigenstates of the commuting operators C,, g,
Cu1.rZ;1 x This is a complete specification for an
irreducible representation of SL(3,C). It is also quite
analogous to the “position-space” commonly used in
quantum mechanics, if we remember that Z; are like
position operators, and II; like momentum operators.
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1+ i2/8a;1 — 1/ 3lagy + az3)]  day,
1+14[2/3a,, — 1/3(ay, + a35)]

lagg

A ={iay,

a3
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There will be two classes of states: Class A and class B
depending on whether Z, and I1 are included or not,

We denote the z-basis simply as lz). It actually stands
for A, Ag; ML, Mg 21,25 23 321 80 z3R). The de-
pendence on 23, . is removed for the representations
of class A. The operators Z; and II; are applied just
like position and momentum:

Z,\2)=2;,12);Z glz) = z,412), (5.1a)

n,,lz) =08/0z, lz); I, lz) = — 8/0z 12). (5. 1b)

These are consistent with the canonical commutation
relations (3. 16) and (3. 18). (Notice the sign difference
for I, p.) With the help of (5.1) we can apply the infinite-
simal generators (4. 2), (4. 3), (4.4) and (4.5) on the
states |z).

Thus, for the representations of class A (|z),) we find
Afla), =@y 2/02y — 2 /2 2), (5. 2a)

Afla), =2, 0/0z, l2), ete, (5. 2b)

and for the representations of class B we find

Apyle)p= 2y /02y, + 25 8/825  + 7, + 2)|2)p etc.

(5.3)
Now we are ready to calculate the effect of a finite trans-
formation U = e'**Ze'*™ ¥ R op the states | z). We re-
call that the 3 X 3 representation of U is A, as given by
(2. 9),

Let us first notice that with the help of (3.6) and (3. 10)
we can write
aZ,, +bZ,, +c

ngL+hZZL+k

Z\ Ulz)=UU-1Z, Ulz) =U lz)

az;, +bz,, +c¢
=—”‘~———2—1‘————U|z).
821, ‘thz, tk

(5.4)
Similarly for the other Z;; ;. Therefore, the state

Ulz) is an eigenstate of the operators Z iz.g With the
eigenvalues z’,, = (az,, + bz,, + ¢) (gz,, + hzy, +
k)1, 2/ g = (%2, + %2, + *)Ng¥2 5 + h¥2y, + B¥)L
etc, These transformation properties could only be
consistent if we let 2, = 27, and we must write in general

UA) z) = qln, z) |z, (5.5)

where |z’) stands for a state with transformed labels
z'; as indicated by (3. 6) and (3. 10) [the right-handed
2;p = 2%, (transforming with A*)], and Q(A, z) is just a
multiplicative functions of the complex z; and the trans-
formation parameters A, Clearly we must have (1, z)
=1,

To find the finite transformation of the states we simply
have to specify (A, z). We first find the infinitesimal
form of , by applying an infinitesimal transformation:
UA) =1+ ia;; AL + ia} A%, with a;; small. Then, the
left-handed 3 % 3 represenfation is given by replacing
the 3 x 3 representation of A¥— (lj)| — 1/3 1) and
letting AR, — 0. [This representation of AZ is, of course,
consistent with the commutation relations (2. 6a)].

sy

iay, . (5.6)

1+ i[2/3a55 — 1/3(a;; + ay,)]
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The inverse of A, denoted by V, is obtained by changing
the sign of a,;. Then we can write

r ; — — 2
2 =z, +i{lay; —az3)2; + a2, —ay322

— 8,522, + ag,}, (5.7a)
23 =2y + Hayp2y + (@35 — a33)2, + ag,
— 8132425 — @5323},  (5.7b)
25 =23 + i{(a;; — ay,)83 + angle; +2,25) —ay,y
+ @923 — ay4245(24 + 2,25)},  (5.7c)

etc. Also,

Q,2) =1 + a,;(0%/2a,))| a0t a:j(an/aa;*j)la?fo],

, . (5.8)
0z 2 9z'y @
lzh = l2) + a; —2 — l2) + oty —F —l2).  (5.9)
ij 9% da;; 9z
Combining (5. 7-9), we can write
U lz) = (1 +da;Af + iaf;AR) 2) (5.10a)
10} ', 9
={l+ayl—ls .0+ 7
{ a”[aaij 4570 " da,; 9z
29 3z’ 8
+a*|—| x_o +—— —|}2). 5.10b
”L;“j =0 daf; az,:‘]} ! ( )
Comparing 5.10a and 5. 10b, we finally obtain
a0 8z’ 0
+ k) |2) = iAk|2), (5.11a)
da;;'0  day; 3z, !
(aﬂ az":a>|>zAnl> 6. 11b)
+ ——)l2) = iA% |z). 5.11b
2al, 0 daf; 3z} 4

The right-hand side of (5.11) is known from (5. 2-3);
thus, we get information about the derivatives of . In
fact, we find that with infinitesimal A (and V), Q is given
for class A, B as

Q= (Bg121 + Agpzy + Agy)™/ e
x (03121 + A%yzy + A3)Y PR, (5.120)
Qp = (Az12; + Agpz, + Agg)' FARISAR
X (A%y2% + A3,z + A%g) BT 202 (5. 12b)

-2n;-A;-4
X (V3324 + Vay2g + Vyy) 2%

* % * ok * 20 g-Ag-4
X (V325 + V323 + V) OTETR

We can check that this form of £ has the group property,
as it should, namely:

UM )UWM,)2) = UM, 2)IA2) (6. 132)
= Q(Alszm(AZ)Alz)HAZAl)z) (5. 13b)
= QA0 2) | (AgA)2) (5.13c¢)

= U(A,A4)2).

Therefore, by applying successive infinitesimal trans-
formations, we can integrate (5.12) to obtain the same

J. Math. Phys., Vol. 14, No. 6, June 1973

formula as above, but now with finite A. Thus (5.5) and
(5. 12) give a very simple expression for all represen-
tations of SL(3,C).

6. COVARIANT AND CONTRAVARIANT KET AND
BRA VECTORS AND INVARIANT BILINEAR
FUNCTIONALS

The states |z) labeled with the two sets of roots Af % =

ALE, AEER =ql.B of Eq. (2.12), (3. 2), (3. 3), and trans-

forming as specified in (5. 5) and (5. 12) will be called

covariant kets. Thus a covariant ket is characterized
by the set of four numbers (A, 7,; Az, Mz). We now in-
troduce the contravariant kets, as the states |z), labeled
by A{-# = AL:R and A{F = pL.R (the third root), which
transforms like |z), but with pZ.# replacing n<-2, Notice
that p L& are not independent, and must satisfy

pl=—3—Ak—nt pR=—3_2rR_q~ 6.1)
Thus, the contravariant ket is characterized by (A ;,p;
)‘R’ pR )-

We define a metric operator G, which transforms the
covariant kets to the contravariant ones:

G = n§ st 6.2)

lz) = Glz). 6.3)
Of course, G = 1 for class A, thus, for this class there is
no distinction between covariant and contravariant states.

Indeed, we find, by virtue of Eq. (4.6), that |z) differs
from |2) in its transformation properties only by the
change iR e pL.R,

Now, we define covariant bras by the normalization condi-
tion (it should be emphasized that we do not identify a
bra state with the naive Hermitian conjugate of a ket
state):

(wlz) = 8(w — 2)6(w* — z*). (6.4)

The transformation properties of (w| must be consis-
tent with Eq, (6. 4)., Defining

(WwlU-1A) = G, w)w’|, (6.5)
we find

(wlz) = wlU-1A)UM)|2) (6. 6a)

=80, wel, 2)w 12", {6.6D)

which gives

8w — 2)0{w* — 2*) = G\, w)RA, 2)0(w’ — 2')6(w™ — 2*),
6.7
By considering Eqs. (3. 6) and (3. 10) we find, for class A
0 D2 —w')=0D(z — wAz,2, + Agpz, + Agy)d
(6.8a)
and for class B

681z — w') =83 (z — wA3,2; + Agpzy + Agy)?

X(Vyq + Vgqiz3 + V392,)2. (6.8b)
Thus, we solve for (A, w):
Qp=0Az,0, + Agow, + A33)-3/2)‘L'3
X(A%; W] +A%,0] + A§3)~3/2)‘R_3, (6.9a)
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- n,-2A,-4
Op = (A3 wq + Agpwy + Agg) 'L

S
X (A% w} + Af 0] + AY5) RE

2n,+A;+2
X (Vig + Vaq2g + V3,2,)" L7

x (X, + VEeh + Vi2%) 2Rt w2, (6. 9b)

We have thus obtained the transformation properties of
the bra vector {w|. We see that, if the ket vector trans-
forms like (A, 7 ,;Ag, ), then the bra vector trans-
forms like (A, — 2,— 7, — 25— Az — 2,—ng— 2),
While the naive Hermitian conjugate of the ket vector
denoted by (|2))* would transform according to (A}, 7},
A%, m%), which in general is different than the transforma-
tion properties of the bra vector (z |. This i8 due to

the presence of a nontrivial metric operator G.

Similarly, we can define contravariant bras (wl

(wlz) = 8w — 2)6(w* — 2*), (6.10)

which transform like (2, — 2,—p, — 2;— A, — 2,—
pr—2).

The covariant and contravariant bras are related to each
other by

(WwlG1 = (wl. (6.11)

Thus, we find that the matrix elements of G between co-
variant states are equal to the overlap functions between
covariant bras and contravariant kets, etc.:

wlz) = WwlGlz) = w|Glz) = Glw, 2), (6.12a)

(wlz ={wlG-1lz) = (wWlG-1|z) = Glw, 2). (6.12b)

We will explicitly evaluate these matrix elements in
Sec. 8.

We finally note that the normalization conditions (6. 4)
and (6. 10) imply the completeness relations

1= [@2z;)|2)z] = J(@2w)) lw(wl

= fla2z;)[@2w)lz)(z]w)wl| = [d22;)(d2w)|2)G(z, w)w]
(6. 13b)

= [(@2z,)(@2w ) w)wle)Xzl = [(d22,)@%w,) | WG, w)z].
(6.13c)

These can be used to define invariant bilinear products
in the group. For example, we consider the “wave-
packets”

(¥l= [(d2z,)¥(2)z],
l¢) = [(@2z,)9(2)lz2),
I = [(d2z,)x)l2),

which transform as

(@' =¥ |U-1@a),

(6.13a)

(6.14a)

(6. 14Dp)

o =U)e), Ix>=UB)y.
(6.15)

From the transformation properties of the states {z!,
|z) and |z) we deduce those for the “vector components”

Y(z) and ¢ (w):

x@) = x'() = Q@ (A, 2)x ('),
Vi) - ¥'@) =Qr (A, 2 (),

) > ¢'(z) = TP (A, 2)p (27),

(6.16a)
(6.16Db)
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where we have indicated also the dependence on the
roots A, 7, p, etc., and, 2, $% are given in (5. 12) and (6. 9).
That is, ¥(z) transforms like (A ;, 73 Mz, ), ¢(2) trans-
forms like (—x,— 2,—p,— 2;— Az — 2,— pp— 2) and
x(z) like (—~x, —2,—n,—2;—Az—2,—n, —2). For
functions transforming according to (6. 16), we can easily
write invariant bilinear functionals (¥ |¢) and (¥|y) by
using (6. 13):

(Ylo) = [(@2z )d%w X¥|2)Glz,w)wlp)  (6.17a)
= [(d22 )d%0 W)z, w)d (W), (6. 17b)
(Wl x = fdzz(¥lzXzly (6. 182)
= [d2z2y(z)x(2). (6. 18b)

7. UNITARITY CONDITIONS

To impose unitarity, it is enough to demand that the
generators J,, K, of Sec. 2 be Hermitian

Gl4G=d,, GIK;G=K_, (7.1)
Where, in general, G is the metric of the representation.
This means that G-1X2+G = XL, or from Eq. (2.4)

GIAL*G =A%, (7.2)
We further apply the condition (7. 2) to the Casimir
operators, and obtain

C%, =G (TrA2)*G = TrAZ = C,,, (7.3a)

C%,=G1(TrA3)*G = TrA} — 3 TrA% = C,, — 3Cyp.
(7. 3b)
Now considering Egs. (2. 12b), and (3. 1), we can write

A, + 302 + (2—1/2CT Iy, + (1/3C%, — 1/2C% ) =0

(7.4)
Replacing from (3. 3), we obtain the cubic equation

2 * % - - * 2k
A+ 3AZ + I, F AT, F A AT N, AT AT S,
% 3% * 5k x5k _
+ 20T A5, FATAS L AT AS) —4=0. (7.5)

Remembering (3. 3a), this can be written in the form

(gs + A%, + 200 + A3, + 2)0g — AT, =A%, — 1) =0
(7.6)

Therefore, according to the unitarity condition (7.1), a
representation labeled by the numbers (A, 75Xz, 715)
cannot have arbitrary complex numbers as its labels,
but they must satisfy one of the following sets of condi-
tions (7a-f):

Apg=—AE—2, my=—nt—2 (7.7a)
Ag=—At—2, my=+ A% 4k, (7. 7o)
Ag=—M—2, 7m,=—2%-2 (7.7c)
Ap=—nt—2, mp=At+nt+l, (7. 7d)
Ag=nmhAEAE 4L, o, =—2t—2 (7.7e)
Apg=mL+At 1, mp=—nf—2. (7.70)

Further restrictions are obtained if we realize that the
generators J, form an SU(3) compact subgroup. There~
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fore, the third components of its isospin and I/-spin sub-
groups, J, and — 1/2J5 + v3/2J, have half-integer
eigenvalues; while its hypercharge ¥ = 2/V3J has 1/3
integer eigenvalues (e.g., quarks). These operators are
given as
J3 = 1/2(Af; — Afy + AR, — Af)
=120y, 2y Y 0y 2y, — 05,2y, — 1255
+ (Mg 25, + MgpZgp) + ny—ng) + 1/2(0, — Ag),
(7. 8a)
—1/2J5 +V3/2Jg = 1/2(A}, — AL, + AR, — AR,)
=y, Zy, + 0y pZ5p)
+ /2y Z o, + MppZyp + N3, 25, + 3,Z,,)
+1/2 My —ng) — /20, —2p), (7. 8b)

Y =~ (4, + A%y)

= (M, 21, + TypZog + MppZp; + MppZpp) — g — A )

(7. 8¢c)

We see now easily that the state |z = 0) is an eigenstate
of these operators. Thus, we must take (n, — ng) +
17200, — Ag) and 1/ 2(n, — n,) — 1/2(x , — A ) half inte-
gers, and (A, — A,), 1/3 integer. The most general solu-
tion for class B is then

Ap—Ax =30 — 2m), (7.9a)

Ny, —Ng =45k +m), m,n=integers. (7. 9b)

For the representation of class A, the condition is sim-
pler:

Ap— Ay =—2m/3, (7. 10)

The most general classes of solutions compatible with
7.7 and 7.9 or 7.10 for class B are

ny=3:@m+m)+1+ib,
(7.11a)

AL=§ (n—2m)—1 + ia,

Ag=—AL—2, Mp=—-71;—2
n,=m/6—%@2+¢) +ia/2,

np=A%+0% + 1, (7. 11b)

Ay =—m/3—1—1ia,
Ag=—A%—2,

Ap=—n/6—12+ c)—ia/2,
Ag=At 4t +1, mp=-7n, -2

n,=n/3—1+1ia,
(1.11¢)

with @, b, ¢ arbitrary real numbers. For class A, we
simply ignore 7,, and put # = 0. We have thus obtained
some necessary conditions for the representations of
the type (4.2), (4.4) or (5.12) to be unitary. Further
restrictions will come from demanding a positive defi-
nite Hermitian scalar product, as discussed in the next
section,

8. HERMITIAN, POSITIVE DEFINITE SCALAR
PRODUCT

For a unitary representation, we must specify a Hermi-
tian, positive definite scalar product. Thus, we consider
two functions ¥, (z) and ¥,(z}, transforming according
to the general representation (AL, M Ars nR),like a co-
variant ket, as in Eq. (6. 16a), The complex conjugate
of, say, the first function, ¥,{z)*, then transforms as

(%, nk; A%, n%), [see Eq. (5.12)]. Using Eqgs. (7. 11a-c)
and {6.1), we find three cases for clags B):
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1. Gk, npat,nd)

= A, — 2, =N, — 2= A —2,— 0, —2), (8.1a)
2. AR5 ALY

==A,—2,—p,—2;— A, —2;—pg—2), (8.1b)
3. (%, AL, n%)

=(p,—2,—n,—2—py—2;—n,—2). (8.1c)

We call case 1 the principal series and case 2 the sup-
plementary series and integer points. Comparing the
definition of covariant and contravariant kets and bras,
we see that, in a unitary representation, ¥%(z) transforms
like a covariant bra in case 1, and like a contravariant
bra in case 2, We have not defined a name for case 3.
Thus, according to Eqgs. (6. 17) and (6. 18), we can write
the invariant scalar products, provided the integrals
converge

(@1, ¥,) = [d22,d20,9%(2)G(z, w)¥,(w) (8.2)
where, for case 1 we simply take G(z, w) = 6(z — w)
and for case 2, the operator G is now given as

G =3 £ 8. (8.3a)

According to (7.2), we can write Il = Il3 ,*, therefore

G = (Mg My,;%)® (8.3pb)
is a positive definite operator! Thus, the function

G(z,w) = {z|Glw) is positive definite, and therefore the
scalar product of (8. 2) is positive definite and Hermitian,
for the principal series, supplementary series and inte-
ger points of cases 1 and 2. For case 3 we have not
found a metric operator analogous to G, thus we cannot
write a unitary scalar product for this case.

It is not hard to evaluate the matrix elements of the
operator G. As in Ref. 5, we define the II;-representation,
in which II; rather than Z; is diagonalized. The I, and
Z4 representations are related by a Fourier transforma-
tion, which allow the evaluation of G(z, w):

Gz, @) = (21 (s My lup = ot |4 |-2¢-2,
={z +)e . - -2¢-2,
3, w arts aTe) 3 w3 6.4)

This expression now allows us to discuss the different
explicit forms of the scalar product defined in Eq. (8. 2},
by taking appropriate limits of the Casimir operators.

Class A: ¥,{z) and ¥,(z) transform as in Eq. (5. 12},
with

Ap=—3sm—1+ia, rg=3%m—1+ia. (8. 5a)
We can write the scalar product
(¥,,¥,) = [d2z,d%2, ¥¥(2)¥,(2). (8.5b)

For convergence, we demand that ¥,, ¥, are L2 func-
tions.

Class B: ¥,(z) and ¥,(z) transform as in Eq. (5. 12)
with (A ;, 7,5 A5, ) specified as below for the various
representations.

1. Principal series.

ny=3sm+m)—1+ib,
(8.6a)

A,=3 @m—2m)—1+ia,
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ng=—¢m+m)—1+ib,
(8.6Db)

(8.6¢)

Ag=—13(n—2m)—1+ ia,

Wy, o) = Jd22,d22,d22,0% (2 )W ,(2).
For convergence, we must have /4, ¥, L<2) functions.
2. Supplementary series.

m 1

Ay=—g—l—ia, n,=F—5@+c)+iy, (8.7a)

AR:%——I—ia, nR=—%——21—(2+c)+i%, (8.Th)
r'(l+c¢)

(llfl, 11/2) = ;}‘—(_—c)—fdzzldzzzd223d2w3\l/q(zl,22,33)

x lzg —wgl 202y, (z,,2,,w;).  (8.7c)
Ify,,¥, are L(2) functions, then the integral converges
only for

0< el <1, (8.7d)

3. Integer points. For an analogous situation in SL(2,¢)
and a discussion of such representations we refer to

ref. 5. Here we only mention the result, A, 7, etc., are
as in (8. 7) with ¢ = integer.

Case a: ¢ = k,k being a positive integer or zero.
a2k
W1, ¥p) = (— 1)#[d%2,d22,d22 ;4% (2) ——3¥,(2).
025024 (8. 82)

The functional space is restricted to functions such that

92k
—¥12(2) = 0. (8.8b)
az:faz;kwl'z
Case b: ¢ = — k,k being a positive integer.

W1, ) = 26 DW/n[T(6)]2} a2z 1422 4% 4d20,
X |z3 — wy 1282 loglzg — wg [YW3(2y, 25, 23 (2q, 25, ws).
(8.9a)
The functional space is restricted to functions such that

Ja2zszgzdsy, ,(2) =0 (8. 9p)

forv,s <k —1,

We have thus classified the unitary representations of
SL(3,C), and have given the explicit transformation
properties and the Hermitian positive definite scalar
products. QOur operational method yielded the form of
the scalar product for the principal and supplementary
series as given by Gel'fand and Naimark.2 In addition
our method has given consistent normalization factors
due to the normalization condition of Eq. (6.4). Further,
it has unified all scalar products, for all representations,
in a single closed expression (8. 2) and (8.4), from
which the various scalar products are obtained by taking
the appropriate limits.

APPENDIX

In this appendix we construct the operators Z,; and show
that they commute with each other., We also give some
interesting properties of the operators K ij» With the
help of these we also find the commutation relations of
Ay; with Z,,.
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In the following, we shall need to write inverses of cer-
tain operators. Throughout, we shall assume that the
inverses do exist, by interpreting them as operating on

a complete set of states for which the inverse is defined.

Starting with Eqgs. (3.1) and (3. 7) and multiplying the
first one from the right by ¥3! and the second from the
left by &31, we obtain explicitly

Ajr =2 Ay, Ay Zy
Ay, Ay, — A, z,] =0, (Ala)
Ay Agy Azz—a/ \
(1Z3Z)0A1,—n Ay, Aiz
Ay, Agy—n Ay =0. (Alb)
Asz1 Asza Azz—

Since we are dealing with operators, we wish to detail
our procedure carefully. We have six equations satis-
fied by Z,,Z5,Z3,Z,. Using the set (Ala) we can solve
for Z, by eliminating Z, from any two equations, and
similarly, we can solve for Z,. Of course, the solutions
obtained in this way for Z; must be compatible no mat-
ter which set of two equations is used to eliminate Z5.

In eliminating Z, one must be careful that A;; are opera-
tors which do not commute. For example, supposing we
want to eliminate Z, by using the first and second rows
in Eq. Ala):

(A1 —NZ, +A 1,2, +A53 =0, (A2a)

Ag1Z1+ (Agy —A)Z, + Ay =0, (A2b)
We multiply (A2a) from the left by (A,, — A — 1) and
(A2b) from the left by — A, 5, and add the resulting equa-
tions. Since (Ayy —A— 1)A,, = A, (A, — A) the

Z, terms cancel and we get

[(Agy — 2 —1)(A;; —2) —A,;,4,,]12,

+ [(Azz —A— 1)A13 —'Aleza] =0, (A3a)
from which we obtain Z, in terms of A,,. Thus,
Zy=[—(A; —MNAg — A= 1) + 4, ,A,,]7

X [(Agg —=A—1)A;3—A;,A,3].  (A3D)

Similarly, we could have used the first and third rows,
or the second and third rows, which would have given
different expressions for Z,. All of these solutions
must be equal to each other. Here we give the result
in a compact form. We define some new operators K, :
K,-j()\) =A;{Ap—2—1) —ApA

i=j, (Ada)

K, () =— (A=A —2—1) +A LA, (Adb)
i,j,# =1,2,3 and cyclic or anticyclic, no sum over re-
peated indices. We notice that £;;(A) is almost the co-
factor matrix transposed of the matrix in (Ala), but not
quite. This is because A,.j are noncommuting operators
rather than numbers.

In terms of K;; we can write Z, in a compact form as

Zy =Kzl WK, (\) =K,,,00 + K31 (0 + 1), (A5a)

Zy =Kzt MKy, (\) = K,,,(0 + 1)K3L, (0 + 1),  (A5Db)
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Z3 = K, ;MK\ () =

Zy=K,3mK3 () =

i+ DK, + 1), (A5¢)

o+ DK a0+ 1), (A5d)

n,m = 1,2, 3, no sum over repeated indices.

The three values of n,m = 1, 2,3 correspond to taking
different sets of equations in order to solve for Z;. They
are all equal to each other as will be shown below. The
second expression for each Z; is obtained due to certain
properties of the K;;. We will also show that [Z,, Z;]=0
for any 7,j. All of these claims will be proven below.

The operators K;() have the following interesting pro-
perties. They can be easily checked by explicitly using
the commutation properties of 4 [Eq. (2.6)].

[A;,K,,0)] =6, K () —0 K, (), (A6a)
K, 0K, +1) =K, 0K, + 1), (A6D)
K+ 1)K, =K,,0 + DK,;(n), (A6c)
3
Z)l K, WK, () =0, (A6d)
3
21K, mn+ 1K, +1)=0, (A6e)
i=1
3
Z}Ai]K].l()\ +1) = AK;, (0 + 1), (A6£)
j=1
3
.ElKiz‘(" + 1A, =K, + 1). (A6g)
j=

No sum over repeated indices unless shown.

We obtained (A6a-c) by direct commution of the A,
These three equations are enough to show that Z,; are
equal for each n, and also that [Z,Z,] =0 =[Z;,Z,].
We rewrite (A6b) as

K, Q)K= K, + DKL+ 1), (ATa)
Taking [ = 3, ¢ = 1, 2, we see that the second expressions
for Z, and Z, are the same as the first for arbitrary j,
m. Now we can write Z, as given by Eq. (A5a):

Zy =K 330K, 500
=Ki3 + DKL+ 1)

=K1K, (). (ATb)

In writing the second line we used (A7a) with I = 3,
j=23, i =1, m = 3, and in writing the third line we
used (A7a) once more with /=3, j=1, i =1, m = 3,
Therefore, (ATb) shows that the expressions for Z; with
n =3 and » = 1 are equal to each other. Similarly for

Z 4, and for all values of n,m. Now we calculate the
commutator

[ZI’ZZ] :lez —2221
= K33 WK, WK, 0 + DEL 0+ 1)
— K31 K, MK, , (0 + DKL+ 1)
= K3, WKy, WK, ,,0 + 1)

— Ko, (MK 0 + 1)KL (0 + 1), (A8a)
Using (A6b) we find
[Z1,Z,] = 0. (A8D)
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The same things can be proven for Z; and Z, by using
Eq. (A6c) instead of (A6b).

Equation (A6e) is obtained by replacing in (3. 13¢) the
second expressions in (A5). Similarly, (A6f) and (A6g)
are obtained by replacing (A5) in (A1),

To obtain Eq. (A6d), we first write the identity

Klm()‘ + 1) =sz(77)_ (A +1 —W)[Alm + Glm(h +n+ 2)]

A9
and replace it in (A6b), to get (A92)
K ;0K ,0) = K (00K, + 1)

+ A+ 1—nK; A4, +6,0+n+2)]. (A%D)

We then let i = m, sum over ¢ = 1, 2, 8, and replace in
the resulting equation

TrEQA + 1) =0 —A—1)2x + 7 + 4), (A10)

which is evaluated with the help of (A9a), (A4Db), (3. 3a-b),
and the fact that A and 77 are roots of Eq. (3. 2). With
all that, Eq. (A9b) becomes

L KWK, = 0+ 1—n) =K, ,0)0 +2) + KA, .}
' (A11)
The expression in the brackets on the right hand side

is equal to zero as can be seen by direct calculation.
Thus, we obtain Eq. (a6d),

Z)Kij()\)K”('n) =0,

At this point we are ready to prove that Z,,Z,,and Z,
Z 4 all commute with each other. We already have [Z,,
Z,]=0=[25,Z,]. Toprove [Z,,Z4] =0, we start by
rewriting Eq. (A6e) as

K.+ 1)K, A+1)=—K_,(n+1K;, (A +1)

— K, .0+ 1Kz, (0 +1).  (Al2a)

Then using (A7a), we find

=—K,,n+ DKL 0K, AWK, (A + 1)
—K .0+ DK, KL (MK, (A + 1), (A12b)

= K,,,l(n + I)K;_;:,l, ()‘){Kln ()‘-)Km]_(n)

+ K3n()\)Km3(77)}K_”}1(77)K3n ()\ + 1) (AIZC)

and using (A6d) we find

= Ky + DEGE WK 5 WK K (K, O + 1),
(A12d)

Multiplying from the left by K1, (n + 1) and from the
right by K31 (A + 1) and using (A5), we obtain

Z3Zy=2ZyZ, (A12e)
which gives
[Z2,Z3]=0. (A12f)

By similar operations, we obtain [Z,,Z3] = 0, and then
using (3. 13c) we obtain
[Zl’Z4] =0= [Zz’Z4]: (AIZg)

which is the desired result.
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Now we calculate the commutation relations of A; ; with
Z,. Using (A5) and Eq. (A6a), we find

Aqg, Az, Az, commute with Z 4, (A13a)
Aq1,A5y,A5, commute with Z,, (A13Db)
Agq,Az5,A3, commute with Zg, (A13c)
Agq,Agg,Ags commute with Z,, (A13d)

[A11:2,1) =—2Z,,[A21, 2] =~ Z,,[A31, 2] = — 1,
[A15:21] = 2%,[A23,2,] = 2,Z,, (Al3e)

[A10,Z,) == Z1,[Ag0, 23] = — Z5,[A3g5,2,] =~ 1,
[A13’Zz] =2Z1Zy, [Aza’Zz] =Z3%, (A13f)

[Ap1sZ3] =+ 1,[Ag,, 23] =+ Z3,[Ap3,Z3] = + Z,,
[Alz’Zs] =—Z§,[A13:23] =—2ZgZ, (A13g)

[A31,Z4] =+ 1,[A35,Z,] = + Z3,[A33, Z,) =+ Z,,
[A12,Z4) = — 2324, [A13,24] =— 23,  (A13D)
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Finite-contour dispersive inequalities are derived for a function f(£) which is analytic in the £ plane
except for a right-hand cut. Inequalities are also derived for the derivative of the function. These
inequalities are rigorous and the sharpest ones that can be derived using only analyticity.

1. INTRODUCTION

Dispersion relations were originally introduced as gen-
eral restrictions imposed by causality on an amplitude.
To exploit these restrictions by using the dispersion re-
lations in a computational sense, one must know the ab-
sorptive part of the amplitude on the cut and its behav-
ior at infinity. If, however,only a limited amount of in-
formation about the amplitude is available then in lieu of
dispersion relations, i.e.,dispersive equalities, one can
study dispersive inequalities. These inequalities usually
require only knowledge of an upper bound for the modu-
lus of the form factor on the cut. In several cases these
inequalities are stringent enough to place meaningful
constraints on theoretical constructs.?

In this paper we derive a set of finite-contour disper-
sive inequalities. Specifically, we will consider a func-
tion f(¢),a form factor for example, which is the boundary
value of a function f(£) real-analytic in the disc | —¢]
< R except for a branch cut on the positive real axis
from £ =ty to £ =ty +R. Upper bounds for |f(s)| and
ldf(s)/ds|(s < t,) will be found in terms of weighted in-
tegrals of an upper bound for |f(¢)| along the cut and of
the modulus of f(¢) on the ring | £ —¢,] =R. The con-
struction of this type of inequality was motivated by the
development of finite-energy sum rules?2 and the tech-
niques we use are very similar to Okubo's.3

Finite-contour dispersive inequalities have several nice
properties. One does not need to worry about the asym-
totic behavior of f(¢) nor its singularities for & — tol

&

RES

“Contour C

FIG. 1. Closed contour C in the complex § plane for
the dispersion integral in Eq. (2. 1)

e \\\ F
//
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Contour C
FIG.2. Complex v plane.
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> R. Furthermore, they should serve as a useful tool for
correlating the low-energy and high-energy properties
of form factors. This is an important consideration
since a good asymptotic description for a form factor
does not always lead to the correct couplings and models
which give the proper couplings do not always have a
suitable asymptotic behavior. This is the sort of trouble
one encounters when constructing Veneziano type models
for form factors.4 Since our inequalities are rigorous,
every model must satisfy them.

The paper is organized as follows: In Sec. 2 inequalities
for the analytic function itself are derived. Inequali-
ties involving the derivative of the function are then con-
structed in Sec. 3. A certain type of integral encountered
in the analysis is evaluated in the Appendix. Our prin-
ciple results are contained in Egs. (2.24), (2. 25), (3. 11),
and (3.12).

2. INEQUALITIES FOR THE ANALYTIC FUNCTION

Our function f(£), analytic in 1£ —¢,| < R except for a
branch cut on the positive real axis from ¢ ={,to

£ =ty +R,is assumed to be “real” so that f (£¥) = f*(£)
in this cut disc. For —R +¢, < s <{, we have the re-
presentation

fis) =L | ag [E206)

f s (2.1)

where the closed contour C is indicated in Fig.1 and
¢(£) is any function analytic in the cut disk |£ — ¢, < R
satisfying the requirements that the integral in Eq.(2.1)
exists and that ¢(s) = 1. We assume further that the in-
equality

plt) = wt)lF) 2 (2.2)
ig satisfied for t = t,, where p(t) is some positive spec-
tral function and w(¢) is a known (kinematic), positive-
definite factor which we take to be of the form

w(t) =kt —tg)e/2 /2], (2.3)
where k,a,and b are constants. This form for w(¢) is
sufficiently general to apply to most situations; it will be
apparent how the analysis can be altered to include other
forms. We now map the cut-disk |£ —¢,| < R onto the

upper half-plane Imv = 0 by means of the conformal
transformation

(2.4)

RV2 + (£ —fg)V27?
’ =[R1/Z ]
—(§—¢ty)v2

We note the following properties of this transformation
(see Fig.2):

Copyright © 1973 by the American Institute of Physics 770
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(i) The contour C is mapped onto the real v axis such
that the points £ =R +¢, + 10, —R +¢y, R +1{y5 —i0,
and ¢, correspond to the points vy =+ ®©, — 1, 0, + 1
respectively

(ii) The points £ = s and £ = 0 are mapped onto the
points v = exp(iB), and v = exp(ip’) respectively,
where

tan2(8/4) = (o — s)/R, (2.52)

tan2(s’'/4) = t,/R. (2.5b)
The integral Eq. (2.1) can be rewritten as

fis) =5 [ " B0 )6 @ D(; o — 5) (2.6)
with Fv) = f(£(v)), @ v) = ¢(£()) andg, for convenience, we

have introduced the function

2R (vV2 —1)

) : e o
u® (v;x) SVAEVE 7 1)

(2.7)

v]/2 —1 2 =
+R(————

(vl/z + 1) ‘
Applying the Schwarz inequality to Eq. (2. 6) gives the
relation

)12 < o [ 2 Fou®;t, - )| 280),  (2.8)
where
J=a 1 L [Zaw 31 @.9)
0 gW)
and g(v) is a positive function to be specified.
Using the transformation Eq. (2.4), one can show
f““dt pl) = [" dvplt@Nu®; ). 2.10)

0

Egs.(2.2), (2. 3),and (2. 10) give the inequality
flot® p(t)
o dtBEX!> kRa/zf av (T) |F )] 2u @42 (u;¢)
(2.11)
The reality condition for f (£) implies
F@*)

=F*@™1), (2.12)

which can be used to rewrite the right-hand side of Eq.
(2.11) as an integral over positive values of v:

f‘o”‘d pl)

to i

@2 V2
B L) ke it 1P 2.
2 0 U]/2 + 1 (2 13)
If we let

|1)1/2 —_ lla lp.(”’b/z)(v to)l

v
gl) = v¥2 +1 [uW;t, —s)|2

(2.14)

and break the integral in Eq. (2. 8) up into an integral
from v = — *©to 0 and one from v = 0 to + © we obtain,
with the aid of Eq. (2.13), the expression

0" 4 0()
R"/Z{f B

lf(s)yl2 <

[fy + Reiv|2
‘to + Reivn+b/2

1+@2 27
+kR “’f

5 A } (2.15)
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FIG. 3. Complex z plane.

where we have mapped the integral fromv =— 2 to 0
back onto the £ plane.

We now evaluate the least-upper-bound of J over the set
of all admissible functions &(v). From Egs. (2.9) and
(2.14) we have

1 oo ‘U1/2 +1la|u()(v st — S)@ @)1 2

J =— v
27 70 p1/2 1 ‘M(,wb/Z)(v to)l

(2.16)

We now map the half-plane Imv = 0 onto the unit disk
1z! < 1 by means of the transformation

2z =@ —eiB)/(v —eiB) (2.17)

This transformation has the following properties (see
Fig. 3):

(i) The real v axis is mapped onto the circle |z| =1
such that the points v =+ ©,—1,0,cos 3,and 1 are
mapped onto the points arg 2 =0,5,28, 7,7 + 8
respectively.

(i1) The arc |v!=1 is mapped onto the line arg z = 3 in
such a way that v = exp (iB) (i.e., £ = s) and v = exp
(iB’) (i.e., £ = 0) correspond to 2 =0 and z =
[sing (8°-B)/sinz(8’ + B)] exp(iB) respectively.

(iii) For real v one has the relation

. /6 . 6
v = sin(—= — B)/sin—;
(2 B)/ x

argz = 0. (2.18)

with this transformation the integral J becomes

7= S0 (2 4o (oo o ufe o)), (2.19)

where

1 fpl/2z) + 1\
"e) =3 —z>2(v1/2<z) )

WD z);t, — s))2
w2 (z);t,)

With the aid of Egs. (2.4), (2.7), and (2. 17) we have

()2
h@z) =
(2) =23z )(E() )z (1

—2zy V2 (1 — g 2iBg)1/2

X (1 —e-i®rmz)l~a  (2.20a)

N 2iRe—i(B—‘ﬂ)/2

2iz) = [2 sin®2]e-1
X [ei¥2(1 — ¢~ 2iB2)1/2 + (1 — z)1/2]2a-4 (2. 20b)

Equations (2. 20) show that #(z) has singularities on the
unit circle at arg z = 0,28,7 + 3. We therefore define

®(v(z)) = (1 — 2)71(1 — e 2i82)72(1 — e B*7))738(2),

(2.21)
where the constants y; are to be picked so that the
absolute value of



772 Tarik Celik and D. R. Palmer: Finite contour dispersive inequalities 772

h(z) = (1 — 2)271(1 — e-2iB)272(1 — e~i(B*Mz)2734 (2)
(2.22)

is integrable on the unit circle, i.e.,y; = g, Yo =

y3 = (@ — 1)/2. (Zeros of % on the unit circle are not
particularly troublesome for one can consider the in-
tegral J to be a limit as |z]—~1".)

We are now in a position to apply the Szegd theorem5 to
bound J from above:

J < Jy=2sing exp< f de loglh(ele)i> (2.23)

Substituting Eq. (2. 23) with the value for J,, obtained in
the Appendix into Eq. (2. 15) gives

JEIERE Y e T
dnk\R —ty + s
LBt + /R — 1] 152/t — 9V/2]j2ee
[L +¢, @R — 21, + 5)/®R — )2 /2
to+ R 1+a/2 27 If@¢o + Reiv)|2
R R A
(2.24)

)(to — §)nr1r(s-a)/2

At s = 0, Eq. (2. 24) reduces to

a — L \B-1r Y2
17(0)j2 < T% (4to)n-1+ (b-a)/zcg__o_)

+iy
g+ R 1+e/2 ;2 |f ¢, +Reiv)|2
x<ﬁo° Pl kRVO/Z g2 ko ¥R j ) >
tn 2 0 “0 + Reiy|n+b/2

(2. 25)

It is worth noting that the inequalities Eqgs. (2. 24) and
(2. 25) are the sharpest ones that can be derived given
only Eq. (2. 2) and the analyticity of f{£). Letf ax (R)
be the maximum of |f(¢)| on the circle | £ —¢ r?
From Eq. (2. 25), we derive

2 If (0)] 2kx R +ip\"1*Y2
|fmax ®)12 -
kR1+a/26 2a(4t )n 1+ (b-a)/2 _t
£
— dtp(t)], (2. 26)
where

_ do
°=Js [ty +Reie|n 2’

Equation (2. 26) gives a lower bound for |fyax R)!
throughout the cut plane in terms of |f(0}| 2 and lfe) 2
for ty < ¢ <ty +R. In other words, Eq. (2. 26) gives the
constramts on the behavior of f(£) (e g.,an amplitude, a
form factor) in the whole cut-plane in terms of the low
energy behavior of f(¢).

3. INEQUALITIES FOR THE DERIVATIVE OF THE
FUNCTION

To find an inequality involving the derivative of f(£), we
first differentiate both sides of Eq. (2. 1) with respect
to s,

L Lo [00)

ey (3.1a)

af(s) _
1s yf(s) =

where
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do(s)
ds

Y= (3.1b)

By repeating the same procedure as before, one obtains

df(s) < ttR ., pit)
I + f(S)Iz kR“’Z (ﬁo dtt_"—
KRV @2 2T If o +Rei‘*’)|2>
MR e A

where J' is given by Eq. (2. 9) with g(v) replaced by g’{v)
where

ivl/z -1 ‘a ll-L(n+b/2)(v to)'

3.3
O =171 i, — o ©.3)
Besides the condition &(v(z = 0)) = 1, the function
&(v(z)) must now satisfy the constraint
d@(v(z))) R—ty+s |
—_— =—4( §) —————— giby, 3.4
( dz z=0 (0 )R +i,—s s ( )

Because of this new constraint, we cannot directly apply
Szegd's theorem. We can nevertheless find an upper

bound J’,, for J’ by using a slightly different method.3
We define a new function ¥(z) by the relation

R —to +5
d(() =1 —4 (¢, — )R e e‘Byz]\Il(z) (3.5)

Now ¥ is an analytic function arbitrary to the extent that

dl(z = 0) -0

¥z =0)=1 (3.6)
dz
The expression for J' becomes
5 27
g =208 [ g | (o) (o)l 2, (3.7)
T
where
kiz) —tyg +s .
Hiz)=—XL _ |1 —4@¢,— s e-ibz |2
O = L 9 Rrt—s !
(3.8)

with 2(z) given by Egs. (2.20). Since |H(z)| is a positive
definite, summable function on the unit circle, one can
apply the generalized Szegd theorem® to obtain

2
J’SJM=2sinB<|17(z)[2 + '{dn—z(z—)‘ )z:o (3.9)
where
n(e) = exp< f a8 =2 logH (e*9)> (3.10)

Here I}(z) is given by Eq. (3. 8) with k(z) replaced by ?:(z)
[see Eq.(2.22)].

By using the same method employed in the Appendix and
the elementary formula

2
J, " 46 log(1 + a siné + b cosf)

—~a2 —p2
— 27 logl +Vl—a b2

> (@2 + b2 < 1),

we find

1) 1 ypis)12 = L (E020Y g — sy oeora
S

64nk —iy
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g {1 H{® — g + AR — to)][t /2 (Lo — s)L/2]p2nve
[1 +£,2R — 2t + 8)/(R — ty)2]pb/2

C,—-C
X1+[l 1772 , g 2
C,+C, r-1

A.' l

—@2n+b
(2n )x'—1

+|(2a—4)C3l]2

4 4R vay2 2 [f(t, —Rei?)| 2
X <t° dt%;(t—t-)+@1w JTa 7o ,

to 2 lt, +Rei¢|n+b/2
(3.11a)
where
2 R —i,+s
A=_iR___2, Cp=11+4¢, —s)— 2 |
R —ty +59) R +i,—s
A= 4R2 to—s’
R —ty +5)2 ¢
R—t,+s
Co=l1—4¢,—s)—2—y| (3.11b)
R +ty—s

and for convenience we have written c3 in the integral
form

Cy = 2i f:ﬂ e-i9d0 log|eid/2 (1 — e 2iBz)1/2 + (1 — 2)1/2|
T

(3.11¢)
In Egs.(3.11),y is a free parameter. Bounds on the
derivative of the function which do not involve the value
of the function itself may be obtained by setting y = 0.
In applications it may be useful to give some other value
to y; the inequality (3. 11a) is validfor all values of y. For
s =0and y =0, Eq. (3.11) becomes

— ¢t n-3+b/2
]Qf(_o) |2 < E_a_(4t0)n~3*' (b-ay/2 (R °>
ds wk R +¢,

|+ lea —c41)

x[l N <| (8 —2n — b)4R?2
R +15) (3R —¢)

to+R L2 2
x[fto" 3 Pl) | kR f"d

Ifto +Re“’)lz}
t 2 0

[ty +Reto[nbr2]
(3.12)

One need not stop here. Dispersive inequalities for high-
er derivatives can also be constructed by using the
methods reported in this article.
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APPENDIX
In this appendix we evaluate the integral

. 1 2w ~
J = 2 sing exp(z— fo de 10g|h(e‘9)|>, (A1)
m
with l:t'(z) given by Eqgs. (2. 20) and (2. 22). We first
write
Jy=(2sinB) exp[IW + (n + ¥2) I @ _ 21 3], (A2)

where

1 27 N .
y_ 1 o
0= jo do logl|7, (ei9)],
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2 .
1@ =2_1f0“d9 loglé(ei®)l,
T

2 .
1@ =L [Tap 10g]£ (i) — sl (A3)
27 0
and we have used
2 . X
J, a8 logle#® — ei%] —0, all 4. (A4)

The integrals I ) are most simply evaluated by means of
Jensen's well-known formula:

tog- 11 :2_:1 [27 a8 10l ftei0)l (45)

where f(z) is an analytic function for |z|< 1 having
zeros at z4,...,z2, in the interior 0 = |2z|< 1 (multiple
zeros being repeated) and the behavior f(z) — §z7(7 = 0)
as z - 0. Referring to Eq. (2. 20b), we see 2,(z) is non-
vanishing for |z{< 1,hence

. R
I =10gl|25(0)} =1log (2 sine-1(3 /4) cos3'“(3/4)>'

(A6)
By construction, £(z) has a simple zero at z =[sin} (3" —B8)/
sinz (8’ + )] exp(iB) and £(z) — s has a simple zero at
z = 0, Obviously £(0) = s and using Egs. (2. 4), (2, 5a),
and (2.17), one can show

[(£(z) — 8)/2),.0 = — 4ty — 5) cos(8/2)ei8, (am)
therefore,
sing (3’ +B)
2) = -
I log(ssiné(ﬁ' °—ﬁ)>, (A8)
I3 =log[4{t, — s) cos(8/2)]. (A9)
Substituting Eq. (A6), (A8), and (A9) into (A2) gives
- a in< (8’ n+ by
g o R e/ <s sint @' + 3)) P
4(t, — )2 cos(B/2) sinz (8" — B)
or, with the definitions Egs. (2. 5),
R¥2 R +t,—s
N {1+ [® —ty + )R — t)] [(£,172/ (1, — s)1/2]2n+0
[1+ 2,(2R — 2t + S)/(R — t,)2]n*¥/2 )
(A11)

*Supported in part by the U. S. Atomic Energy Commission.

nstitute of Particle Physics Fellow

*Supported in part by the National Research Council of Canada.

'For a summary see S. Okubo, University of Rochester preprint
CO0-3065-1 (1972) (to be published in Proceedings of the 1972 Coral
Gables Conference on Fundamental Interactions at High Energy).

2A. Logunov, L. Soloviev, and A. Tavkhelidge, Phys. Lett. B 24B, 181
(1967); K. Igi and S. Matsuda, Phys. Rev. Lett. 18, 625 (1967); R.
Dolen, D. Horn, and C. Schmid, Phys. Rev. 166, 1768 (1968).

3S. Okubo, Phys. Rev. D 3, 2807 (1971).

*J. Cleymans and B. Rodenberg, Nuovo Cimento A 5A, 297 (1971).

’See. for example, K. Hoffman, Banach Spaces of Analytic Functions
(Prentice-Hall, Englewood CLiffs, N. J., 1962).

SH. Helson, Lectures on Invariant Subspaces (Academic, New York,
1964).



Complex coordinate transformations and the

Schwarzschild-Kerr metrics*

E. T. Newman

Department of Physics, University of Pittsburgh, Pittsburgh, Pennsylvania 15213

(Received 24 October 1972)

Utilizing the fact that the Schwarzschild and Kerr geometries have an intrinsically defined
Minkowski space associated with them, we show that these Minkowski spaces (as the Kerr
parameter varies) can be viewed as “real slices” in a complexified Minkowski space. The complex
Weyl tensor of each member of the family can then be viewed as a single complex field on the
complex Minkowski space. Further, the degenerate principle null vectors associated with each
geometry can be considered as projections into the “real slices” of a complex null vector field in the
complex Minkowski space. These results may be considered as clarifying earlier work on obtaining
the Kerr metric from the Schwarzschild metric by a complex coordinate transformation.

1. INTRODUCTION

Several years ago we published two papersl,2 in which
the Kerr3 and the charged Kerr metrics were “derived”
from the Schwarzschild and charged Schwarzschild
(Reissner—Nordstrom) metrics by a complex coordin-
ate transformation. “Derivation” was originally put in
quotation marks because there was no simple, clear rea-
son for the series of operations performed on the
Schwarzschild metric to yield a new solution of the Ein-
stein equations. Until recently, aside from the essen-
tially trivial remark that the field equations sanction
these operations,4;5 there has been little progress in
giving a geometric interpretation to the complex trans-
formations. Adler et al.6 have just shown that the Kerr
and Schwarzschild metrics can be obtained from a com-
mon generating function by just a complex displacement
of the origin. The present author has recently shown?
that the Maxwell equations and the linearized Einstein
equations (for the Weyl tensor) may be complexified and
considered as field equations in complex Minkowski
space. From this point of view the Weyl tensor of the
linearized Kerr (charged Kerr) and linearized Schwarz-
schild (charged Schwarzschild) may be looked upon as
the same field but viewed in different “real slices” of
complex Minkowski space. (Each value of the Kerr
parameter a yields a different slice;a = 0 yields the
Schwarzschild slice.)

It is the purpose of the present paper to show that these
results for the linearized Schwarzschild-Kerr metrics
can be extended to their exact form.

Of fundamental importance in the analysis is the fact
that for each member of the Kerr family there is a
covariantly defined flat-space defined from

ds?2 =ds,  + )\(l;fdx“)z, (1.1)
where A is a scalar function and [} is a (degenerate)
principle null vector. What we wish to show is that
these flat-spaces may be considered as a family of flat-
spaces all imbedded in complex Minkowski space. The
Weyl tensor [‘or more precigely the “complex” self-dual
Weyl tensor z(C28vé + jC878)] will then be considered
as a function on the complex Minkowski space. On any
of the real slices the real Weyl tensor can be recon-
structed. Furthermore, the principle null vectors of

the complex Weyl tensor are degenerate in the sense of
being arbitrary in a null complex two-plane and in gene-
ral complex (they are not degenerate in this sense for
the real Weyl tensor). The degeneracy, however, can be
removed on each real slice by demanding a real (tangent
to the slice) principle null vector. This yields the vec-
tor I} of (1.1). Finally, the scalar function A can be
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written as the real part of a function on the complex
Minkowski space.

In Sec. 2 we discuss some properties of complex Minkow-
ski space and define “real slices”. After complex null
polar coordinates are introduced (the real coordinate
values yield a real slice) a basic complex coordinate
transformation (similar to that of Ref. 1) is presented.
The real new coordinate values yield a Kerr-type of
coordinate system on a new slice. In Sec.3 complex
tetrad transformations and their relation to the prin-
ciple (complex) null vectors of the complex Weyl tensor
are described. It is shown that the complex Weyl ten-
sor of each member of the Kerr-Schwarzschild family
can be viewed as a single complex function in complex
Minkowski space.

We wish to point out that we make no use here of the
Einstein equations to find the relation between the dif-
ferent members of the Kerr~Schwarzschild family. We
simply take the known metrics and show that a certain
unity exists between them when viewed in complex
Minkowski space.

2. COMPLEX MINKOWSKI SPACE

We consider the complexification of Minkowski space
by taking a four-dimensional complex manifold® (eight
real dimensions) covered by a single complex chart, the
coordinates labeled by z# = x# + i (x* and y# real) en-
dowed with a complex metric
dzkdzr.

ds2 =17 (2.1)

pv
The only transformations considered are holomorphic
transformations of the coordinates. The group which
preserves the form of the line element is the ten (com-
plex) parameter Poincare group®

Z't = alz?v + b¥, (2.2)
bt being a constant complex vector and af being a con-
stant complex matrix satisfying

apain,, = Ny, (2.3)
By 2 “real slice” of this space we mean a four (real)
dimensional subspace such that the metric induced on it
by (2.1) is real.

It obviously follows from (2. 2) that there exists, at

least, a ten (real) parameter family of these slices aris-
ing from the imaginary Poincare transformations, four
from the imaginary translations and six from the imagin-~
ary homogeneous transformations. (It is unknown to us

Copyright © 1973 by the American Institute of Physics 774
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whether other “real slices” exist. Presumably if they
did, the induced metrics would not be flat.) Although in
the remainder of this paper we will confine ourselves
to the “real slices” obtained by the imaginary transla-
tions (parallel slices), we would like to conjecture that
new solutions of the Einstein equations can be obtained
by applying the ideas of this paper to the complex
boosts. The solution, presumably, would be similar to
the solution of Maxwell's equations obtained from the
Coulomb solution by a complex boost.”

We now wish to consider a generic parallel slice which
can be considered, with no loss of generality, to arise
from a translation of real Minkowski space in the
imaginary z3 direction, i.e., it is defined by

zZ¢ =x'* — iabl, x’'F real. (2.4)

We digress for a moment to introduce complex null
polar coordinates by

z¢ = (1/v2)(2u + 7,7 cosh,r sind coso, sind sing)
(2.5)

withu,7,6 and ¢ complex. The line-element (2.1) be-
comes

2
ds2 = 2du2 + 2dudr —% (@62 + sin20d$2).  (2.6)

Note that real values of 4,7, 8, ¢ defines the same real
slice as z# = x#,x# real.

If we now perform the complex transformation

u =u'+ ia cosd’, ¥ =r'— 2ia cosb’,
v’ cosB’ — 2ia

12 _ 42
. ,  cos2(¢ — ¢7) =T — 24
v' — 2ia cos@’

¥'2 + 4q2
(2.7

cosf = s

(2. 6) becomes

ds2 = 2du’2 + 2du’dr’ — 2a sin26’'dv'd¢’
— (7’2 + 4a2 co0s20’)(d0’'2 + sin20'd¢’'2)

— 2a? sin46'd¢'2, (2.8)
Ifu’,v’,0" and ¢’ are restricted to real values, it can be
shown that this is equivalent to choosing the real slice
(2. 4). Equation (2. 8) is then the real Minkowski metric
in Kerr-type coordinates.1:2 One could consider that

-the transformation (2. 7), taking (2. 6) into (2. 8), offers a
partial explanation of the algorithm of Refs.1 and 2 lead-
ing from the Schwarzschild to the Kerr metric.

[We wish to point out that knowing (2. 8) and (2. 6) it
would be possible to derive (2. 7) by solving a set of par-
tial differential equations. We however found it far
easier to use the Penrose theory of twistors!0:11 where
a series of relatively simple algebraic steps yielded

(2. 7). It is however unnecessary for the purposes of
this paper to enter into this question.]

3. THE COMPLEX WEYL TENSOR
Associated with the complex null polar coordinate sys-
tem of (2. 6) is a null tetrad system

Ib =5, n# =0f—odf

1 i
g0k mE =204 + —— &),

sinf

mr =L (58— —— o), (3.1)
r sing

where (0,1, 2, 3) refers to (¢,7,6,¢). Only on the real
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slice, z# = x#, should these be viewed as a “normal”
null tetrad system with / and » real and sz and m com-
plex conjugates of each other.

A second complex null tetrad system introduced by
*=l—-Qm, n*=n+Qm,

m* =S81m + QL — Qn — Q%m),

m* = Sm,
(3.2)
with @ = 2ia sinf’/»’2 + 4a2)1/2 and S =

(r’ — 2ia cos8’)/(r'2 + 4a2)V/2 has the form [when ex-
pressed in the coordinate system of (2. 8)]

* =0, wn* =808,
1 -
" ia o 6 2
ek ], (3.3)
% sinf’ 3]’
= 1 [— ia sing’ (58 — 26¥)

(' — 2ia cosb’) .
z

+ o —

6¥1.
sing’ 5]
On the real slice (2. 4) this is a “normal” null tetrad
system, 1,2 /* and n* real,m* and m* complex conju-
gates of each other, with /* shear-free and having com-
plex divergence p = l;fwm*ﬂm*" =—1/(r' — 2ia cosh’).

Starting with a tensor C_,., whose algebraic symmet-
ries are those of the Weyl tensor we consider its com-
plexification
=3

W,

of ys + iC:ﬂyé) (3‘ 4)

aB yé
with * denoting the dual. W_, ; is now to be considered a
field on the complex Minkowski space. Its only indepen-
dent nonvanishing tetrad components are

Wo = — WagyslomPlYm?,

Yy = — Wogysl nblrm?,

Yy = — Wy, smnBlrms, (3.5)
Y = — Wog em “nBlims,

Wy = — Wogyem *nbmin?.

(Note that W4,

1ymd = WaByéy_n mé =0.)
If we give the particular field, expressed in the complex
null polar coordinates with the tetrad (3.1) as

Yo =¥ =Y, =W4 =0, Yy =— 21/5”’1/7’3; (3.5")
it is easily seen that on the “real slice” z# = x¥, it re-
presents the Schwarzschild Weyl tensor with /# a de-
generate principle null vector. [/ is a null vector of both
Schwarzschild space and its associated Minkowski
space. The same is not true for n. See (1.1).]

The same field but now expressed in the coordinates of
(2. 8), using the tetrad (3. 3), has the form

— 2V2m

(r' — 2ia cos6’)3’

V=

W= = 6¥2 S 1Qm 122 ima sing’

T — 2ia cos8’)3 (' — 2ia cose’)4’
wE == 122 52Q%m _ 48V2 ma? sin2¢’

¥ =

(r' — 2ia cosf’)3 B (r' — 2ia cosf’)s )
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This can be shown to be [on the real slice (2.4)] equiva-
lent to the Kerr Weyl tensor.

Finally we mention that the A of (1.1) can be chosen as
the real part of the scalar function 4v2 m /7 on com-
plex Minkowski space, thus

)t=2w/§.m<—1—+—1*>— 42 mr!

r r 7'2 + 4a2 cos29’

DISCUSSION

We have shown that there exists a certain unity in the
Kerr~Schwarzschild class of metrics (possibly includ-
ing the conjectured new metrics arising from the
imaginary boosts) when viewed from complex Minkow-
ski space. We have little idea whether other new
metrics can be obtained by similar techniques though it
appears conceivable that similar unities between other
members of the Kerr~Schwarzschild class [Eq. (1.1)]
could exist.

There does however appear to be some evidence that
the work described here is part of a larger structure.

J. Math. Phys., Vol. 14, No. 6, June 1973

Recent work11,12 on asymptotically flat spaces indi-
cates that null infinity possesses a natural complex
structure and that the invariance group (suitably de-
fined) is the complex Poincaré group. In fact, transfor-
mations similar to Eq.(2.7) in the limit 7 — © arise
naturally.
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We follow the investigation initiated in an earlier paper. Here we treat the case of Galilei group S.
The complete description of all closed subgroups H of G is given. Then among them we describe
those such that the corresponding homogeneous spaces §/H bear a bounded invariant measure.

INTRODUCTION

Many studies of ergodic (i.e., extremal invariant) states
of a C*-algebra acted upon in an asymptotically abelian
way by a group G have revealed that a wide class of
ergodic states are obtained as integrals of states with
lesser symmetry, i.e., invariant only under a subgroup
of G.

The case of crystal states led to seek for a principle
yielding decompositions of ergodic states into states
which retain the symmetry of normal as well as non-
normal subgroups running through a conjugacy class of
subgroups of G. This principle was shown in Ref. 1 to be
the central decomposition of ergodic states in the sense
of Sakai.2 In the case of transitive states, the descrip-
tion of such components “ with broken symmetry”
amounts to the classification of all homogeneous spaces
of G which carry a bounded invariant measure.

In Ref. 1, this work was done for the Euclidean group,
giving rise to the cristallographic groups in 1,2,and 3
dimensions, and some “helicoidal” groups. Our purpose
is to give an equivalent classification for the Galilei
group G, up to a conjugation in §.

Section 1 gives a strategical description of the method;
Sec. 2 recalls some essential properties of §; Secs.3 and
4 contain a complete description of closed subgroups of
G; Sec. 5 retains among them those which are an answer
to our problem.

1. PRELIMINARIES

We refer to Ref. 1 for a listing of some mathematical
results concerning quotients, and recall the strategical
remarks upon which our method rests.

Let H be a solution of our problem for G,i.e.,H is a
closed subgroup of § such that the homogeneous space
G/H carries a bounded §-invariant measure. Then:

(1) All closed subgroups H' of § suchthat HC H' C §
are solutions of the same problem;

(2) All subgroups H” C H solutions of the problem for
H are solutions of the problem for G;

(3) Conversely if K is not a solution of the problem for
H, it is not a solution of the problem for G.

Moreover, Mostow has shown3:
Theorem: I G is a solvable Lie group, then, for any
closed subgroup A of G such that G/A carries an invari-

ant measure m 4, the finiteness of m, is equivalent to the
compactness of G/A.
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This is also true when G is the extension of a compact
Lie group by a solvable group (Mostow, private com-
munication), As this is the case for the Galilei group,
our work verifies that it satisfies this extension of
Mostow's theorem.

2. THE GALILEI GROUP

Let us recall that the Galilei group § is a ten-para-
meter real Lie group, the elements of which will be
written

(x,v,t,7), (1)
where
x €R3, translations in three-dimensional
Euclidean space,
v €ER3, pure Galilei transformations, )
t €R,, time translations,
v € SO(3), three-dimensional connected real

orthogonal group4,
the group law being:
(x,’ v,, t,!T,)(x’ v’ t”r)
=@'x+x' +to,r'v+ vt +tr'r),
(0, 0,0, 1) = 19,

(x,0,8,7y = (—r Yx — tv),— r Lo, — t,7r°1),
b b

3

There exist several decompositions of § as a topologi-
cal semidirect product. We shall retain the following
one, which we will use in the sequel.

Let K be the subgroup of § of elements of the form
(x,v,¢,1). (4)
Because of
(xl’ UI! t,,r,)_l(x’ v} t’ 1)(x,’ UI’ t"r,)
=@""Yx + t'v— ), r 1v,¢,1) (5)

one sees that K is invariant and we can define the quo-
tient group

G/K = SO(3). (6)
The application

r:(x,v,t,1) > r(x,v,t,1) = (rx,vv, ¢, 1), (M

Copyright © 1973 by the American Institute of Physics 777
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where x and v are the transformations of x and v
under the orthogonal transformation » € SO(3), defines a
continuous homomorphism from SO(3) into autK and we
can write § as the topological semidirect product of K
and SO(3), which we denote

g = K0 SO(3). (8)

Let us now call R3 & R3 the subgroup of K of elements
of the form

(x,v,0,1). (9)
Because of
(', 0, ¢, 1) 1%, 0,0, 1)’ 0", ', 1) = (x + '0,0,0,1)

(10)
one sees that R3 & R3 is invariant in K and we can de-
fine the quotient group

K/R3& R3)~R,. (11)
The application
t(x,v,0,1) > t(x,2,0,1) = (x + {0,0,1), (12)

where fv is the multiplication of v € R3 by the scalar

t € R,, defines a continuous homomorphism from R, into
aut(R2 & R3), and we can write K as the topological
semidirect product of R3 @ R3 and R,, which we denote

K=(R3® R3)DR,. (13)
Finally, we get for G the decomposition _

S =(R3® R3)D R,0O SO(3) (14)
with the law

e, v, ¢}, 7' TH{(x, v), t}, 7]
= [{x",v"), '} r{(x,v), £}, 7'7]
= [{’, o), ' H(r'x,7'0), t},7'7]
= [{tx’, ' )r'x, r'v), ' + 1}, 7'7]
= [{(x' + ', 0')r'x, '), ¢’ + t},7'7]

=[{(r'x + x' + tv',v'v+ v'), t' + t},r'r]. (15)

It must be noticed that the composition law in (13) is
written in an unusual (f acting on the left) but, neverthe-
less, coherent way, thanks to the Abelian character of
R,.

Finally, (7) and (12) being continuous automorphisms of

R3 & R3, and A ¢ denoting the modular function of G, one
sees that

NK(F) —> M_ > 1
h
A
K, —>F > 1
A /r
1 1
Fig.1
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AS=A > detr *A
K SO
=1

@ = AR2°ARi' det? 'AH s detr-A

¢ 50(3)

and that § is unimodular. Hence, the subgroups H giving
rise to an invariant measure over §/H have to be uni-
modular,5

3. THE CLOSED SUBGROUPS OF K

This section will be devoted to the search for the closed
subgroups of K. Let K, be such a closed subgroup (the
choice of this notation will become clear in the next
section) and let us define

F =K, N (R3 & R3). (16)

It is a closed invariant Abelian subgroup of K, which
allows us to introduce the quotient group

F,=K,/F. (17

If Ny (F) denotes the normalizer of F in K, it contains
K, as a closed subgroup, F and R3 & R3 as closed in-
variant Abelian subgroups, and we get the two quotient
groups

My = N(F)/(R3 & R3) (18)
N, = N, (F)/F. (19)

Thanks to the explicit definition of Ny (F),

NK(F) = {(x’ v, i, 1) € K:(x: v, t, 1)_1(x17 vI’ 0; 1)(x’ v, ¢, 1)
=(x"+tv,v',0,1)
=t(x',v,0,1) € F,(x’,v',0,1) € F}, (20)
it is evident that M, is the subgroup of R, under the
action of which F is left stable. Moreover, N (F) can be

written as the semidirect product of M, and k3 ® R3
with the law induced by the one of K:

N (F) = (R3 & R3)0 M,. (21)
On the other hand, the continuous homomorphisms
K, —>F, and Ky—-M,, (22)

having the same kernel, there exists a continuous in-
jective homomorphism A

NFy = My, AMFy) =[Ky, (R o R3))/(R2 & RI)

23
such that the diagram in Fig.1 is commutative. (23)

It is important to notice that, A having no closed range in
general, A(F) is an algebraic, but not necessarily topo-
logical, subgroup of M.

Introducing the quotient
T, = (R3 @ R3)/F, (24)

we are able to consider R3 & R3 as an extension of F by
Ty characterized by some 2-cocycle w:

w
R3® R3 = FO Tg. (25)
Any element (x, v, ¢, 1) € K can then be written

(x,v,8,1) = {[(xpy UF), (Xx’ Xu)]’ t 1}
= {[O’(Xx’ Xv)]s Z, 1}{[("1-“’”1«*)’ 0]’ o, 1}; (26)
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where (x;,vy) € F and (x,,x,) € Tx. In particular, the
elements of Fy are of the form {[0, (x ,x )}, ¢ 1};2s

MU0, (x,, x )t 1} = ¢ (27)

and A is injective, to any ¢ € A(Fy) there corresponds a
unique element (x (), x ,(¢) € Tr, we can then define the
application from A(F,) into T according to

& x )

t S (x, (0, x (1) (28)
and write any element of K, in the form

{[tx,0 0., (x (8, x, O0), £, 1. (29)
If, on the other hand, we remark that

Np=[(RZ ® R3O M)/F =T, OM,, (30)

where the action of M}, into Ty is deduced from the
action of M; onto R3 & R3 through the quotient (24), we
then discover that Fj; is a subgroup of N, with the law
{10, (x (¢, x, @], ¢/, 1H[0, (x_(1), x (W], 2, 1}
={10,(x, () + x () + 1x (), x (&) + x (D], ¢ + 4,1}
= {[0,(Xx(t + ), Xv(t + t,))]_, t+t, 1}3 (31)

and, moreover, that the following relations are true in
Ty:

Xx(t' +¢) = xx(t) + Xx(t') + txv(t')
= Xx(t) + Xx(t') + t’xu(t),

x, @+ ) =x (O +x (),

x,(—8 =ty () x_ (), (32)
x, =0 =—x @),
x_(0) =0,
x,(0) = 0.
In these conditions
Ny(F)= (R3® R} O M, = (F T,)O M,
=FB(r,aM)=F8 N, (33)
and in particular
K,=FUOF, (34)

where the law ul_i_\ is defined according to

{(x}'?, v ), [(x (), x, N, 1}
x {(xF, v, [(x (), x, ), 11}
= {(x; tiv +x v+ v.)
+oof(x () +tx (1) + X, x (EN, (x (#), x (],
((x (&) + #x @) + x (), x () + x, @)t + 4,17}
= {(xF' + tup + XU+ v )+t 1),
[(xx(t’ + 1), Xu(t' + )t + ¢, 1]}
= {(x} + tv}'f + w;(t’, 1), vF' o+ wz:(t’, £)),

(@ + 8, x (¢ + 1), 2" + 1,17}, (35)

where we denote
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Wllx (2) + tx (£ x (£, (x (), x ()]

= w’(t" t) = {wxl(tly t), wu’(t’y t)} € F. (36)
Finally, K; having to be closed into N,(F), then F,; has
to be closed into N,

We have the following procedure to get any closed sub-
group K, of K: A choice of F among the closed sub-
groups R3 & R3 determines in a unique way Ty, My, N,
w,and w’. The subgroups Fy are then defined as closed
sections of N, with the help of a suitable application
(Xx’ Xv) defined in a (nonnecessarily closed) subgroup

of M with values in T.. K, is then the w’-extension of
F and F,;. The situation can be described, in terms of
exact sequences, according to the scheme in Fig. 2.

The closed subgroups F of R ® R3 are of the form®

O0=m+p =3,
F=(Rre Zp) & (R" @ Z3), (37

O0=n+gq=3.

There are one hundred of them, up to an automorphism.
According to the definition of M,

t € My, <> t(F) = {[(RI & Zp)

+ H{RrP©Z2) ® (Rr® Z3)} CF, (38)
where the sum (R @ Z2) + {(R} ® ZJ) is defined
through a (nonunique) imbedding of R? @ ZJ into R & Z,
Then, in particular,M, = {0} if and only if » + ¢ > m +

b orn>m, M, being a closed subgroup of R,, that is to
say,M; = {0},M, = Z, or M; = R, we can classify the
subgroups F into three families F,;, F,, Fy, according to
the type of the corresponding M. As, in the sequel, we
will eliminate the F,;, we give in Tables I and II the

list of the F, and F, with the corresponding TFz and TFR .

One must notice that some groups are in both tables,
according to the way into which R2 ® Z¢ is imbedded into
Rme Zp,

On the other hand, we know that

Fig.2
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M, = {0}, then AMFg) =0,
ifM, =2, then M(F,) = {0} or Z, (39)
ifM, =R,  then\F,)=1{0},Z,R
or a dense subgroup of R.
TABLE 1.
FZ
zZ,02z, (zZzeR)® Z, z3 e 23
Geok)ez, AT LA (Z20 A)o 23
iz 730z (ZEe Rpo (22 @ R,)
(ZoR)e (Z,0R,) (Zzok)e z2 Ze ag’)‘ea zz"
ZeR)e 1] (Z2e R) e (Z,0 R) (Zo R e (226 R)
zf o 2 (7, Rh o (Zo R) Z e rbhe (Z o RY
Z3e Z (Z, ® R @ 2
TF
Z
(RZ®T)o® (R2@ T, T20 (R2O® T,) 38 13
(R.e T)e (REo T, T e (R7® T, 2013
(R,® T2)® (R20 T) o (R,0 T2) T2 0 7%
(#.e T)e (R,'® T) 720 (R, 12) Tord
(R,® T)® (R,® T?) T2 (R.& T) T.e T2
(R.e 120 (R, & T2) To@R,® T TerT,
T3 e (R2 9 T, T.& (R, ® T%)
2 L9 (R,® T
TABLE IL.
FR
0,60, RI® O, (z,® R2) o 2,
R,8 0, zio o, Rio RY
Ze 0, (Zzek)eo, Rie(Z e R)
R,®R, Ze rfe 0, Réezuf ,
ReZ, rf o R} (Z.o K% o B2
rte O, B o (ZeR) Zeorheo Zer)
Gesreo e Garow
2o @R,
RZo R, Rlez Riez}
Rlez (Zze B)o R, Rie (Z20R)
(Z.oR)oR, (Z2 o R)® 2, Rieo (Z o R
Z,®R)® Z, Z,® R o R,
Ty
R} & R3 R3 7,6 (R2e T)
Rie RS 18 e B3 O,eR,
(R2 @ T) ® R? T2 & R} o,@ (R,0T)
RZoRE 7, RS o0 (R.® T2)
Rlo HzoT) R,®R, TeR,
R,® R3 R.® (R,® T) T o (R,0T)
TR S
RoR: " e (é’g ®T) o0 T3
R, @ (R2® T) T2 @ RZ 0, & T2
(R,& T)® R2 2@ (R26 T) 0eT7,
(R,® T) ® (K2 ® T,) T.o R2

We are now going to explicit the form of the application
( X, X”) and show that the case where A(F};) would be a

nonclosed subgroup of R is not relevant for our problem.

From (32) we get immediately that

X, =1tx )/,
where to is any element of A(I*;I ) different from zero,
xx(nt) = nxx(t) + $n(n— l)txu(t), neZ,t €R,
x (p/a)) = (p/a)x (O + [(p — 0)/20%)Ex (), (40)
p,ac€Z,t cR.

These formulas completely fix the formof x _and Xvwhen

A(Fg) = 0 or Z, but only on the dense subgroup of ration-
nals when A{(Fy) = R. But as F,, that is to say, the graph
of (28), has to be closed into N, = TFR 0 R, we have then

to extend these formulas by continuity, and we get
X, =tx (1)

} t €R, (41)
xx(t) = %tzxv(l) + t(xu(l) — xv(l)/2) ’
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where xx( 1) and Xv( 1) are arbitrarily chosen constants in
TF}z and TFv respectively. Let us end with the case

where A(Fy) would be a dense nonclosed subgroup of R.
We will show in the sequel that the only interesting
cases for our problem will be the case where m = 3
whenever A(Fy) = R or a dense subgroup,

Hence X, = 0 and the graph of the application
t € XMFy) > Xv(t) = txu(to)/to € TFu = Rf""‘q @ Tvq (42)

cannot be closed if A(F}) is not.

Finally we see that the closed subgroups of K interesting
for us are all of the type

K, = F(O}’
K, =F,,
K, =F, 8 {n2x (1/2 + n(x (1) — x (1/2), nx (1), 7},
neZz,
K, = FR’
K, =F B {(n2x (1)/2 + nlx (D)~ x (1)/2), nx (1)), 7},
, nez,
K =F 0 {(2x (1)/2 + dx (D) — x (1/2, £ (0), 1,
teR., (43)

4, THE CLOSED SUBGROUPS OF §

We are now reaching the next stage of this work, i.e., the
description of closed subgroups of § itself. The method
will be similar to the one used in the preceding section,
but more complicated because the subgroup K is not
Abelian,

Let H be a closed subgroup of § and
Ky=KnNnH. (44)

Then K is a closed subgroup (see the beginning of Sec,
3), invariant in H, but in general not invariant in K. Let
us introduce the normalizer Ny(Ky) of K in G: H is a
closed subgroup of Ng(Ky) but in general K is not. This
leads us to consider the normalizer Nyg(Ky) of K, in K,
We have then the following relations between closed
subgroups:

Ky C Ng(Ky) CK, Ny(Ky) C Ng(Kp) (45)
and consequently,
N (Kp) © Ng(Ky) N K. (46)

But, conversely, K; being invariant in Ng(K},), is also
invariant into Ng(K ) N K, which gives the opposite in-
clusion, and, finally,

N(Ky) = Ny(Ky) N K. (47)

Moreover, N, (K ) is closed invariant in Ng(Kp): I g €
Ng(K ), then gN (K )g~1 C K because of the invariance
of K into §, and gN,(K;)g " C Ng(K) because of the
inclusion Ny (K,) C Ng(Ky).

We are able to introduce the quotient groups
P, =H/Ky (48)

and
Qy= Ng (KH)/NK(KH) (49)
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and, by an argument analoguous to the one used in the
preceding section, we can assert the existence of a con-
tinuous, injective (but in general with nonclosed range)
homomorphism ¢ from Py into Q.

On the other hand, let

Ny = N(K,)/Ky (50)
and

T, = N (K)/Kg. (51)
Then P, is a subgroup of N, and

Qy= Ng(KH)/NK(KH) = JVQ(KH)/KH/NK(KH)/KH= NH/TH

(52)
is a quotient group.

From the injectivity of ¢, we conclude that the elements
of Py, are of the form

{fn, 7}, 7 € 9By, f(r) € Ty, (53)

where ¢(Fy) is a (nonnecessarily closed) subgroup of @ ;.

Let us go on with the investigation of the structure of
N, (K,). We know that

NK(KH) = {(x” UI; t,) € K:(x” 1),7 tl)‘l(x’ U, t)(x,’ vla t,)
=+ tv—tv,vt) € Ky, (x,v,t) € Kg}.  (54)

Hence, using the notation of (26), we have that

ft=0, (xp+t'vyvy0) €Ky
which means that ¢’ € M,
(55)
fv=0, (x—1,0,¢ €K,

which means that v’ € (K,),.
Let us then write

1" = (1) 5, (1), ). (56)

We now have
forg + 210, — o), 0, [0 0+ £'x (0

= @) s x M)t} € Ky, (57)
which implies that *

(tv’)Fx € F,=Rre Z¢ (58)
and then
vp=v' €R3 if t € MFy) = {0}, (592)
v, €ERT®ZL ifteNMF,)=2Z, (59b)
vy €RP if t € MFy) = R or dense. (59¢)
I _ ' _ 5
XD+ ExO - W), =x BT, (60)
or else t(vTF” — Xv(t ) =0in I}x ,
and then
v, =0 iftenFy)={0}, (61a)
’ —_ 7 — 3-— -
X RIS e Ty
ifte A(FH) =Z, t €M, (61b)
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v, =y (') € R3m
F

T, v
v

ifte A(F;I) =R or dense, '€ MF. (61c)

In other words, if FMF =(Rro Zr)® (R* ® Z7),then

Ny (Kp) = (RE® R3O M, if MF,) = {0},

—_ 3 w ’ r
N (K)=[R}e (Rm® z5)]D {x (¢, ¢}
UMF)=2, t €M (62)
—_ 3 ’ ’
N (K)=(R®® R™ O {x (¢,¢}
if M(F)=R or dense, ' €M _.
" F

Moreover, the fact.that the x-component of N, (K,) is the

whole of R2 shows that N, (K}) is invariant in K, In the

same way, we will determine the structure of Ng(K,).

We know that

NQ(KH)

= {0, ¢, 7) € G, v, ', 7Y U, 0,8, ), 07, 1, )

=(r"Yx + t'v — tv'),r""1,t,1) € K, (x,v,t,1) € K},
(63)

Hence, with the same notations,

=0, (r~xz+ t'vg), 7 105,0,1) € Ky, (64)

which means that 7' has to leave F, stable;
ft=0andv=0, (r"1x,,0,0,1)¢c K, (65)

which means that 7’ has to leave F, stable. So,if ¢ = 0,
we have

(r'" Lty + 7" 1o, v 10,,0,1) € K, (66)

which means that +' € M, and we conclude that, through
the quotient, ' leaves Ty, and 7, separately stable,
v

fv=0, (»Yx—1v"),0,41)c<cK,, (67)

which means, according to the preceding remark, that
wekK, .
X

In other words, if we compare with the structure of
N, (K}), we have

NS(KH) = NK(KH)D QH;
with
7Ty (1) = x (8)

(68)

and r"lxv(t) = Xu(t),t € A(IZ), (69)
i.e., where @ is the closed subgroup of SO(3) such that

Qy leaves F =Rm® Zf stable,

@y leaves F,=Rr® Z? stable, (70)

QH leaves fixed.

x () and x (£ )/t
Moreover,
Ny=Ne(Kp)/Ky=(NK)D QQ/Ky, =T, 0Qy. (71)
We can also determine the form of 7),:
Mo ={0}, ME)={o},

Ty =RI™r @ TP)® (R "1 6 T9),
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ifM, =2, MF,)={0},

Ty=[(R¥™ro Tp)® (R34 o T9)|0 Z,
ifMp=2, MFy)=2,

Ty=[(R3mre Tr)® (Rro Zb)/(R2 ® 23))],
ifM.=R, X\F,) =10},

Ty=[RI™?& Tp)® (R3™9@ TJ)]OR,

(72)

ifM,=R, X\Fy)=2,

Ty=[(R3>m20 TP)® (R7® Zp)/(Rx® ZI)]O T,
fM,=R, MF,)=R,

Ty=[(R3 ™ P& TP)® (RP 90 TH)].

Then formula (53) gives

F) = {10, [, (), f(7)} € Ty (73)
and
Fo'ry ={f '), f,(r' ) [, ' 7)) = F (') r'f ()
= {f(r") + r'fLr) + [ (), [, (r") + r'f,(7),
Flr') + f ()}, (714)

—J

If Q is now the 2-cocycle defining the extension
o
Ny(Kp) = Kg U Ty, (75)
then

Q Q' Q’
N(Kp) =Ky O T)0Qu=K,; 0 (T, 0Q,) =K, 0 Ny,

(76)
and in particular

9’ 1 nl
H=K, 0B, =(FOF)0 B ()

where the lawg is defined according to

', 2,2, (F(r"), )]ilx, v, 1), (F (), 7)]

=[x, 0", Y%, 0, YUS ("), v F (N, (F (') 7 f (7), 7'7)]
= [{(x', v, "W r'=, r'v, O (', ), (f(r"), v )], ('78)
where we denote

Q' (r'r) = Qf(»"), r'f (7))
= {Q}x(r', 7), SZIﬁ‘u(r’, ), Q7,7 €Kz, (79)

Hence, more precisely,

{[(x}’ U})’ (Xx(t')y Xv(t')’ t/)], (f('r’)y 7,)}{[(xF’ UF )y (Xx(t); X ”(t)’ t)]! (f(r)y r)}
= {[(xF' YA A+ W)+ QL (), 0+ Y+ W) + Q) (7, 7)),

(X (" + B, x (' + D, 8+ D, L (S '), £ 7'y, £ rm), w'n)f - (80)

or else, if we put

MeUr', 7)) = (', 7), (81)

{6, 000, (x (8, x (0 20, (£, 70 L, 2,), (x (0, x (8 D), (£, )}

= I ’ ! ! ! I ! ’ ’ ? ! + ﬂl /r,l
{[(xF + %+t @l ) + QFx(r ORISR ST w(t, t) Fu( , 7)),

(X (£ + £+ 70,20, x (' + £+ 70,7, ¢+ £+ 70, VL, ), £ ('), 5, ('), 7'} (82)

NH=-]:| UQH
1 NK(KH)=N5(KH)HK | | Ns(K.Q:NK(K,,)uQH 4
KT, -k, N, O 4
) Vs
1 1
4 =K. -KH HkF, P, 1
1
174 1/ 171
Fig.3
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Finally, H having to be closed into Ng(K,), P, has to be
closed into Ny.

The whole of this procedure can be described, in terms
of exact sequences, in Fig. 3.

Our last task is to define the structure of the application
r = f(7).

We have first

Jr'r) = fr") + flr). (83)
Secondly, we have
L&) =£,(0") + r'f () (84)

i.e.,f, is a 1-cocycle onto a subgroup G, of SO(3) with
value into 7, . This subgroup can be considered as the
connected co;’nponent of a subgroup G of O(3) by adjunc-
tion of the symmetry — 1. Then f, can be considered as
the restriction to G, of the 1-cocycle £, onto G obtained
by defining arbitrarily f(— 1) = @ € Ty ,and, if » € G,
and then — 7 € G, ¢

= =L0) +7h(— D) =f(= 1) — £ (85)
and

2f,(r) =1 —7)f(— 1). (86)
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If we call b one of the solutions of the equation 26 = a
into 7T}, we get

L) =(1—1r),

where b is an arbitrary element of 7;. In fact we
showed that any 1-cocycle onto G, is a 1-coboundary.

(87)

Finally we have

L) =L + 2 [ (r) + [ ().

Using the same method as above, and defining arbitrarily
f,(— 1) = o, we have

L=y =£0) + 1= D) + F(= DS ()

(88)

C R 1) — ) + LT 1), 89)
and then
2£,(r) = (1 =7V (— 1) + f,(r)a— f(— 1)(1 — 7)b. (90)
If we put
=0, 2e=f(-1), (91)
then
Lr) = (1 — yHB — eb} + ()b, (92)

5. THE HOMOGENEOUS SPACES WITH BOUNDED
INVARIANT MEASURE

Now that we have described all closed subgroups of G,
we are ready to filter out among them those which give
a positive answer to our problem.

We are going to prove a few theorems which among all
those subgroups, will retain or reject some ones; the
remaining ones, for which no theorems are available,
will have to be studied separately.

Theorem 1: For any closed subgroup H o,f G contain-
ing, as a closed invariant subgroup, K, = F th {Xx(t)’
Xv(t)’ ¢} with Z6 C F and ¢t € Z or R, the homogeneous
space §/H carries a bounded invariant measure,

An easy computation shows that K, is unimodular; let us
first show that § /K, is compact, i.e., that the theorem is
true for H = K;. We have

S/K, ={R6 0 R)O SO(3)}/K, = {{R8 O R)/K 4} SO(3),
(93)
and it is sufficient to show that the first factor is com-~

pact. Let (X,?) be an element of R6 0 R: We can decom-
pose it in an unique way according to

(X’ t) = [(leXz)a (tlytz)]’

where X, € F, X, € R6/F=1T,,t; € ZorR, i, €T
or {0}. Then there exists a unique (¥,,Y¥,) € R6 =
F O T, such that

(94)

X, =1t Y, +(x ()x, )
(95)

X, =Y + ot Y, (x () x, M.

When (X, X,) runs through Ré = F (1 Ty, (¥,,Y,) do the

same and, for each ¢, the application (X,,X,) — (¥, Y,)
is an homeomorphism. Hence,
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X, 0) = {[Y, + (Y, (x () x M1 Y,
+(x ) x E L E L))

= {(07 Yz)(oy tz)}{(Yﬂ (Xx(tl)’ Xv(tl)))’ (tl, 0)}: (96)

and we conclude that (R6 O R)/K, is homeomorphic to
R6/F x T or R8/F x {0}, and compact as soon as Z6 C
F. But as H contains K as a closed subgroup, the
theorem is true thanks to our first strategical remark.

Theorem 2: H is not a solution as soon as:
(i) Mp= {0},
(ii) Mp=Z or R, MFy) =2, andm + p < 3,

(iii) My = MFy) = R and m < 3, or My = R and A(F)
dense,

(iv) M= Z or R, MFy) = {0}, ¢(P,) finite,

(V) Mp=Z orR, MF)=2Z2, m +p =3, n+q<3, and
@(P,) closed,

(Vi) M =MFy) =R, m =3, n+ q <3, and ¢(F,) closed.
Combining (ii) and (iv), we conclude also that

(ivbis) M, = Zor R, MFy) = {0}, andm + p < 3.

Let us first study our problem when H = N¢(K,). Then

S/NQ(KH) = {(R6 0 R) O 80(3)}/(NK(KH) 0 QH)

=~ (R6 0 R)/Ny(Ky) X SO(3)/Qy, (97)

and we are left with the same problem with the first
factor.
But we know that if K, = F (1 F, is such that
A(1;‘11’) = {0}7
then (R® O R)/Ny(K,) = (R O R)/(RS O M,) = R/M,,,
M,={0},Z,0or R, (98)
A(FH) = Z’
then (R8 O R)/N,(K})
o’
= (RSO R)/[R} ® (R ® Z))]U {x (¢, 1},
€M, =ZorR, (99)

and,as R3 @ (R7 & Zp) can be seen to be invariant in
R6O R,

(R& O R)/NK(KH) z[Ri/(R;" & Zlf)] X R/(t'xv(to)/to,t'),

A(F,) = R or dense, (100)
then (R8O R)/N (K )
= RSO R)/[(R2® RMO {x (1", '},
' eM,=R, (101)

and, as R} & R can be seen to be invariant in R6 O R,
6 ~ 3 ’ r
RSO R/NK (K,) (RU/R:") X R/(+ Xu(to)/to,t ). (102)

We then conclude that H = N, (K,) is a solution every
time that
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(i) Mg=ZorR and A(Fy) ={0},

(ii) My=Z orR, MF,)=2Z2, and m+p=23,
103
(iii) M, = R, A\(Fy) = R or dense (103}

[which in fact reduces to A(F,) = R as here X, = 0].

and m =3,

Those results might have been given by the Theorem 1.
Conversely, if (R6 O R)/Ng(K) is noncompact, then it is
isomorphic the quotient of two Abelian groups and its
measure, here the Lebesgue measure, is nonbounded. It
is the case when

(1) My= {0},

(ii) Mp=Z orR, AFg) =2, and m+p<3

and m < 3.

> (104)
(iii) My = R,A(Fy) = R or dense
Let us now study the same problem for any H but re-

placing G by the corresponding N¢(Kj) in the case where
it is itself a solution for §. Then

Ny(Kp)/H = (Np(K ) O @)/ 4 B By)
~ (T, 3 QH)/PH = NH/PH.

We are going to select some cases where P, is compact.

In fact, the closed subgroups of SO(3) are SO(3), SO(2),
0(2), or finite: {0}, cyclic of order % (C,), dihedral (C,,,),
tetrahedral, octohedral, icosahedral. In the case where
©(Py) is finite, P, is also finite and then compact.

KMp,=Z or R, M(Fy) =Z,andm + p = 3, and ¢(Fy) =
50(3), SO(2), or O(2), then Ty is compact in its x and ¢
components and f,(») = (1 — 7)b is continuous. Hence Py
is closed in the compact:

4

(@3 6 298 {n2x (11/2 + nx (1) — x (/2 7x (), W11 B {1 =716, 7}, )
[((Z2 @ B) ® 23) 11 {{n2x (1)/2 + n(x (1) — x (1)/2), nx (1), 7}]

B {1 — 7)8, (1 — 7)b), 7},

(22 @ R) @ (22 & B) T {n2x (1)/2 + nlx (1) = x (1/Dx (), 2}]

& {1 — », 7},

((z,© B2 & 23) 81 {in2x (1)/2 + nlx (1) — x (1)/2), nx (1)), n}] ’

8 (1 — 78, (1 — 7)), 7},

[(z & R?)® (Z20 R)) ) {(nzxu(i)/z + n(x (1) — x (1)/2), 2x (1)), n}]

B (1 = 8, (1 — n), 7},

(2,8 R?) @ (Z,® R2) 1 {(n2x (1)/2 + n(x (1) — nx (1)/2)), mx (), nl]

B {1 - 78, 7};

(&2 & z2) 81 {nx (1), "8 {(1 ~ 1B, 7)), 7}

(B2 & z3) B fex (1), N B {1~ Mg, 7}

(B2 & (& © Z2) 8 fux (1, A} D {1 — 1B, 17,
(r2 e (R © z2) B {ex (1), O 718, 7},

(B2 & 2 ® 2 )8 fux (1), A T L1 — MBAON, 7},

(R2 @ &2 6 Z) B {1y (1, N B {1 -, 7}
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O(Py) X {{Ty), X f,(@(Py) X (T),} and then compact.

IEM, = A(F,) = R and m = 3, and ¢(FPy) = SO(3), SO(2},
or 0(2), then f(») = f,(») = (1 — 7)b is continuous. Hence
Py is closed in the compact ¢(Py) X f(¢(FP,)) and then is
compact.

But, when Py is compact, N;/P, is noncompact as soon as
Ny is not, i.e., as soon as Ty, is not. It is 50

HMp=ZorR and A(Fy) = {0}, ¢(P) finite,
fM,=ZorR, MF)=2, m+p=3,

and n + g < 3, @(Py) closed, (105)

UMp=AFy) =R, m=23,

and 7 + g < 3, ¢(Py) closed.

The theorem then comes from the fact that if # is a
solution, then

m(§/H) = m(G/ Ng(Kp)) m(Ng (K )/H).

Remarks:

(i) It is this theorem which allows us to neglect the
study of subgroups constructed from F,y or with A(Fy)
dense,

(2) In the case of Theorem 1, ¢(Py) is necessarily
closed. In fact 7 is then compact, as is also N;. Then
Py, closed in Ny, is also compact, as is also ¢(Py) as ¢
is continuous,

(3) If a group is not retained by Theorem 1, nor re-
jected by Theorem 2, then §/N;(K ) is compact and it is
sufficient to study Ng(K,)/H ~ N, /P,.

We are first going to list the groups that are retained by
Theorem 1, what we might call the “Galilean cristallo~
graphic groups”:

(106)

(107)

/

F (107%)
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(&3 © £9)0 218 {7r), v}; (107)
(R%e Ri) aRr1a {r}. (107")

In brace (107) » € finite group, in brace (107’) » € closed
subgroup of O(2) X Z, or 0(2), and in (107”) and (107")
¥ € closed subgroup of O(3).

Concerning the remaining groups, which are to be
studied separately, i.e., for which we have to search for
a subgroup P, of N, such that P, N T, = {0} and N, /Py
compact, we are going to classify them according to the
form of Ny = T; 0 @, each family giving rise to a
certain type of proof.

1st family:
{T.® (R2o 7,)]10 Z} O (0(2) X Z,),
{T, @ R2} O (0(2) X Z, or O(2)),
{7, ® R3]0 R} O (0(2) X Z,),
{7, ® (RZ® 2,)]0 T} O (0(2) X Z, or 0(2)),
{R2® T,)x R} D (0(2) X Z,),

(108)

{rZ2® 1,1 x T} O (0(2) X Z,),
{RZ2® T,} O (0(2) X Z, or O(2)),
{R2 X R} O (0(2) X Z,),
B2 X T} (0(2) X Z,),
{R2} O (0(2) X Z, or O(2)), ¢(P,) nonfinite or nonclosed.
We are going to eliminate this family: as each of those
N, contains, as a closed subgroup, the last one, it is
sufficient to eliminate this case. But this has been done

in Ref, 1 [5. 4b2-B), 5. 4b2-y)] and we refer to it for the
proof.

2nd family:

{r3 x R} O O(3),

[(Z,® R) ® (Z, ® R2)] QU'{(f,,(@l),f,,(@l), ntg, 81), (5'(82),1,(6),0,6,)},

6,/2m irrational, 6,/2n rational,

[(R2 ® 2) @ B2) B {in2x (1)/2 + n(x (1) — x (1)/2), nx (D), 7}]

B 40,),p0,,7,0),6),(£10,),0,£),8,)},
6,/27 irrational, 6,/27 rational,
[(82 © R2) D {nx (1, 0 {uv,£(0,),0), (0,70 ), 6 )},
6,/2n irrational,

(B3 & )0 {ix (1, A B {0 ,0)), (0,6},

6,/2w irrational,

(RS © (R2©2,)) D {(£,(6,), M, 6,), (£/(6,), 0, 6,)},

0,/27 irrational,
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n#0,

p =0,

8,/27 rational,

6,/27 rational,

6,/2m rational,

{R3 x T} O O(3) [or O(2): see 1st family], (109)

R30 0(3) [or O(2): see lst family],

¢(Py) nonfinite or nonclosed.

As each of those N, contains, as a closed subgroup, the
last one, it is sufficient to eliminate this case, But this
has been done in Ref. 1 (5. 4c), and we refer to it for the
proof.

3rd family:
{7,® T,)0 Z} x (0(2) X Z,),

{7, z,)O T} % (0(2) X Z, or O(2)),

{r, x 7} x (0(2) x 2,), (110)

R, x (0(2)),

{1, X R} X (0(2) X Z,),  @(Py) nonfinite or nonclosed.
If we project on the noncompact component of 7}, , we get
groups of the type Z X O(2) or R X O(2), and the projec-
tion of B is closed too. Hence for these projections the
problem has been solved in Ref. 1 [5. 4b2-a)] and we
refer to it for the proof, at least for the second case:
The generators are of the form

(Au, 8,), 8,/27 irrational,
Ac€R, x=0, uunitary vector of R in R X 0(2),
6,, 8,/2m rational. (111)

In the first case, an analoguous proof would show that the
generators are of the form

(na,6,), 6,/27 irrational,
a the fundamental length of Z,
(O, 62)9

We get then

n=0, (112)

0,/27 rational,

to the fundamental length of Z, = M,

v, the fundamental length of Z , = (Z,),,

S )

A =0, V, unitary vector of R,

A =0, Vv, unitary vector of R,

A =0, to unitary vector of R, = M. )
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4th family:
{7, ® R,)O R} X (0(2) x Z,),

(114)
{R, % R} x (0(2) x Z,).

By projection, we have to study the second case. The

problem is analoguous to the preceding one, treated in
Ref.1 [5. 4b2-a)], with one dimension more. We get then

(2 © Z) & R T {(1(6,), %6, 0,01), A

(£/(8,),0, pty, 6,), (£"(63), 0,0, 65)},

6,/2m irrational, 6,/27 irrational,
6,/8, irrational,

} (115)

6,/2m rational, A=0, p=0,
v, unitary vector of R,

¢ty unitary vector of R, = M,

ar
(R,:? @ R%) ] {(XVOr 0’91); (07 ﬂto, 92)’ (0, 0’ 63)} )
with the same notations.

5th family:

R X 0(3). (116)
The application (f (), 7) Sy is here an algebraic iso-
morphism, which becomes topological if and only if the
subgroup we are searching for is compact. But in that
case the quotient would not be compact. Hence we have
to search for subgroups P, such that their projection in-
to SO(3) is nonclosed. But then the closure of this pro-
jection can only be SO(2), 0(2), or SO(3) itself.

(1) The closure of @(Py) is SO(2): We are led to the
problem for the group R X SO(2), the solution of which is
in Ref. 1 [5. 4b2-a)], and the answer is positive.

(ii) The closure of @¢(Py) is 0(2): one must add to the
preceding case a symmetry through the origin, and the
answer is positive too.

(iii) The closure of @(Py) is SO(3):

(a) Let us first show that P, cannot be discrete. Let

B, C SO(3) the ball B, = {r € SO(3), lr — 1| < €}. For €
sufficiently small, B, is such that if s,7 € B, and
[s,[s,t]] = 1,then [s,¢] = 1;if s,¢ € B, then [s,¢],
[s,[s,t],[s,[s,[s,¢]]], * - - is a sequence in B, which con-
verges to 1.7 (Here [s, t] = sts™1¢71),

Lety, = (£, (7)), 7,),i=1,2and7; € B,and y,,, = {¥1s74)
0,[7y,7;)) = (0,7,,) for i= 2. Thenr, € B, and {7} or
{yi} are sequences tending to 1. As P, is discrete,y; =1
for ¢ large enough. In particular for ¢ = 4,y, = 1im-
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plies y,_; = 1 and then y; = 1. But then [y,,7,] =1 and

the set of y; is Abelian. Then @(P,) N B, is Abelian and

generates ¢(P;) = SO(3) which should be Abelian,

(B So PHo’ the connected component of the identity in Py,

cannot be reduced to a point. Since ¢ is here a contin-
uous injective group isomorphism, qo(PHoi is a connected

closed subgroup of SO(3): i.e., either SO(2) or SO(3) it-
self. But it has been shown in Ref. 1 [5. 4c-y)] that in
this case ¢(Py) = SO(3), which is contradictory to our
hypothesis. (We refer to Ref. 1 for the proof).

We get then finally

(RE & Rg) X ((AtO’ 91): (0: 92))

6,/2m rational,
!y the unitary vector of R, = M.

6,/27 irrational, A= 0,

(117)

CONCLUSION

We have then listed all the symmetry groups we were
aiming at. As in the case of the Euclidean group, we
have to notice that they are defined up to a conjugation
in G, while the symmetry groups are usually classified
up to a conjugation in the general linear group.

The families we have obtained can be considered as
“Galilean extensions” of the ones obtained in the case of
the Euclidean group, in the sense that we do not obtain
fundamentaly new groups. In fact, we get

(1) ome-,two- and three-dimensional cristallographic
groups in x, v and ¢ (107),

(2) one-, two- and three-dimensional cristallographic
groups in v and (or) ¢ only (107"),

(3) a cristallographic group in ¢ alone (107"),

(4) a group of the form [(R§ @ R3)0 R) O K, where K is
a closed subgroup of SO(3) (107"),

(5) some “helicoidal groups” in ¢ or (and) v direction
(113,115, 117).
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On Killing tensors and constants of motion
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Some general properties belonging to constants of motion for geodesics and charged particle orbits
are derived. A constant of motion for geodesics is seen to be a function on the cotangent bundle
which has vanishing Poisson bracket with the “energy function” determined by the metric tensor.
The resulting algebraic structure on the set of constants of motion is closely related to the Lie
algebra of Killing tensors. Each constant of motion is shown to provide a family of mappings of
geodesics into geodesics. Constants of motion for charged particles also possess a Lie algebra
structure. The relationship of Killing tensors to charged particle constants of motion is derived. The
linear and quadratic constants of motion for charged particle orbits in the charged Kerr metric
illustrate the results. Examples of valence 2 Killing tensors are given in an appendix.

1. INTRODUCTION

The analysis of physical processes in curved space—
times requires a knowledge of the trajectories of test
particles. The calculation of these trajectories is a
formidable task in general, but it is feasible if constants
of motion are known. For geodesics! or charged par-
ticle orbits, the norm of the momentum is conserved. If
three other constants of motion are known, the momen-
tum may be computed algebraically at each point of

the trajectory, thereby reducing the orbit problem to
first order differential equations. A constant of motion
which is linear in the momentum exists whenever the
metric admits a one-parameter group of isometries.
The origins of higher degree constants of motion are
more obscure. Some examples are given in Appendix
B.

The Kerr metric provides a physically important exam-
ple of a quadratic constant of motion. Because this
metric may be identified as the field of a rotating black
hole, calculations in black hole physics rely heavily on
the properties of geodesics and charged particle orbits
in the Kerr metric. The discovery of the quadratic
constant of motion? has made it practicable, for exam-
ple, to construct astrophysical models of matter accre-
tion onto black holes and to calculate radiation patterns
from test particles near black holes, without restricting
consideration to the equatorial plane. This quadratic
constant of motion arises from a Killing tensor of
valence 2.3

Motivated by this example, the present paper discusses
some properties which are common to constants of
motion of all degrees. Section 2 reviews some aspects
of Killing tensors, including the generalization of the
Lie algebra of Killing vectors to a Lie algebra of Killing
tensors of all valences. In Sec.3 a constant of motion
for geodesics is regarded as a function on the cotangent
bundle which is constant along the integral curves of
the geodesic spray. This leads immediately to a Lie
algebra of the constants of motion for geodesics. In
addition, each constant of motion is seen to determine

a vector field on the cotangent bundle which commutes
with the geodesic spray, thereby providing a one-para-
meter family of transformations of geodesics into geo-
desics. Section 4 shows that constants of motion for
charged particle orbits enjoy the same properties.
Charged particle constants of motion for the charged
Kerr metric are discussed.

2. KILLING TENSORS

In a Riemannian or pseudo-Riemannian space, a Killing
tensor is a completely symmetric tensor K9%---¢
which satisfies the Killing equation
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V(mKab-..C)ZO’ (2.1)

where V, denotes covariant differentiation. A constant
of motion for geodesics is associated with any such
Killing tensor. To be explicit, suppose p, is the co-
variant form of the tangent to a geodesic congruence,
so thatp , V™, =0. Then Kb ---¢p p,+-+p_is con-
stant along the geodesics:

pmvm([{ab e cpapb .. .pc)

:pmpapb...pcv(mKab...c):(). (2.2)
The metric tensor trivially satisfies the Killing equation,
in consequence of which the norm of the tangent to a
geodesic is conserved. The symmetrized outer product
of Killing vectors also satisfies the Killing equation, the
constant of motion being simply the product of those
associated with the Killing vectors individually. To
distinguish these trivial cases, a Killing tensor is said
to be reducible if it can be written as a fixed sum of
symmetrized outer products of lower valence Killing
tensors and the metric tensor.3 Otherwise it is irre-
ducible,

The set of Killing tensors on a space enjoys a Lie alge-
bra structure which is a generalization of the Lie alge-
bra of Killing vectors using the Lie bracket as multipli-
cation. One first introduces a Lie algebra on the set of
completely symmetric contravariant tensors of all
valences. Let §2¢%--:¢ and T2%.--4 be symmetric ten-
sors of valence m and n, respectively. Their skew pro-
duct, P?---/ is a symmetric tensor of valence m +n — 1
and is given by4

Pb...f = msridb... ¢, T4 - «f)— pr7Cb.. . dy Ge.. <5,

2.3
Suppressing indices, this will be written (2.3)

pP=|[sT]. 2.4)
The product, so defined, is antisymmetric in S and 7', is
linear in each slot, is unchanged if ordinary partial
derivatives are replaced by covariant derivatives, re~
duces to the Lie derivative of T along S if S is a vector
field, satisfies the Jacobi identity and the following
Leibnitz rule: If T N V denotes the symmetrized outer
product of tensors T and V, then

[S, TN V]=[S,TInV+[SV]InT. (2.5)
Geroch® has pointed out that a Lie algebra of Killing
tensors can then be defined as the subalgebra of sym-
metric tensors K4%- -+ ¢ which commute with the metric
tensor ga?,

Copyright © 1973 by the American Institute of Physics 787
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[K9g] =0.

This equation is identical to the Killing equation when
covariant differentiation is used in the product definition.
One easily verifies that this subset is closed under the
operations N,[ , ], and addition of two tensors of equal
valence,

(2.6)

3. CONSTANTS OF MOTION FOR GEODESICS

A function F, which depends both on position in a mani-
fold M and on a vector p, in the cotangent space at the
point of M, should properly be regarded as a function on
the cotangent bundle, T*M, of M, Since the cotangent
bundle to any manifold is endowed with a canonical
Hamiltonian symplectic structure @ .4 [cf. Appendix A],
indices® of tensors on T*M will be lowered via Qg and
raised via its inverse, Q®8, In particular, the gradient
of a differentiable function F may be regarded as a
vector field,

Fa=QaBy,F. (3.1)
This field may then act on another differentiable function
G,

Fe3,G =QB(3,F)( ,G) = [F,G]p, (3.2)
the result being the Poisson bracket of F and G. On
T*M, then, scalar functions may be combined by addi-
tion, multiplication, or Poisson bracket multiplication.

A constant of motion for geodesics is a scalar function
K on T*M which is constant along the curves of T*M
obtained by lifting geodesics from M. Because a unique
geodesic is associated with a particular covariant vec-
tor at a particular point in M, the lifted geodesics form
a simple congruence of curves on T*M. The geodesic
spray, g is the vector field tangent to this congruence.
As shown in Appendix A, g is given by

g% =QPd,g, (3.3)
where g is the energy function’
8: = 38°%.0,. (3.4)

The condition that K be a constant of motion for geode-
sics is therefore
0=g23,K=[g,Klp. (3.5)
Constants of motion are the functions which commute
with the energy function g. From the properties of the
Poisson bracket it follows that the sum, product, or

Poisson bracket of two constants of motion is again a
constant of motion.

The bracket operation for symmetric tensors, as defined
in Sec. 1, is closely related to the Poisson bracket. A
function on T*M,
F:zFab"'cpapb"'pca (3.6)
may be associated with any contravariant symmetric
tensor Feb-.-¢ on M. If F and G are the functions
associated, respectively, with F¢b...¢ and Gb.--4,
then the tensor bracket operation yields 2 new symmetric
tensor whose associated scalar function is [ F,G],. In
the set of constants of motion, those which have the
simple form K@%...cp_p.---p  thereby constitute a
subset which is closed under the Poisson bracket opera-
tion.
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Another important property of constants of motion
follows immediately from these considerations. If K is
a constant of motion, then the geodesic spray is Lie
dragged along the gradient vector field K>

[K,g]e= £ g2=0. (3.7)

This follows from the fact that, since € o5 £° is a gra-
dient and & ,& 4) =0, then £,0 , = 0. Using this, to-
gether with the hypothesis that g% K = £, K = 0, one
obtains
0=0,(L,K)=8,0,K=20,(Q,,K)=0,8L K. (3.8)
Because £ .4 is of maximal rank, this implies £, K* =

~ £,g*=10. In this way,a constant of motion K moves
geodesics onto geodesics.

In a four-dimensional space, suppose three independent
commuting constants of motion, K, L, M, are known. On
T*M, since g3 ,K,K*d g,K*d L, etc., all vanish, the
vector fields g, K Lo M= are tangent to the 4-sur-
faces of constant g, K, L, M. By the argument of the
preceding paragraph,ge, K« L, M all commute as
vector fields and, therefore, may serve as a basis on
these 4-surfaces. Functions k2,7, may be chosen such
that K«d = 8/ak, L*d, = 8/dl, M*3 , = 3/dm, and
such that the points of a lifted geodesic are given by
specifying constant values for g, K, L,M,%,l,m.

4. CHARGED PARTICLE ORBITS

The discussion of the preceding section generalizes to
the case of charged particles moving in a Maxwell field.
In four-dimensional space-times with physical Maxwell
field, the charged particle orbits are determined by the
Lorentz equation of motion:

P V", =aF," (4.1)
where ¢ is the charge of the particle and F,, is the Max-
well field. The orbits satisfying the Lorentz equation
for a fixed value of g constitute a single congruence of
curves when lifted to T*M. The vector field tangent to
the congruence is given by

g%[q] = Q*8[q]a 5. (4.2)
In this equation, g is the energy function constructed
from the metric as before, and £ “8[q] is the symplec-
tic structure appropriate to the charge ¢ [cf. Appendix
A]. Since all the properties of the canonical Hamiltonian
structure which were used in the discussion of geode-
sics are also properties of Q *8[q], it follows that con-
stants of motion for particles of charge ¢ possess the
same algebraic structure.

The relationship of Killing tensors to constants of
motion for charged particle orbits is slightly more in-
volved than in the case of geodesics. Suppose a function
K on T*M is of the form
0 1
K=K+Kapa+12{a”papb+--- 4.3)
1 2
for symmetric tensor fields I%,K'Z,K‘“’, «++ on M. When
the geodesic spray g [in the form given by Eq. {(A2) of
Appendix A] acts on K, term by term, each resulting
term is of a different degree in p, and must therefore
vanish by itself if K is to be a constant of motion for
all geodesics, The individual terms then show that each

0
of the tensors K,K¢,Kae? .. .  must be a Killing tensor.
When g%[g][in the form given by Eq. (A3) of Appendix A]
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is applied to K, however, the result vanishes for arbi-
trary p, if and only if,8 for each value of 7,

n+1)

(
V(a}’éb...c)+(n+1)qu(a K b...c)m=0, 4.4)

Two special cases, which occur in the charged Kerr
metric, deserve mention. Suppose K is linear in p, so
that

[ 1
K =K + Kep,. 4.5)
The conditions that g9¢q]d K = 0, in this case, are

v@agd =0, (4.6)
and
vk + quaII{'": 0. 4.7

1
Therefore K¢ must be a Killing vector, and, using the
Maxwell equation 9;,F,.; =0, the Eq. (4.7) is seen to
be equivalent? to the condition

LyF,, =0. “4.8)

The two Killing vectors of the charged Kerr metric in
this way yield c onstants of motion for particles of ar-
bitrary charge.

The Kerr spacetime also admits a quadratic constant
of motion for charged particles,10
2
K:Kabpapb’ (4-9)
where 12{ 2b ig the irreducible Killing tensor.3 The condi-
tions (4.4) in this case yield the two relations

v(agbe) = 0 4. 10)

and
2
F,(aK))m =0, (4.11)
The first equation is the Killing equation. Exploiting
the antisymmetry of F,;, the second relation is easily
verified by writing the Killing tensor of the Kerr metric
in the form10

Kab = gFa_Fmb + geb, .12)

APPENDIX A: HAMILTONIAN STRUCTURES AND
LIFTED ORBITS ON T*M

The canonical Hamiltonian structure on the cotangent
bundle, T*M, may be defined invariantly by means of
certain bundle projection maps. Let £2 be a vector at
a point of T*M, so £ may be regarded as a point in
TT*M, the tangent bundle to 7*M. The bundle projection
h from TT*M to T*M maps £¢ into the point of T*M to
which it is attached. This point may be regarded as a
covector p, at the point of M under the fiber to which
£« is attached. At the same time, the projection 7 from
T*M to M determines a differential map 7, from

TT*M to TM which maps £¢ into a contravariant vector
£¢ at the point of M under the fiber to which £ is
attached. The scalar £9p, is naturally determined in
this way from £«, Doing this for each vector £ on
T*M defines a canonical 1-form 6 , on T*M with values
6,6%= &% ,. The curl of 6, is the canonical Hamil-
tonian symplectic structure:11

Qqs = 20,08 (A1)

The symplectic structures Q 5[] may be obtained in
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the same way. Let V, be a potential for a Maxwell field
F,,. The projection 2 from TT*M to T*M may be chang-
ed to k[g] so that, instead of the covector p, at a point

in M, the projection yields p , + ¢V, at the same point

in M, Using the maps k{q] and 7, a 1-form 6 [q] is de-
fined as above. The curl of 0 [q] is @ g[q]. The gauge
freedom in V, is of no consequence since it does not
enter ©,g[g]~

Regarding each point of T*M as a point of M together
with a covariant vector at that point, it is natural to
adopt coordinates (x2,p ) on T*M such that x¢ are co-
ordinate of the point in M and p, are the components

of the covector in the same coordinate basis of M. Then
the components of 2°8 are constants and g9 , takes the
form

gaaazgdﬂ(aﬂg)auzw———-——*

— gab __Q_._l ] be ~6_ A2
g pbaxa 2 ( ag )pbpc ap ( )

a

If p is a parameter along the integral curves of g¢, then
dxe/dp = gadp, and dp ,/dp = — (3 ,8%¢)p,p .. The first
equation identifies p, as the covariant tangent vector
to the curve projected onto M. The second equation
verifies that the projected curves are, in fact, the geo-
desics of M.

In a special coordinate system of this type on T*M, it is
straightforward to check that

glqlo, = Q°¥q]@,8)8 ,=g%d, + qF,bp, 5%-. (A3)

If now the integral curves of g[g]are parametrized by
p, then

d

7 =08, +aE,, (a9
or

DaV™P, =4 FPy, (A5)

which is the Lorentz equation of motion.

APPENDIX B: SOME EXAMPLES OF KILLING
TENSORSOF VALENCE 2

(1) Any covariantly constant symmetric tensor is a
particularly simple solution of the Killing equation. If
such a tensor is nondegenerate, it may be regarded as
a second metric tensor compatible with the original
affine connection,

Covariantly constant tensors with zero determinant
occur whenever the space is decomposable into com-
plementary, orthogonal surfaces with the induced metric
on each surface depending only on the coordinates of
that surface,!2

(2) If two (pseudo-)Riemannian spaces with metrics
845 and g7, have the same geodesic paths, then they
are projectively related. The affine connections have
the relationship

e = Tg, +269,0,¥ (B1)
for some scalar field ¥. It follows that
K, i=e4gl, (B2)

is a Killing tensor in the space of g,,.12
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(3) An affine collineation is a vector field {¢ satisfying
£,I'¢, = 0. Using the identity

,f,grch vacga—Racbmgm’ (B3)

it is seen that v(, V&, = 0 if £¢ is an affine collineation,

In that case V(,§,, is a Killing tensor.

A projective collineation, 779, satisfies
£, 7§, =20¢,3,¢ (B4)

for some scalar field . The same identity (B3) then
shows that the tensor

K, = V(anb) - 2¢gab (B5)

satisfies the Killing equation when 7¢ is a projective
collineation,13

(4) In four-dimensional space-time, each vacuum solu-
tion of the Einstein field equation for which the Weyl
tensor is of type {2, 2} admits a trace-free conformal
Killing tensor® P,, which satisfies the equation

V(apbc:) =%g(amePc)m. (B6)
Except in the cases of the C-metric and its rotating
generalization due to Kinnersley,14 the divergence
3VmP, is the gradient of a scalar @.15 Then the tensor

Kab::Pab—agab (B7)

is a Killing tensor. The result holds equally well for
the charged versions of these metrics.
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If T is a fermion one-particle operator, with | T I < 1, then T induces a bounded map from L* (@)~
LP(@), for some p > 2, where € is the fermion von Neumann algebra. The proof is an adaptation to
the fermion case of the corresponding proof for bosons given by Nelson. This leads to a generalization
of a theorem of Gross, inasmuch as T is not required to be self-adjoint.

Recently, Nelson! has given a quick proof of a hypercon-

tractive bound for free bosons using stochastic integrals.

For fermions, the relevant algebra is noncommutative,
and so cannot be regarded as an algebra of random
variables in the conventional sense. Stochastic integra-
tion, therefore, is not immediately applicable. However,
all one needs are special properties of Gaussian sto-
chastic integrals which are equivalent to properties of
Wick products as given by Wick's theorem. It is the
latter which carry over immediately to the fermion
case.

Let 3 be a complex Hilbert space (we may assume that
dimfC = «) and let J be a conjugation on X (i.e.,d is
antilinear, antiunitary,and J2 = 1), Let ¥ = EB°° 5, be
the antlsymmetmc Fock space over I!C and let C&) for
z € &, be the creation operator on §.2

Put A(z) = C(2)*, and define the field B(z) by B(z) =
C(z) + A(Jz), 2 € JC.

Let € denote the smallest von Neumann algebra con-
taining all the B(z), and let m(*) denote the vacuum ex-
pectation value; m(u) = (,u2), Yu € €. Then3 mis a
faithful, central state on €, and (%, €, m) is a regular
probability gage space in the sense of Segal.4

For 1= p < «, one defines L?(C) to be the completion
(modulo null elements) of € with respect to the norm
lull, =m(lulp)1/? = (@, @ru)p/2Q)/p,  L*(€) is, by
def1n1t10n € with respect to its operators norm.5

L?(@) is the fermion analog of the “@-space” function
spaces L ?(Q), constructed from the free boson field.
Indeed, L #(Q) is just the corresponding completion of
M, the maximal Abelian algebra generated by the time-
zero free boson fields, with respect to the boson Fock
vacuum,®

One can prove the following.

Theorem3:7; The map u — uf, from € = F, extends
to a unitary operator D:L2(C) — &, and the action of @
on L2(€), given via D, is left multiplication;i.e,,if u € €
and v € L2(@), then D-uDv = uv.8

If T is an operator on X, then by “tensoring” 1.3.9 one
obtains an operator, denoted I'(T), in §. [T'(T) acts on
§,likeT® ---® T (n factors)].

We are now in a position to state the following.
Theorem: With the notation as above, we suppose

that [ T{ < 1. Then D~1I'(T)D is bounded from L2(C) —
L»(€) for some p > 2.

Proof: We may, and shall, assume that 3¢ = L2(R, dk).

This is possible because unitary equivalence between
one-particle spaces induces an equivalence between

the corresponding Fock spaces and the operators there-
on. Since m is given by a vector state, it is evident that
the Lf-norms are unchanged by such equivalences. We
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may further suppose that J is given by complex conjuga-
tion in L2(R, dk).

Thus, for f € L 2(R, dk), we can write

= [fR)[b*(k) + b(k)] dr,

where b*(k) and b(k) are the usual fermion creation and
annihilation forms and satisfy the usual anticommutation
relations.

Let ¥(e,, ..
form

.k,) € §,,be an n-particle vector of the

N
= 2 bR D) br( R

for some N, andfieLz(R dk), 1=i= N 1=j=n,

Such vectors are dense in §,. ¥ can be written as ¥ =

T tBUFY...B(FE): 9, where : : denotes the Wick pro-
duct. Since all the pairings are finite, we can “undo”
the Wick product to obtain a polynomial in the fields
B(f%. Thus, ¥ has the form ¥ = WQ, with W € €, and
where W can be written as

W = fw(kl, ...,kn)iB(kl)'"B(kn):dkl'”dk

n?

for some antisymmetric square-integrable function w.
Now,
| D-¥, = | D-1WQll, = | D-1WD1,.

But D-1WD acts on L2(C) by left multiplication, and so
D-1WDY = D-1WD. Hence, writing ¥ = D-1¥,

I %1% = | D-1WD||3 = (@, W*WQ)
=@, [W(ly, ..., wky, ... k) :B(@) -
“+B(ly)::B(k))---Bk,):dl," - dk,9)
=n!llwl|3 (by applying Wick's theorem).

Similarly, one obtains

”@”35: = (R, (W*W)iQ)
=2 Jwky, .. k)W k)

X w(k,’,hv ot ) * w( : -’k’2nj)dk

where (R, ... ,kf%j) is a permutation of (b, k,, ...,k
ki, kg, ...,k ;) such that no two variables in a given
w-factor coincide (this is just the statement that Wick
pairings inside a Wick monomial do not contribute) and
where the sum is over all such permutations. The
proof now proceeds as in Ref. 1. That is, one notes
that each summand is bounded by || w |2/ (by repeated
use of the Schwarz inequality) and that the number of
allowed permutations is smaller than the number of all
permutations, viz. (2rnj — 1) (2nj — 3)---3.1.

ni?

Copyright © 1973 by the American Institute of Physics 1
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Hence,
#0132 = (2nj — 1) (205 — 3)- - - 3. 1| wl| P

= G 13 Ly gy < ),
(n!)l
i.e., for ¥ of the assumed form, || ¥|,; = (2)7/2[ ¥],.
But, as already noted, such ¥ are dense in §,, and these
estimates imply that their image under D-1 is dense in
L2i(€)n D-1F, (in the L2/-norm).10 Therefore, the
above inequalities remain valid for all ¥ ¢ F_.

An application of the Riesz—Thorin—Kunze theorem1!
(interpolating between j = 1 and j = 2) yields

193], = 40-2/mn B, for2=p=4, We3,.

For u ¢ L2(C), we can writew = )5, _o %, with Du, € § .
Then

| DIT(T)Dull, = 31| DIE(T)Du, |,

n

= 30 4Q-2/pm( D-1(T)Du, ||,
= 75 4@-2/2 | T(T)Du, |
= 22 (@2 T )| ull,.

Since || T < 1, the geometric series converges for
p — 2 sufficiently small. QED

Corollary: D-1T(THD is a contraction from L2(Q)—
L4(C) provided & is sufficiently large.

Proofi2: For u € L2(C), write u = al + u’, where

(Du’, ) = 0. Then, if @ = 0, we have, as in the proof of
the theorem,
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| D-1T (T ¥)Dulf 4

1A

22 CIT I #®| Du,,|

IA

% @71 u]

6““'”2 = 5”““2

IA

for arbitrary § > 0, provided % is sufficiently large.
We can now employ the technique of J.Glimm13 to
complete the proof.

Similarly, one can show that D-1I'(T#D is bounded

from L2(C) — L?(€) for any 2 = p < « for large enough
k (depending on p).

If T = e X is self-adjoint, with X = c1, ¢ > 0, then the
corollary reduces to a theorem of Gross3 except that
we require that ck = log2(1 + V5 ) whereas Gross re-
quires only ck = (log3)/2.

In conclusion, we remark that interpolation and dualityl!
yield a similar boundedness result from

L#(C)— Le@) for 1 < p, g < 0,

*Supported by the Swiss National Foundation.
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2See, e.g., Ref. 3.
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SFor further details, we refer the reader to Refs. 3,4, 11, and J.
Dixmier, Bull. Soc. Math. France 81,9 (1953).
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Conditions are found that are sufficient to insure the development of trapped surfaces in space-
times whose metrics satisfy the Einstein field equations in vacuum or in the presence of a massless
scalar field. These conditions involve a topological requirement that a certain two-surface be com-
pact and inequalities that must be satisfied by certain pieces of the characteristic data determining
these space-times, It is shown that a particular piece of data playing an important role in these

inequalities is related to angular momentum.

1. INTRODUCTION

The concept of a trapped surface—a compact, space-
like two-surface having the property that all null
geodesics meeting it orthogonally converge locally to
the future—was introduced by Penrose! as a charac-
terization of gravitational collapse that has proceeded
beyond the point of no return. Under rather general
conditions, if an object collapses sufficiently far that
trapped surfaces develop in the region surrounding this
object, then the spacetime containing the object must be
singular.? Therefore, an important problem in the
theory of gravitational collapse is the determination of
the conditions under which trapped surfaces develop.

An important step toward solving this problem in the
case of empty space-times was taken by Pajerski and
Newman3 (PN). Exploiting the property of the Schwarzs-
child space-time that the region containing trapped
surfaces is separated from those that do not contain
trapped surfaces by a nondiverging null hypersurface,
they generalized the Schwarzschild space-time by con-
sidering a class of space-times each containing a non-
diverging null hypersurface and determining the res-
trictions on the characteristic data for which trapped
surfaces develop. The present work generalizes their
work not only to Einstein-scalar space-times, but also
to a larger class of empty space-times.

In Sec. 2 the formalism used in this investigation will

be presented. This formalism was found to be parti-
cularly useful since it provides for a convenient
characterization of trapped surfaces. In Sec.3 the for-
malism presented in Sec. 2 will be used to determine all
Einstein-scalar space—-times containing a nondiverging
null hypersurface. That these space—times are more
general than those obtained in PN follows not only from
their being Einstein-scalar space~times rather than
empty space~times,but also from their dependence on
an arbitrary function that was required to vanish in PN,
Evidence suggesting that this function is related to angu-
lar momentum will be presented in Sec. 3. Also the
characteristic data for these space-times will be deter-
mined, examined for restrictions placed on them in

order that trapped surfaces develop, and discussed there.

In Sec. 4 the results of Sec.3 will be generalized and it
will be established that there exist space~times more
general than those containing a nondiverging null hyper~
surface that also contain trapped surfaces. Finally,in
Sec. 5 the results of Secs.3 and 4 will be summarized
and discussed.

2. THE FORMALISM

The Newman-Penrose (NP) formalism4¢ was found to be
particularly useful for this investigation of the charac-
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teristic development of trapped surfaces. This for-
malism requires introducing into the tangent space at
each point of the spacetime a null tetrad system,5

szm“a ,
oxH

A=, 0=—,

5 _ ¢ nkd )
T axk’ xk dxk

(2.1)

consisting of two real null vectors,D and A,and a pair
of complex null vectors, § and §,formed from two real,
orthonormal, spacelike vectors, s, and s,,as

b =(s; +is,)/V2,
and satisfying the orthonormality conditions

P =—m it =
{nt =—m mt =1,

‘pd“l :nunﬂ =mum" =77l“7—’ﬁ"=0, (2.2)

Zm“:lunl‘ =nmb =n mt =0,

m M

The components g#¥ of the contravariant metric are
found from (2.2) to be®

gHY = 26(Fn?) — 2m(tmv), (2.3)
The formalism then provides a set of partial differential
equations equivalent to the Einstein field equations for
the determination of the g#¥. These equations are given

in terms of the five independent physical components of
the Weyl tensor C,, 7

wvpo
Yo =— Cyypobimvérmo,
Uy =—Cyypo b tPmo,
Yy == Cyyp it tPmo, (2.4)
V3 =—C,,, Mt lPno,
Y, = — C,,, 7 i Pno,

the six independent physical components of the trace-
free Ricci tensor R

pv?
B0 =" 2R, 04" = B4,
$o1 =— 3R, bmY =3,
Doy =— 2Ry, mim? = &y,
P11 =— 3R, (L + mbmY) = B4, (2.5)
Py, =— R, mbm? = &,,,
By, = — %R“,,n“n“ =,,,

Copyright © 1973 by the American Institute of Physics 793
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the Riemann scalar R, and the twelve spin coefficients,8

kK= mbt?,  v=—n,mn?,
p="_L,mim,  u=—mn,mim,

=Ly mim?, X =—mn,. M,
T=fmint, W= ALY, (2.86)
a =50, nbmY —m ., mh ), '
B = ML, ntm? —m ., T m),

= %(fuwn“n” -—m u;uﬁ unu)’

€= YL, nbty —m ., THLY).

Before exhibiting the NP equations, a class of null tet-
rad systems appropriate for this investigation will be
given. This class of null tetrad systems, which consists
of those systems associated in a particular way with a
class of null coordinate systems, will simplify these
equations somewhat.

In a space—time it is possible to introduce at least
locally a family of null hypersurfaces given by # = const,
where u is a scalar function satisfying

guyu,gu’uzo' (2-7)
Let the x0 coordinate be #. Then choose the first mem-
ber of the null tetrad system, D, so that

t“ =Uu, we (2. 8)
That D is null and hypersurface orthogonal follows from
(2.7) and (2. 8), respectively. Therefore D is tangent to
a family of null geodesics. Let the x1 coordinate be 7
where 7 is an affine parameter for D. Then

These properties of D imply that

k=0=(e + &), o =p, T=0a+ B. (2.9)
Finally let the x™ coordinates label the null geodesics
in the u = constant hypersurface. In this manner a null
coordinate system?®
fu,r,xm} (2.10)
and an associated null vector D are given locally in a
space—time. The most general null tetrad system con-
taining D and preserving the orthonormality conditions
(2.2) is {D, A, 6, &}, where

D = B/B'r, (2. lla)

A=l Yo XM (2.11b)
du or ox™m

PN 2 (2.11c)
or axm™

The null coordinate system (2.10) and associated null
tetrad system (2.11) are not unique. (2.10) could be
replaced by any coordinate system in which the co-
ordinate conditions
go# = &i (2.12)

hold. Also (2.11) could be replaced by any null tetrad
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system related to it by null rotations about D,

D =D,
A=A+ ab+ab + aabD, (2.13)
§=6+ aD,
where a is complex, and/or spatial rotations,
D=D, A=A, and3 =eiCs, (2.14)

where C is real, since the conditions (2. 2) and (2. 8) are
preserved by these transformations.

Much of the ambiguity in the null tetrad system can be
removed by choosing (2.11¢) in a particular way. Under
(2.13) with e = — w, 6 becomes

5 =6+ aD = Em —a— .

ox™m

Therefore,the ambiguity between (2.11) and any null
tetrad system related to it by null rotations about D can
be eliminated by choosing

w=0 (2.15)

in (2. 11¢). Furthermore,under (2.14), (e — €) becomes
(e =€) = (e —€) —iDC.

Therefore, the ambiguity between (2.11) and any null
tetrad system related to it by spatial rotations can be
reduced to those rotations with C = C(x,x™) by choosing
¢ real, This choice and (2.9) imply that
€ =0, (2.16)

With (2.15) and (2. 16) adopted, it has been established
that:

In a spacetime there exists a class of null coordinate sys-

tems such that any one of these coordinate systems
fu,r,xm} (2.17)

satisfies the coordinate conditions (2.12) and has as-

sociated with it a particular null tetrad system
{D, A, 6,5} with

0
D =a7, (2188)
0 0 a
A=—+U— +X"—, .1
™ Ua,r Py (2.18b)
5=tm2_ (2.18¢)
oxm™

which satisfies the orthonormality conditions (2. 2),is
unique up to spatial rotations (2.14) with C = C(u,x™),
and has spin coefficients satisfying (2.9) and (2.16).

From (2.1),(2. 3),and (2. 18) the components g*? of the
contravariant metric are

gOp :gi‘, gll :2U, gl"‘:X"‘, (2.19)

gm =— (EmEn + Emin),

With the null tetrad system (2.18) chosen,the NP equa-
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tions will now be exhibited© in three classes: the com-
mutator equations applied to the coordinates, the spin
coefficient equations, and the spin-coefficient form of
the Bianchi identities. The commutator equations ap-
plied to the coordinates imply that the spin coefficients
T,m,and p satisfy

T=7% u=p (2.20)
and the metric variables U,X™ and §{™ satisfy
DEm = ptm 4 gEm, (2.21a)
DXm = 2(FE™ + TE™), (2.21b)
DU =—(r +7), (2.21¢)
BEm —BEm = (@ — BE™ + (B— a)E™, (2.219)
AE™ —8X™ = —(u + 7 —y)Em —AE™, (2.21e)
v=—25U. (2.21f)

With (2. 9),(2.16),and (2. 20) satisfied, the spin-coeffici-
ent equations are

Dp =p2 + 05 + &, (2.22a)
Do =2pg + ¥, (2.22b)
DT =2pT + 20T + ¥, + &, (2.22¢)
Do ={(a +T)p + 55 + &, (2.22d)
DB=pB+(a +To + ¥,, (2.22e)
Dy = 21Q +2T8 + 77 + ¥, — 5 R + &, 4, (2.22f)

DA—8T=pr+0op + T2+ (a— BT + &,,, (2.22g)

Du—b"r’:pu+0A+T‘7—-(E—B)‘T'+\I'2+$R,

(2.22n)
6p — 60 = pT — (3a — flo — ¥, + &y, (2. 22i)
60—5ﬁ=pu—oh+aE+BE—ZaB—\If2

+5:R + @, (2.22))
On — By = uT + (@ — 3P — ¥, + @, (2. 22K)
AT =DV =—2uT—2MA + (y —P)T — ¥ — &,,,

(2.221)

AN =06y =(7—3y—2u + (3a + By — ¥,
(2.22m)
Au—éu:—uz—AX—('y + P+ 28V + VT — &,

(2.22n)
AB—Oy =—puT+ov+(y—y—uB— ok — &,

(2.220)
A — 8T =— o — pr — 287 + (3y — )0 — dy,,

(2.22p)
Ap—8T =—pp—or—2aT +(y—3)p— ¥, — =R,

(2.22q)
Ba—by =pv—(T+ AN+ (7 —y — pla — ¥y;

(2.22r)
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and the spin-coefficient form of the Bianchi identities
are
D¥, — 8%, = 4p¥, — (40 — T)¥, + D@,

— 6%y — 2%y, + o — 208,49, (2.232)

AY, — 0¥, = (4y — p)¥, — 2027 + B)¥, + 30V,
— Dy, + 80y, + pPy, + 2Ady; —Ad,, + 209, ,
B B (2.23b)
D¥, — ¥, = 3p¥, + 2%, —A¥, + 3D,
—26%,y + 368, —5A0%g, —FpP; —2(2F + 0)dy,
— 3B 0 — 300, +50Py +5 (1 + 2y + 29)2,
(2.23¢)
AY, — 8V, = ¥, + 2(y — p)¥; — 378, + 20¥,
—3D%,, + 362, — 50690, +34%,; — 308,
—2y®y —EAd, o + 270 ; + 3 (40 + DE,

+20%,,, (2.23d)

DV, — 8%, = 2p¥; + 37¥, — 20¥, +1Dd,,
— 308y, + 508, — 548, +3vd,,—ire,,
—37%1,— 27, — 548 + &, + 55%,, (2.23¢)
A¥, — 0¥ 3 = 2v¥, — 3u¥, — 24¥; + oV,
—3D%,, +30®8,, —558,, +354%,,
— 50,5+ 5ud,, +Erbg, —$AB,, +3ad,,
+3(B+271)®,, — 3 pd,,, (2.23f)

2
3 Ve

DY, — 0¥, = p¥, + 2(a + 27)¥,; — ¥, + 5d,,
—Ad, + 209, — 20D, —(2y — 2y + )P,

—2(T — a)P,, + 0Py, (2.23g)
AWy — 8%, = 3vl, — 2y + 2u)¥; + (48 — )T,
+2(y + p)@,, — Thy,, (2.23h)

D&y, — 8%, — 8%q, + AD,, + DR
=2y +y— )@y — (20 + NEy; — 27 + ¥y,

+ 4p®,, + 0%y, + 0Py, (2.231)
D®;, — 6%y, — 5%y, + Ad,, + L0R
=2y — 3u)®y, + vy, — A2,

+2(8— a)®y, + 3p®,, + 0Py, (2.23j)

D&y, — 6%y, — 5,, + Ay, + AR
=vdgy + V00— 4udy; —rE,,
— Ay + (T + 28)®y, + (7 + 28)8,, + 200,,.
(2.23k)
The class of space-times investigated were the Einstein-
scalar space~times. An Einstein-scalar space~time is
a space—time whose Einstein tensor G, satisfies the
Einstein field equationsil
Gy=—T,,
with
T;_lu =, “(b, v %(gpod)’ p¢: c)guu5

where ¢ is a massless scalar field satisfying the
equation

(2.24)

(2.25)
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(g“"'d), y);p - O‘

From (2. 24) and (2. 25) it is easily seen that the Ricci
tensor for an Einstein-scalar space~time is

(2.26)

Ruu=_¢’u¢:y- (2.27)

The scalar field equation (2. 26) can be expressed in
spin-coefficient form as

77‘”’(¢, ab " Vi ®s c) =0, (2'28)

where ¢, , and ¢, ,, are the physical components of ¢, "
and (¢, ,); ,, respectively,

01 0 o©
10 0 O

) =02 = (2.29)
(as 00 0-1
00-1 o0

is the null form of the Minkowski metric,and the y,,, =
z”wz;‘zc with (zs) = (¥, n",m" @") are the Ricci

rotation coefficients. With (2.1), (2. 6),(2.9),and (2.16),
Eq. (2. 28) becomes

(DA + uD — pA — 85 — 286 — 78)¢ = 0. (2.30)
Not only was the spin-coefficient form of the scalar
field equation used in this investigation,but also the

spin-coefficient form of the optical scalars.1? The spin-
coefficient form of the divergence, rotation, and shear

of a vector k = k¥ a—au can be shown to bel3
x

d(k) = 215k, 5 — Yacsk®), (2.31a)
(k) = [3(R(a, 50 = Yialcin B )R 0 — yadbR,)]1/2,
(2.31p)

s(k) = [3 (b, 5y ~ Vealeiny k) (k20 — yaddk ) — q2]l/2,

(2.31c)
respectively.

The formalism presented here provides not only for the
determination of the metric variables, spin coefficients,
physical Weyl tensor components, and scalar field of an
Einstein-scalar spacetime,but also for a convenient
characterization of trapped surfaces. To discover this
characterization, consider the spacelike two-surface

Su.ry = 1,7, x™): u and » are constant}.

In order for S, ,, to be a trapped surface, it must be
compact and have the property that all null geodesics
meeting it orthogonally coverge locally to the future.

A vector tangent to one of these null geodesics must
coincide with either D or A on S, ,5. That which co-
incides with D must be D, since a geodesic is specified
uniquely by a point and a direction in the tangent space
at that point. Therefore,from (2. 31a) its divergence
must be —p. However,the divergence of the null vector
that coincides with A on S, ,) is not so easily deter-
mined since

nky Y =—(y + y)mb + VmHE + vk

implies that A is not everywhere tangent to a null ge-
odesic unless v = 0. For the general,case where v = 0,
the divergence of this vector can be calculated directly
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from (2.31a). Let % be this vector parameterized with
an affine parameter. Then the components of &, k*,can
be expressed as

kuzs,"

where S is a solution to g+¥S, uSsp =0,
From this it follows that

k = (AS)D + (DS)A + (65)6 + (5S)6.

k =aonSg , implies that DS =1, 65 = 0 = &S on
S, - Therefore,from (2.31a) the divergence of & on

(4, 7)? 89518
0o = DAS + 3(868S + 56S) + 3(u + 1),
where the derivatives are evaluated on S, ,,. Now

DAS = D(kun") = k“.,',,nl‘d" +n,, kugv,
Since n¥ ,£¥ = — Thi* — Tm#, it follows that n, nH{Y = 0.
Also since k, =S ,, it follows that k,, nté” =k ey,
This vanishes on S, ,; since &k = A t'flere and % is tan-
gent to a null geodesic parameterized with an affine
parameter. Therefore,DAS =0 on S, ,,. Also 85S =0
= 6065 on S, ,) since 6 and § aredifferentiationsinS,, ,,
over which 6S and 6S are constant. DAS =0 =555 =565 on
S and g = [ imply that 6 , = u. With the determina-
tion of 8, it has been established that:

The spacelike two-surface
Seu»y = 1,7,x™): u and » are constant}

is a trapped surface if and only if it is compact and
everywhere on it the spin coefficients p and u satisfy
(2.32)

p>0 and u<O.

3. SPACE-TIMES CONTAINING A NONDIVERGING
NULL HYPERSURFACE

The pogsibility that there exist nonspherically symmetric
Einstein-scalar spacetimes containing both a nondiverg-
ing null hypersurface and trapped surfaces was investi-
gated.14 This investigation began by obtaining the me-
tric variables, spin coefficients, physical Weyl tensor
components, and scalar field of an Einstein-scalar
space—time containing a nondiverging null hypersurface.
Then the characteristic data for this space-time were
determined and examined for restrictions placed on

them for which trapped surfaces develop.

The problem of determining all Einstein-scalar space~
times containing a nondiverging null hypersurface was
solved using the formalism presented in Sec.2. For any
one of these space—times with a particular null coordi-
nate system (2.17) and associated null tetrad system
(2.18) introduced in it,the main conditions that were
adopted are that the nondiverging null hypersurface is
given by u = 0 and the metric variables, spin coeffici-
ents, physical Weyl tensor components,and scalar field
are analytic functions of (#,7,x™) in the region
{(u,7,x™)}. Subject to these conditions,the NP equations
involving D and the scalar field equation (2. 30) yielded
these quantities in terms of a set of functions of (x™)
given on the spacelike two-surface

So =1, 7, xm): u = 0 =7},
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Some of these functions had conditions placed on them in
order that the coordinate and tetrad systems chosen
initially be specified up to scale transformations.

97”‘ =x™

7 ZA—Lr’ s
B = 6;

A = AA,

= Au, (3.1)
D =A1D,

whereas others were determined by the remaining NP
equations. The functions that remained constitute the
characteristic data for this space-time,

The condition that the nondiverging null hypersurface
is given by # = 0 implies that
p(0,7,xm) = 0. (3.2)
This and Eq.(2.22a) imply that
0(0,7,x") =0 and ¢(0,7,x™) = py{x™),

where ¢ o(x™) is an arbitrary function of (x™)., These
and Eq.(2.22b) imply that

¥,(0,7,x™) = 0.
p=0=0conu =0 and Eq.(2.21a) imply that
E§m(0,7,x7) = EZ{(xn),

where the £ are arbitrary functions of (x#).

The presentation of subsequent results will be simplified
considerably by further specification of (£%). Consider
the contravariant metric induced on So»

2 o 2

—(EpEn + EzEn) Pyl il

Since this is a two-metric, it can be made conformally
flat by some transformationls
U=u, ¥=rvr,xm==3xmxn").

Therefore, it may be taken to be
(3.3)

where z = (x2 — ix3)/Y2 and P is an arbitrary function
of (x™). With this choice (§{2) becomes

(£3) = (PiP)/V 2,
Now consider the spatial rotations (2.14) with
Clu,x™) = Co(x™) + Cy{x™u + -,
Under this transformation 6 becomes

3= [exp(iC)]6 = \/1—5 [exp(iC,)] P aiz e,

Therefore, if P is required to be real, then 6 is speci-
fied up to spatial rotations with C, = 0. Once the con-
travariant metric induced on S, is chosen to be (3. 3)
with P real, it is convenient to introduce the differen-
tial operators 8 and 516 as

on=Pls L (psy) and By =Pples L (psy),
0z 0z

where 7 is a quantity of spin weight s, that is, a quantity
that transforms as
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% = [explisy) In

under the transformation

x* . 1 d
6, = [exp(¢y)]6, where 5, = 73 p Fye

The metric variables, spin coefficients, physical Weyl
tensor components, and scalar field obtained thus far

on u# = 0 were calculated using (3.2) and the NP equa-
tions expressed in a particular null coordinate system
(2.17) and associated null tetrad system (2.18). Simi-
larly,one can obtain on # = 0: ¥, from (2.22i), T from
(2.22¢), o and B from (2.22d),(2.22e),(2.21d),and (2.9),
Xm from (2.21b), ¥, from (2.22j),y from (2. 22f),U
from (2.21c), v from (2. 20),x from (22, 22g),and u from
(2.22h). However,(2.17) and (2.18), each being but one
of the class given in Sec. 2, are not uniquely specified.
By considering the coordinate transformation between
(2.17) and any coordinate system {u,»,x™} satisfying
the coordinate conditions (2.12), where

1

=Agr,x™) + A (r,x™u + -+,

=Bylr,x™) + B{(r,x™u + -,

~t

=Y, o) + YPr,o%)u + -,

and the tetrad transformation between (2.18) and any

tetrad system {5, 5,5,5} related to (2.18) by spatial
rotations (2.14), where

C(u,xm) = Cl(x"')u + Cz(x’ll)uz FREEE ,

and then considering the effects of these coordinate and
tetrad transformations on certain metric variables and
spin coefficients, it can be established thatl4:

The null coordinate system (2.17) and associated null
tetrad system (2.18) can be specified up to scale
transformations (3.1) by imposing the conditions

[E™(0,0,x%)] = (P,iP)/V2, (3.4a)
where P is real,

1(0,0,x™) =0, (3.4b)

X™(u,0,x7) = 0, (3.4c)

Tolx™) = 7(0,0,x™) = idg, (3.4d)

where g is real and an analytic function of (z,Zz) with
spin weight zero,

U(u,0,xm) =0, (3.4e)

and

Y(M’Oaxm) =0. (3.4f)

After ¥, through u are obtained on # = 0 as previously
indicated, only ¥3 and ¥, remain to be determined there.
They can be calculated from Egs. (2. 22k) and (2. 23g),
respectively, once A¢(0,7,x™) is calculated from Eq.
(2. 30). After this is done,the metric variables, spin
coefficients, physical Weyl tensor components, and
scalar field will be known on # = 0. Once they are
known on u = 0,they can be determined off ¥ = 0 in a
straightforward but tedious manner from the NP equa-
tions and the scalar field equation. By doing this, sub-
ject to the conditions (3.4),it can be established that:
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AnEinstein-scalar space—time containing a nondiverging
null hypersurface has over the region {(u,r,x™)}
metric variables

U=(zK—387gTo — 180,802 + (U2 + Uprdu + +++,

(3.5a)
X7 = 2T+ Tk P + XPr + Xpr2u + -+,
(3.5b)
gm =g +{—XEg + [(3K — ToTo — i8¢ ,80)E 8
+ ('6T0/w/5 ~T8— %(6¢0)2)26”]r}u + 000 (3.5¢)
nonzero spin coefficients
p=(§K—T0?0—i5¢0%¢0)u + ey (3.6a)
o=(BT/N2—T3—3(Bd)2m + -, (3. 6b)
p=—GK—TyTo— 80,007 + {(—roxg
~ 368 + By + hor2tu + -, (3. 6c)
A=y + (FZ2+B7,/V2 + (B2} + (A
A H A2+ (3.6d)
T=To+(Tog+T 77U+, (3. 6¢)
v =(1/V2)5(— 3K + 37T + 130802
+ (Ur2 + vy + oo (3. 6f)
a=(ag+ 3Ty + (g +aru+- -, (3.6g)
3=(—50+%To)+(éo+517)u+"', (3.6h)

y=(—3K + 37,7, +57,/N2 + 89,50,
+2a0Tg — 20 Tl + (917 +¥r%u + 05

(3.61)
physical Weyl tensor components
Vo=Vl + o0, (3.7a)
Y, =(—BK/2V2 + $1K + 5887, — 37,87,/V2
+ 80,0200/ W2 — T8 B + 0,  (3.7b)
Y, =(—3K+87o/N2+ L8¢98¢,) + (¥8°
+ bl + e, (3.7¢)

Y, ={(—Bro/N2— TRy + $00/2V2)
+(—BK/ 22 —3T,K + 5827, + 37,57,/V2
+5¢B820o/HN2 + 1T 808 dor} + (¥§ + ¥lr

T (3.7d)
¥, = (¥ + ¥y + ¥32) + (9 + ¥
+¥%r2 + ¥r3u + o005 (3.7e)
and scalar field
¢ =g +{do + (38856, —ToB¢/V2
—ToB8¢o/N2Wtu + 05 (3.8)

where K =851nP, 0, = (1/2/2)5 InP, and
sz:(‘]:pj(i"’j(gl,hl, i‘z:Xnyl’i‘zf‘ro’:’.l’ l;z’ 1;33 d’o;
d]_’Bpﬁz’i’lfi’z’ ‘I’o,‘l’g,‘l’%,‘l’g, ‘1’%’\1%5‘1’53 ‘1’421’ \I’Ei’\llﬁ
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and \112
are functions of (x™) that can be given explicitlyl4 in
terms of the arbitrary functions of (x™),

P, TO’AO’wg"ilg, ¢os and (z’o- (3.9)

The quantities given by (3. 5) through (3. 8) are deter-
mined up to terms linear in # by specifying (3.9). Terms
involving higher powers of # can similarly be obtained
using Eqgs. (2. 21),(2.22),and (2. 23),and (2. 30), but they
will depend on additional arbitrary functions of (x™). To
find these functions, consider Egs.(2.23g) and (2. 30).
Equation (2. 23g) determines ¥ ,(u,7,x™) but only up to
an arbitrary function ¥ ,(«,0,x"). Moreover, this func-
tion cannot be determined from the remaining NP equa-
tions. The scalar field equation (2. 30) determines
Ap(u,7,x™) but only up to an arbitrary function which
from (2.18b) is ¢(«,0,x™). Moreover, this function
cannot be determined from any of the NP equations.
Since ¥,(u,0,x™) and ¢(w,0,x™) are the only quantities
in addition to (3.9) that are not determined by the NP
equations or the scalar field equation, it has been estab-
lished that:

The metric variables, spin coefficients, physical Weyl ten-
sor components, and scalar field of an Einstein-scalar
space~time containing a nondiverging null hypersurface
are completely determined in the region {(x,7,xm)}
from Egs. (2. 21),(2.22),(2.23),and (2. 30) by specifying
the arbitrary functions

P(x™),
To(xm) = T(0’09xm)7 A()(xm) = A(O: O,xm), (30 10)
¥,(u,0,x™), and o¢(x,0,x™).

The arbitrary functions (3.10) constitute the charac-
teristic data for an Einstein-scalar spacetime con-
taining a nondiverging null hypersurface. Before these
data are discussed, the restirictions placed on them for
which trapped surfaces develop will be determined.
From (2. 32) the spacelike two-surface Sw.» 18 a trapped
surface if and only if it is compact and everywhere on
it p > 0 and p < 0, Since for fixed » and » the mapping

fur):So~>Suy Wheref, (0,0,x™) = (u,r,x™)
is a homeomorphism of Sy onto S, ., S, ) is compact if
and only if S, is compact. From 23.63.) and (3. 6c) it is
seen that if everywhere on S, the functions K, 7, and
¢ satisfy

3K —TyTg— i8¢,8¢, >0, (3.11)
then for any positive value of 7,7, there exists a suf-
ficiently small value of u,u,such that plu,r,xm) >0
and p(u,7,x™) <Ofor 0 <u=wuyand 0 <7r =7,
Furthermore, since on # = 0 (3. 5) through (3. 8) are
polynomials in » whose coefficients are analytic functions
of (x™),r, can be taken arbitrarily large on u = 0. With
this it has been established that:

Intheregion {(#,7,x™)} of an Einstein-scalar space-time
containing a nondiverging null hypersurfacex =0, trapped
surfaces developto the future of the» > 0 branch of this hyper -
surfaceif S, is compact and everywhereonit K, 7, and ¢,
satisfy
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$K —T)To — 380,80y > 0. (3.12)

This result establishes the existence of nonspherically
symmetric Einstein-scalar space—times that contain
both a nondiverging null hypersurface and trapped
surfaces.

In order to better understand (3.12),the characteristic
data (3.10) will now be discussed. The function P is the
most important of (3.10) for the development of trapped
surfaces, since unless the spacelike two-surface with
induced covariant metric,

—P2dz @ dZ,

has strictly positive Gaussian curvature,K =6381nP,
there is no possibility of satisfying (3.11). In the case of
a spherically symmetric space-time it is known that

S, is a two-sphere with K > 0.14 Although in the case of
an arbitrary space—time, S, may be chosen to be a two-
sphere, there do exist other compact two-surfaces with
strictly positive Gaussian curvature and hence this
choice is not imperative.

The function 7 is also very important for the develop-
ment of trapped surfaces,since even if K > 0 and even
in vacuum, the magnitude of 7, could be sufficiently
large that (3.11) is violated. This possibility suggests
that there may exist a relationship between 7, and
angular momentum. Such a relationship can be obtained
in the case of the linearized Kerr space-time, whose
metric depends on two parameters m and a,where m is
the mass and a is the angular momentum per unit mass.
The components (g#") of the contravariant metric of
this space—time are obtained relative to {u,v, 6,8}
from the components of the contravariant metric of the
Kerr space-time,17

1
(r2 + a2 cos?29)
—a? sin26 #2 + a?) 0 —a
(r2 +a2) —@r2—2mr +a2 0 a
o I 0 —1 o |
—a a 0 —csc?9

by neglecting all terms that are quadratic in a. There-
fore,

0 r2 0 —a
1| 72 —(@2—2mr) 0 a
(gh?) =—
r2 0 0 -1 0
—a a 0 —esc2g

Since (g#?) does not satisfy the coordinate conditions
(2.12),it is necessary to transform to a coordinate
system {&,7,8, ®} in which (2.12) is satisfied by (Z+#?).
This is accomplished by the coordinate transformation

% =—exp(—u/4m), ¥ =4m@r — 2m) explu/dm),
=0, 5:@—3——(a/4m2)u,
whose inverse transformation is

u=—4m In(—%), v =(8m2—7u¥)/4m,

dam -4 In(—7%).

¢=5+——‘——~
(8m2—u7r) m

9 =0,
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Under this transformation (g*?) becomes

0 1 0 0
#2(8m 2 — aF)L =13
(247) = 1 272(8m U7y 0 g ’
0 0 —r-2 0
0 13 0 —72csc?h
where

oqd

1 1 1
13 g ——+ + =7
a<4m2'r 2mr2 r3>r

The null tetrad system that yields (g**) is {D, 4,3, 8},
where

p=2,
o7
~ 9 72 0 1 1 1\, 0
A=—Z t+—F——Fz7 = —a + —— + =] 7=
3% (8m2—u¥) oF <4m21' 2my2 r3>78<1>’
~ 1 9 , ~ 0
6 = —=—=|—=%x +icsch —=].
w/27<ae a<1>>

The Lie brackets of this null tetrad system yield after
a straightforward calculation the nonzero spin coeffici-
ents

_ u
T (8m2 —u¥)’

ia sind 1 1 1
‘F = — — + + —
22 [<4m 2 2mr r2>

1 1 3\~
+{——+—+ =
<4m?fr mr2 r3>u{| ’

8m2¥%

k=" am2 —an2’

p

G =—coty/W2r + 47, B=cotd/22r +1iF,
5 _(em2 a7/ 2)7
=" eme—anz

The null tetrad system,these spin coefficients,and Eqs.
(2.22b) and (2.22m) imply that the only nonzero physi-
cal Weyl tensor components are ¥, ¥,,and ¥,, Fur-
thermore, the metric variables and spin coefficients
imply that the nonzero characteristic data for linear-
ized Kerr space-time are
(€7) = (1,4 cs¢8)/2¥2m  and To = — 3ia sind/8V2m 2,
Additional evidence that 7, is related to angular mo-
mentum can be given by considering the propagation of
the null tetrad system (2.18) along the generators of
u = 0, A tetrad system is normally said to be propa-
gated without rotation along a timelike curve if and
only if it is Fermi propagated18 along this curve,
which in the case of a timelike geodesic is equivalent
to being parallelly propagated. X this notion is extended
to null geodesics, then it can be said that the null tetrad
system (2.18) is propagated without rotation along the
generators of v = 0 if and only if it is parallelly pro-
pagated along them. From (2.6) it can be shown that

nk 0¥ =Tm#é + Tmt  and m# 0¥ =TLH,
Therefore A,6,and 3 are parallelly propagated along
the generators of # = 0 if and only if 7, = 0.

Like 7, ¢, is important for the development of trapped
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surfaces, since even if K > 0 and 7, = 0,the magnitude
of 8¢ could be sufficiently large that (3.11) is violated.
While the metric and scalar field are determined on
u = 0 by specifying P, 7, and ¢, they are determined in
a neighborhood of u = 0 only by specifying A(0,0, x™),
¥y(x,0,x™),and $(u,0,x™). Additional significance of
2(0,0,x™), ¥,(#,0,x™),and ¢ (u,0,x™) can be shown by
considering the » = 0 hypersurface. The general » =
constant hypersurface has a normal % where
e upy 8 sy 0 3
k=k axn = & v g =05 Tou’

From this the 7 = const hypersurface is spacelike, null,
or timelike according to the sign of

gy kPRY = —2U

being positive, zero, or negative respectively on 7 =
const. The condition (3. 4e) implies that the » = 0
hypersurface is null. From (3. 4c) and (3. 4e)

A =a/au

on » = 0. Therefore,the » — 0 hypersurface is a null
hypersurface generated by null geodesics each with A

as its tangent vector and each parameterized with an
affine parameter u. From (2. 31) the vectors tangent to
these generators have divergence u(u,0,x™), zero rota-
tion, and shear A(u, 0,x™). Equations (2.22m) and (2.22n),
conditions (3.4),and (2. 20) imply that

pluy 0,x™) = — 12(u,0,x™) — Au, 0, x™X(x,0,x™)

— 3 $2(u,0,x™),
1(0,0,xm) =0, (3.13)
Au,0,x™) = — 2u(u, 0, x™\(u, 0,x5™) — ¥ ,(u,0,x™),
A(0,0,x™) = A,

Therefore through these X, ¥ ,(x,0,x™),and ¢(u, 0,x™)
determine (%, 0,x™) and A(u, 0, x™) and hence the opti-
cal properties of the generators of » = 0.

4. GENERAL SPACE-TIMES CONTAINING
TRAPPED SURFACES

The possibility that there exist Einstein-scalar space—
times more general than those containing a nondiverg-
ing null hypersurface that also contain trapped surfaces
was investigated.14 This investigation began by obtaining
the metric variables, spin coefficients, physical Weyl
tensor components, and scalar field of an Einstein-~
scalar space—time. Then the characteristic data for
this space—time were determined and examined for
restrictions placed on them for which trapped surfaces
develop.

The metric variables, spin coefficients, physical Weyl
tensor components, and scalar field of an Einstein-
scalar space—time were obtained using the formalism
presented in Sec. 2. To accomplish this,the main condi-
tion adopted was that,in a particular null coordinate
system (2.17) and associated null tetrad system (2.18),
these quantities are analytic functions of (u,7,x™) in
the region {(u,7,x™)}. Since the procedure involved in
obtaining these quantities is exactly that employed in
Sec. 3,only the results will be stated here. By using the
techniques of Sec. 3 subject to the conditions (3. 4),it can
be established that:

An Einstein-scalar space-time has over the region
{, 7, xm)}
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metric variables

U= {[%K — 37,7 + (Ogho + 607—\0) - %4)1430

—4800800]7r2 + b (U v, (4.1a)
Xm=A{2Tofo™ + ToE ™7 + <+ -} + {2(52 /N2 — 272,

—$8/N2)ER + BN 2 — 2T,

— GBPER]Y + Fu e, (4.1b)
Em={0 + (PobZ + 0gEB)r + o} + (A E D
+..a)u+---; (4.10)

nonzero spin coefficients

p={py + (g + 0x0y + 2(¢)2)7 + -} + {(3K — 7,7,
— 58080y + - tu+re, (4.22)

o ={oy + (2p0p + ¥7 + <} + {(—ppro + B7,/V 2 — TF

_%(6¢0)2)+---}u+..., (4-2b)
p={—GK—1,7,—18¢80)7 + -}
+{(=2oho —3(d)D)r + 2} + 00, (4.20)

A={rg +(Pro +BT/V2 + 73+ 1(B9)2)7 + +++}
+ (=T A+ du+ 000, (4.2d)
T={ro + (8047 + 0gTo — Bpo/V2 + B0y /Y2
+¢18¢g)7 + -}
+{BANZ = F Xy — bBhg/N2) +  Ju + -,

(4.2e)
v=—0U, (4. 2f)

a = {(ao + '12':’:0) + (%po?o + %6070 + ¢15¢0/2\/3
+ Py —Tolg)? +  t+ (e du+ e, (4.2g)

B={—ay + 17y + (3poTo + 30oTo — Bp/N2
+B0/N2 + ¢18¢00/2V2 + 0qag — podg)” + **°}

+(ut o, (4. 2h)

+3d1pg + §50,00, + 20T, — 20,77

+...}+(...)u+--.; (4'21)
physical Weyl tensor components

Vo=(¥3+¥r + =)+ (v hu+--, (4. 3a)

Yy =)+t e, (4. 3b)
U, ={(—3K +87o/V2 —agry + 350,80,

+d1do) ot A, (4.3c)
Uy ={(—Br/N2— T + $oB0/2V2) + +-°}

+{ Y+, (4.3d)
T, = (B + )+ (FQ+ o Ju+ 00y (4. 3e)
and scalar field
¢ =(py+t @y +°°) +{¢i’o + (Po‘i’o + "lz'gﬁ(f’o

—Td N2 —TBdN2)7 + = fu+ "5 (4.4)
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where K =85 InP,a, = (1/2/2)5 InP, and

Papcacoa‘r(phﬁ’\}g: \I':(L): \1‘29&2: ¢03 ¢1$ and éo

are arbitrary functions of {(x™).

4.5)

The terms displayed in (4.1) through (4.4) depend on
the arbitrary functions (4. 5). Terms involving higher
powers of 4 and v can be obtained using Egs.{2.21),
(2.22),(2.23), and {2. 30), but they will depend on addi-
tional arbitrary functions of (™). By reasoning simi~
lar to that used to obtain (3.10),it can be shown that:

The metric variables, spin coefficients, physical Weyl
tensor components, and scalar field of an Einstein-
scalar space~time are completely determined from
Egs.(2.21),(2.22),(2.23),and (2. 30) in the region
{(u,7,x™)} by specifying the arbitrary functions

Plx™), polx ™), aglx ™), Tola ™), X plx ™), ¥4(0,7, x™),

$,(u,0,x7), $(0,7,x™), d{u,0,x™), (4.8)
The arbitrary functions (4. 6) constitute the character-
istic data for an Einstein-scalar space~time. The func-
tions P(x™), To{x ™), A {x™), ¥,(u, 0,x7), p(u, 0,x™) were
already discussed in Sec. 3. The remaining functions
pofx™), oo(x™), ¥ (0,7, x™),and ¢{0,7,x”) through Egs.
(2.22a) and (2. 22b) determine the divergence of D on

u =0, p(0,7,x™),and the shear of D on u = 0,0(0,7,x™).
Hence these additional functions determine the optical
properties of the generators of # = 0.

Of (4.6) it is P,p,, 74, and ¢4 that are important for the
development of trapped surfaces;since from (4. 2a) and
(4.2c),if everywhere on S

Po=0 and 3K —T,To—3a8¢,00, >0,
then there exist sufficiently small positive real num-~
bers u, and 7, such that p > 0 and p < Ofor 0 <u = u,
and 0 <7 = 7,. Therefore by (2. 32) the two-surface
Sefor 0 <u =ugyand 0 <7 <7, are trapped surfaces
if and only if they are compact, which was shown in Sec,
3 to be equivalent to S, being compact. With this it has
been established that:

The region {(u,7,x™)} of an Einstein-scalar space~

time contains trapped surfaces S, ,) for some range of
wand »,0 <u=ugand 0 <¥ = »,,if S, is compact

and everywhere on it p,,K, 7, and ¢4 satisfy

4.7

Poz=0 and 3K—T)T,—58¢,0¢,> 0.

This result establishes the existence of Einstein-scalar
space—times more general than those containing a non-
diverging null hypersurface that also contain trapped
surfaces.

5. SUMMARY AND CONCLUSIONS

An investigation of the characteristic development of
trapped surfaces in Einstein-scalar space—times, of
which the empty space-times are a special case, was
discussed in this paper. After presenting the formalism
used in this investigation in Sec. 2, the characteristic
development of trapped surfaces in Einstein-scalar
space—times containing a nondiverging null hypersur-
face was considered in Sec. 3. The main result of this
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section is (3.12), which states that in a region {(,7,x™)}
of an Einstein-scalar space—time containing a nondiverg-
ing null hypersurface u# = 0,trapped surfaces develop to
the future of the ¥ = 0 branch of this hypersurface if the
spacelike two-surface S, = {(u,7,x™):u = 0 =7} is com~-
pact and everywhere on it the characteristic data P(x™),
To(x™),and ¢ (x™) satisfy (3.11),3K — 7Tq — § 8¢ 004
> 0,where K = 551nP is the Gaussian curvature of S,.
If (3.11) is to be satisfied at all,then K must be strictly
positive. This suggests that the collapse of an object
maintaining a cylindrical or toroidal shape during col-
lapse cannot result in the formation of trapped surfaces,
since a cylinder has zero Gaussian curvaturel® and a
torus has a region of negative Gaussian curvature.1?
Indeed, it has been shown that at least one cylindrical
collapse model results in complete collapse without the
formation of trapped surfaces.?9 The possibility that

the magnitude of 7, could be sufficiently large that
(3.11) is not satisfied even if K > 0,and even in vacuum,
suggests that 7, is related to angular momentum. The
role of T, in the criteria for the existence of trapped
surfaces, even in vacuum, and the evidence presented in
support of its interpretation in terms of angular momen-
tum are considered to be important results of this in-
vestigation. With the presence of angular momentum
and asymmetries in the scalar field indicated by 7, and
8¢, respectively, (3.12) emphasizes the importance of
these quantities in determining whether or not {rapped
surfaces develop in Einstein-scalar space—times con-
taining a nondiverging null hypersurface. The metric
variables, spin coefficients, physical Weyl tensor com-
ponents,and scalar field for these space—times are
determined in some neighborhood of ¥ = 0 by the charac~
teristic data (3.10) through (3.5),(3.6),(3.7),and (3.8),
respectively. The data Ao(x™), ¢ 4{u, 0,x™),and
¢{u,0,x™) have the additional significance of determin-
ing the optical properties of the » = 0 null hypersurface
through (3.13).

In Sec. 4 the existence of Einstein-scalar space~times
more general than those containing a nondiverging null
hypersurface that also contain trapped surfaces was
established. The main result of this section is that in a
region {(x,7,x™)} of an Einstein-scalar space~time,
trapped surfaces develop to the future in some neighbor-
hood of Sy if S, is compact and everywhere on it the
characteristic data p,{x™), P(x™), To(x™},and ¢ {x™)
satisfy {3.11) and py > 0. The metric variables, spin
coefficients, physical Weyl tensor components, and scalar
field are determined in some neighborhood of S by the
characteristic data (4. 6) through {4.1),(4.2), (4. 3),and
(4. 4), respectively, The additional characteristic data
for these space—times, py{x™}, 04(x™), ¥4(0,7,2™), and
¢(0,7,x™), were shown to determine the optical proper-
ties of the generators of the ¥ = 0 null hypersurface
through (2. 22a) and (2. 22D).
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Erratum: Absence of long-range order in thin films

[J.

Math. Phys.13, 1735 (1972)]

John C. Garrison

Lawrence Livermore Laboratory, University of California, P.O. Box 808, Livermore,

California 94550
(Received 17 January 1973)

Several unfortunate misprints occurred in the above
paper. Corrections are as follows:

0y

(2

803

In the first sentence of the second paragraph in
Sec. 2, the expression n: 9 = £(9) should be re-
placed by 7: 9 = £(9).

In the last sentence of the same paragraph the ex-
pression “w-affiliated to Ul if”’ should be replaced
by “w-affiliated to A if”.

J. Math. Phys., Vol. 14, No. 6, June 1973

®)

4

The second sentence of the last paragraph in Sec. 3
should read: “Since a state w exhibiting long-range
order cannot be T-ergodic, it has a nontrivial de-
composition into T-ergodic states; and w can, for
all physical purposes, be replaced by any one of
the states in the decomposition.”

In the last sentence in the first paragraph of Sec.
5 the term “spin dependent” should be replaced by
“spin independent”.

Copyright © 1973 by the American Institute of Physics 803



	JMF, Volume 14, Issue 06, Page 0677.pdf
	JMF, Volume 14, Issue 06, Page 0688.pdf
	JMF, Volume 14, Issue 06, Page 0692.pdf
	JMF, Volume 14, Issue 06, Page 0696.pdf
	JMF, Volume 14, Issue 06, Page 0701.pdf
	JMF, Volume 14, Issue 06, Page 0704.pdf
	JMF, Volume 14, Issue 06, Page 0708.pdf
	JMF, Volume 14, Issue 06, Page 0719.pdf
	JMF, Volume 14, Issue 06, Page 0720.pdf
	JMF, Volume 14, Issue 06, Page 0733.pdf
	JMF, Volume 14, Issue 06, Page 0741.pdf
	JMF, Volume 14, Issue 06, Page 0746.pdf
	JMF, Volume 14, Issue 06, Page 0757.pdf
	JMF, Volume 14, Issue 06, Page 0759.pdf
	JMF, Volume 14, Issue 06, Page 0770.pdf
	JMF, Volume 14, Issue 06, Page 0774.pdf
	JMF, Volume 14, Issue 06, Page 0777.pdf
	JMF, Volume 14, Issue 06, Page 0787.pdf
	JMF, Volume 14, Issue 06, Page 0791.pdf
	JMF, Volume 14, Issue 06, Page 0793.pdf
	JMF, Volume 14, Issue 06, Page 0803.pdf



